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Abstra
t

Let S

k

be the semigroup of matri
es in Sl (n;R) having non-negative k-

minors. Its Lie wedge L (S

k

) generates sl (n;R), is non
ontrollable, and has

empty interior if 1 < k < n� 1. Moreover, L (S

k

) is maximal if k and n are

even.

Let G be a 
onne
ted Lie group with Lie algebra g. A Lie wedgeW � g is said to

be non
ontrollable (NC) in G provided the semigroup generated by exp (W ) is not

G. It is generating non
ontrollable (GNC) if W generates g, as a Lie algebra and is

non
ontrollable. Also, W and is MGNC if it is maximal with these properties.

From the 
hara
terization of maximal semigroups provided by J. Lawson [3℄ it

is known that if g is solvable and G simply 
onne
ted then a MGNC W � g is

a half-spa
e bounded by a hyperplane subalgebra. In parti
ular the MGNC Lie

wedges have nonempty interior in g. A similar fa
t holds for the Sl (2;R): Up

to 
onjugation there is just one Lie wedge in sl (2;R) whi
h is non
ontrollable with

respe
t to Sl (2;R), namelyW = f(x

ij

) : x

12

; x

21

� 0g (see [2℄), whi
h has nonempty

interior. On the other hand D. Mittenhuber [5℄ pointed out to the fa
t that for

general semi-simple groups the situation is not so 
lear. There are pathologies: As

is showed in [5℄ there are, already in rank one Lie groups, Lie semigroups whose Lie
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wedge is MGNC but has empty interior in the Lie algebra su (1; n). In this note we

reinfor
e the dis
overy of [5℄ by providing an example of a Lie wedge in sl (n;R),

n > 2 even, whi
h has empty interior and is MGNC with respe
t to Sl (n;R).

1 Lie Wedges

Let fe

1

; : : : ; e

n

g be the standard basis in R

n

. For ea
h k multi-index I = (1 � i

1

<

� � � < i

k

� n) put e

I

= e

i

1

^ � � � ^ e

i

k

. The set fe

I

g with I running through the

k multi-indi
es is a basis of the k-fold exterior produ
t

V

k

:=

V

k

R

n

. We endow

V

k

with the standard inner produ
t h�; �i, whi
h makes fe

I

g an orthonormal basis.

Denote by O

k

�

V

k

the positive orthant with respe
t to this basis:

O

k

= f

X

a

I

e

I

: a

I

� 0g:

Let G = Sl (n;R) and 
onsider its natural representation on

V

k

. De�ne the


ompression semigroup

S

k

= fg 2 G : gO

k

� O

k

g:

Of 
ourse g 2 S

k

if and only if its matrix with respe
t to the standard basis of R

n

has non-negative k-minors.

Let Gr

+

k

(n) �

V

k

stand for the subset of norm one de
omposable ve
tors of

V

k

.This notation is in a

ordan
e to the fa
t that Gr

+

k

(n) is in bije
tion to the

Grassmannian of oriented k-dimensional subspa
es of R

n

. The 
ompression semi-

group S

k


an be de�ned within Gr

+

k

(n). In fa
t, put C

k

= O

k

\ Gr

+

k

(n). Sin
e

e

I

2 Gr

+

k

(n), and O

k

is the 
one spanned by fe

I

g it follows that gC

k

� C

k

if and

only if g 2 S

k

.

If k = 1 then S

k

is the semigroup Sl

+

(n;R) of matri
es with positive entries. On

the other hand S

n�1

is 
onjugate to S

�1

1

, as 
an be easily seen by identifying

V

n�1

with the dual

�

V

1

�

�

.

Denote by L (S

k

) � sl (n;R) the Lie wedge of S

k

. Then X 2 L (S

k

) if and only

if hXe

I

; e

J

i � 0 for all pair of k multi-indi
es I 6= J . From this one 
an get an

expli
itly des
ription of L (S

k

) for all k:

First the subalgebra a of diagonal matri
es is 
ontained in L (S

k

) for all k, be
ause

e

I

is an eigenve
tor of all H 2 a. Sin
e L (S

k

) is invariant under Ad (A), A = exp a,

it follows that if X = (x

ij

) 2 L (S

k

) then x

ij

E

ij

2 L (S

k

) for all i 6= j. Here E

ij

is the basi
 matrix with 1 in the i; j-entry and zero otherwise. Therefore, in order

to get L (S

k

) it is enough to 
he
k whether �E

ij

2 L (S

k

), for the various i; j with

i 6= j. Consider the 
ases:
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� If k = 1 it follows (and is well known) that X = (x

ij

) 2 L (S

1

) if and only if

x

ij

� 0 for i 6= j.

� Assume k = n � 1. Pi
k E

ij

with i < j, and a multi-index I. If i 2 I or if

j =2 I then E

ij

e

I

= 0. Suppose then that i =2 I and j 2 I. Then E

ij

e

I

is the

k-fold exterior produ
t of the basi
 elements with e

i

in pla
e of e

j

. Thus let

F = (I n fjg) [ fig, with the indi
es in the right order. Then

E

ij

e

I

= (�1)

j�i�1

e

F

:

Therefore E

ij

2 L (S

n�1

) if j � i is odd and �E

ij

2 L (S

n�1

) if j � i is even.

By a similar reasoning with j < i (or using the fa
t that L (S

k

) is invariant

under transposition), we get that X = (x

ij

) 2 L (S

n�1

) if and only if x

ij

� 0

if ji� jj is odd, and x

ij

� 0 if i 6= j and ji� jj is even.

� Take k with 1 < k < n � 1. Let E

ij

be su
h that 1 < j � i < n� 1 (the last

inequality amounts to (i; j) 6= (1; n)). Let us 
he
k that �E

ij

=2 L (S

k

). Let I

be a multi-index with i =2 I and j 2 I. Then

E

ij

e

I

= (�1)

�(i;j;I)

e

F

where � (i; j; I) is the number of indi
es of the open interval int (i; j) = fl : i <

l < jg that are in I, and F = (I n fjg) [ fig, arranged in the proper order.

Now we 
onstru
t two multi-indi
es I, J , that do not 
ontain i and 
ontain j,

su
h that � (i; j; I) + � (i; j; J) is odd. This implies that �E

ij

=2 L (S

k

).

Start with I. There are the possibilities:

1. � (i; j; I) = 0. Then j � 1 =2 I and j � 1 6= i. Moreover, sin
e 2 � k, it

follows that there is some l 2 I with either l < i or l > j. Then take J

to be J = (I n flg) [ fj � 1g. It satis�es i =2 J , j 2 J and � (i; j; J) = 1.

2. � (i; j; I) > 0. This means that there exists l 2 int (i; j) \ I. There are

still two possibilities:

(a) There is some p < i or > j su
h that p =2 I. Then J = (I n flg)[fpg

is su
h that � (i; j; J) = � (i; j; I) + 1.

(b) For all p =2 I, i � p < j. Then there exists an index t 2 I with

either t < i or t > j, be
ause (i; j) 6= (1; n). Sin
e k � n � 2 there

is p 2 int (i; j) outside I. Repla
ing t by p, we get a multi-index J

with � (i; j; I) + � (i; j; J) is odd.
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Therefore, E

ij

=2 L (S

k

).

Now, 
onsider E

1n

. The only possibility for E

1n

e

I

to be di�erent from zero is

that I ends with n. In this 
ase

E

1n

e

I

= (�1)

k�1

e

F

where F = (I n fng) [ f1g, arranged in the right order. Hen
e

1. If k is odd E

1n

2 L (S

k

).

2. If k is even �E

1n

2 L (S

k

).

Finally 
onsider E

i;i+1

. If i =2 I and i + 1 2 I then E

i;i+1

e

I

= e

F

where

F = (I n fjg) [ fig so that E

i;i+1

2 L (S

k

).

Taking transpositions in this last 
ase we 
an sum up and state:

Proposition 1 The Lie wedges of the semigroups S

k

are

1. L (S

1

) = f(x

ij

) : x

ij

� 0 if i 6= jg

2. L (S

n�1

) = f(x

ij

) : (�1)

ji�jj�1

x

ij

� 0 if i 6= jg.

3. If 1 < k < n� 1 then

L (S

k

) = f(x

ij

) : x

ij

� 0 if ji� jj = 1, x

ij

= 0 if 2 < ji� jj < n � 1,

(�1)

k�1

x

ij

� 0 if ji� jj = n� 1g.

2 Maximality

Of 
ourse, L (S

k

) has empty interior unless k = 1 or n�1. Moreover, L (S

k

) is GNC

for any k. Also,

Proposition 2 L (S

1

) is MGNC.

Proof: Denote by T

1

the semigroup generated by L (S

1

), T

1

= hexp (L (S

1

))i. In

the proje
tive spa
e P

n�1

there are just two 
ontrol sets for T

1

, namely the subset

C 
orresponding to the positive orthant O

1

, whi
h is the invariant 
ontrol set, and

its 
omplementary P

n�1

nC, whi
h is the minimal 
ontrol set. To see this note that

[e

1

℄ belongs to the invariant 
ontrol set be
ause e

1

is the prin
ipal eigenve
tor of

4



some H 2 L (S

1

). Furthermore any [x℄, with x 2 O

1


an be rea
hed from [e

1

℄ by an

element of T . Sin
e C is T

1

-invariant it follows that it is indeed the invariant 
ontrol

set. Similarly [e

1

℄ belongs to the invariant 
ontrol set of T

�1

1

. This invariant 
ontrol

set is a union of orthants be
ause T

1


ontains the subgroup A of diagonal matri
es.

Now, we show that any orthant, besides the positive one, is rea
hable from [e

1

℄ by

T

�1

1

. Put, for x 2 R

n�1

,

v

x

=

�

1

x

�

2 R

n

:

If all entries of x are stri
tly negative then

g =

�

1 0

x 1

�

2 T

1

;

and g[e

1

℄ = [v

x

℄. Hen
e the 
orresponding orthant is rea
hable from [e

1

℄ under T

�1

1

.

On the other hand suppose that y 2 R

n�1

has at least two stri
tly negative entries,

say y

r

and y

s

with r < s. For every a � 0, the matrix 1+ aE

r+1;s+1

belongs to T

�1

1

.

Moreover, (1 + aE

r+1;s+1

) v

y

= v

z

, and z has the same entries as y ex
ept for the r

position whi
h is y

r

+ay

s

. Sin
e y

r

; y

s

< 0, there exists a < 0 su
h that y

r

+ay

s

> 0.

Hen
e we 
an apply an indu
tion pro
edure to show that every orthant di�erent

from the positive one is rea
hable from [e

1

℄, by means of T

�1

1

. Therefore, P

n�1

n C

is the minimal 
ontrol set of T

1

.

Now, if X =2 L (S

1

) then exp (t

0

X)C \ (P

n�1

n C) 6= ; for some t

0

> 0. Hen
e

the semigroup generated by exp (tX), t � 0, and T

1

is 
ontrollable in P

n�1

, showing

that L (S

1

) is MGNC. 2

Note that L (S

n�1

) = �hL (S

1

) h

�1

where

h = diagf1;�1; 1; : : :g:

Hen
e L (S

n�1

) is MGNC as well.

On the other hand L (S

k

) is properly 
ontained in L (S

1

) if k is odd and 6= 1; n�1.

Hen
e for these values of k, L (S

k

) is not MGNC. Also, if k is even and n is odd

then L (S

k

) � L (S

n�1

), so that L (S

k

) is not MGNC.

We pro
eed now to prove that if k < n�1 and n are even then L (S

k

) is MGNC.

Of 
ourse only maximality remains to be proved. Put

T

k

= hexp (L (S

k

))i:
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For X 2 sl (n;R) denote by T

k

(X) the semigroup generated by T

k

and exp (tX),

t � 0. We must show that T

k

(X) = G if X =2 L (S

k

).

In order to prove that a semigroup of Sl (n;R) is 
ontrollable it is enough to show

that it is not of type r for any r = 1; : : : ; n � 1. Here a semigroup being of type

r means that its invariant 
ontrol set in the Grassmannian Gr

r

(n) is 
ontained in

the open Bruhat 
ells asso
iated to the regular real elements in its interior. This

implies that the semigroup leaves invariant a pointed 
one in

V

r

. Hen
e to 
he
k

that a semigroup is not of type r it is enough to show that there exists � 2 Gr

+

r

(n)

su
h that both �� belong to an invariant 
ontrol set of the semigroup in Gr

+

r

(n)

(see [6, Prop. 2.5℄).

Now, the following fa
t about the invariant 
ontrol sets of T

k

is required.

Lemma 3 There are at most two invariant 
ontrol sets of T

k

in Gr

+

r

(n). One of

them 
ontains the basi
 ve
tors e

I

, with I running though r-multi-indi
es..

Proof: There is just one invariant 
ontrol set of T

k

in Gr

r

(n). Sin
e Gr

+

r

(n) is a

double 
overing of Gr

r

(n), it follows that there are at most two invariant 
ontrol

sets in Gr

+

r

(n).

There are di�erent ways of proving that one of them 
ontains the basi
 ve
tors.

A qui
k way is by appealing to known properties of the semigroup T = S

1

\� � �\S

n�1

of totally positive matri
es (see Ando [1℄, Lusztig [4℄). It is well known that T is

in�nitesimally generated and

L (T ) = f(x

ij

) : x

ij

� 0 if ji� jj = 1; x

ij

= 0 if ji� jj � 2g:

It follows that L (T ) � L (S

k

), and hen
e T � T

k

for any k. So that any T -invariant


ontrol set is 
ontained in an invariant 
ontrol set of T

k

. Now, O

r

is T -invariant.

So that C

r

= O

r

\Gr

+

r

(n) 
ontains an invariant 
ontrol set of T (a
tually it 
an be

proved that C

r

is an invariant 
ontrol set of T ). It follows that C

r

meets the interior

of an invariant 
ontrol set of T

k

. However T

k


ontains the subgroup of diagonal ma-

tri
es A. Also, an easy 
omputation involving the eigenvalues of a diagonal matrix

show that the basi
 ve
tors are 
ontained in the 
losure of the A-orbit of any � in

the interior of C

r

. Therefore the basi
 ve
tors of

V

r

are 
ontained in an invariant


ontrol set of T

k

, 
on
luding the proof. 2

From this lemma we get easily that

Lemma 4 T

k

is not of type r if k is even and r is odd.
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Proof: Let D � Gr

+

k

(n) be the invariant 
ontrol set 
ontaining the basi
 ve
tor.

Sin
e k is even, �E

1n

2 L (T

k

). On the other hand, the fa
t that r is odd implies

that

E

1n

(e

n�r+1

^ � � � ^ e

n

) = e

1

^ e

n�r+1

^ � � � ^ e

n�1

:

Now exp (�tE

1n

) = 1� tE

1n

. Hen
e

lim

t!+1

1

t

exp (�tE

1n

) (e

n�r+1

^ � � � ^ e

n

) = �e

1

^ e

n�r+1

^ � � � ^ e

n�1

:

Thus the right hand side of this formula belongs to D, showing that �� 2 D for

� = e

1

^ e

n�r+1

^ � � � ^ e

n�1

. Thus T

k

is not of type r. 2

Now, take X =2 L (S

k

) and form the semigroup T

k

(X). In view of the above

lemma, for the proof that T

k

(X) = G it remains only to 
he
k that T

k

(X) is not of

type r for r even.

Sin
e we are assuming that n is even, r 6= n � 1. So that L (S

r

) = L (S

k

), and

hen
e T

r

= T

k

. By de�nition of S

k

, it follows that the semigroup exp (tX), t � 0,

does not leave O

r

invariant. But O

r

is the 
one generated by the basi
 ve
tors. So

that there exists a r-multi-index I and t

0

> 0 su
h that exp (t

0

X) e

I

=2 O

r

, that is,

exp (t

0

X) e

I

is in another orthant with respe
t to the standard basis. Now, use the

fa
t that A � T

k

to see that �e

J


an be approximately rea
hed from e

I

by means

of T

k

. Therefore by Lemma 3 there is an invariant 
ontrol set for T

k

in Gr

r

(n)


ontaining �e

J

. This shows that T

k

(X) is not of type r, for r even. Therefore

T

k

(X) = Sl (n;R), proving the

Proposition 5 If n and k are even then L (S

k

) is a MGNC Lie wedge with empty

interior.
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