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Abstrat

We disuss right `omplex' eigenvalues equations for n-dimensional matrix quater-

nioni and omplex linear operators in quaternioni vetor spaes. The quaternioni

linear operators spetrum takes n-omplex eigenvalues. A neessary and suÆient on-

dition to diagonalize quaternioni matrix representations is given. We also extend our

disussion to omplex linear quaternioni operators and introdue left/right `quaternioni'

eigenvalues equations.

1 Introdution

After the fundamental works of Finkelstein et al. on Foundations of Quaternioni Quantum

Mehanis [1℄ and Quaternioni Gauge Theories [2℄, in the last deade we have witnessed a

renewed interest in algebrization and geometrization of Physial Theories by non ommuta-

tive �elds [3℄. Among the numerous referenes on this subjet we reall the important paper

of Horwitz and Biedenharn [4℄, where the authors showed that the assumption of a omplex

salar produt, omplex geometry [5℄, permits the de�nition of a suitable tensor produt [6℄

between single-partile quaternioni wave funtions. We also mention quaternioni applia-

tions in Speial Relativity [7℄, Group Representations [8, 9, 10℄, Non Relativisti Satter-

ing [11, 12℄, Eletroweak [13℄ and Grand Uni�ation Theories [14℄, Preoni Model [15℄. A

lear and detailed disussion of Quaternioni Quantum Mehanis is found in the reent book

of Adler [16℄, where in the �nal hapter we �nd an interesting list of issues relating to the

role of quaternions in Physis and possible topis for future developments.

The aim of this paper is to study the right omplex eigenvalues problem in Quater-

nion Quantum Mehanis (QQM): Given quaternioni and omplex linear operators on n-

dimensional quaternioni vetor spaes, we wish to determine a systemati way to obtain
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eigenvalues and the orresponding eigenvetors. In disussing suh a problem, we �nd two

obstales: the �rst one is related to the diÆulty in obtaining a suitable de�nition of determi-

nant for quaternioni matries, the seond one is represented by the loss, for non-ommutative

�elds, of the fundamental theorem of the Algebra. The lak of these tools, essentials in

solving the eigenvalues problem in the omplex world, make the problem over quaternioni

�elds a ompliated puzzle. We overome diÆulties in approahing the eigenvalues prob-

lem in a quaternioni world by disussing eigenvalues equations for 2n-dimensional omplex

matries, whih represent the `omplex' ounterpart of n-dimensional quaternioni matrix

operators. We shall show that quaternioni and omplex linear operators, on quaternioni

Hilbert spae with quaternioni geometry, are diagonalizable if and only if the orresponding

translated omplex operators are diagonalizable. The spetral theorems, extended to quater-

nioni Hilbert spaes [1℄, are reovered in a more general ontext. We also give a pratial

method to diagonalize operators on �nite dimension quaternioni vetor spaes and to relate

ani-hermitian to hermitian quaternioni operators.

This paper is organized as follows: In Setion 2, we introdue basi notations and mathe-

matial tools. In Setion 3 we approah the right eigenvalues problem by disussing the eigen-

values spetrum for 2n-dimensional omplex matries obtained by translating n-dimensional

quaternioni matrix representations, and give a pratial method to diagonalize quaternioni

linear operators. We also disuss the right eigenvalues problem for omplex linear quater-

nioni operators and analyze the results within a QQM with omplex geometry. In Setion 4,

we introdue left/right quaternioni eigenvalues equations. In Appendix, we expliitly solve

eigenvalues equations for two-dimensional quaternioni and omplex linear operators. Our

onlusions and out-looks are drawn in the �nal setion.

2 Basi notations and mathematial tools

A quaternion, q 2 H , is expressed by four real quantities [17℄

q = a+ ib+ j+ kd ; a; b; ; d 2 R (1)

and three imaginary units

i

2

= j

2

= k

2

= ijk = �1 :

The quaternion skew-�eld H is an assoiative but non-ommutative algebra of rank 4 over

R, endowed with an involutory antiautomorphism

q ! q = a� ib� j� kd : (2)

This onjugation implies a reversed order produt, namely

pq = q p ; p ; q 2 H :

Every nonzero quaternion is invertible, and the unique inverse is given by 1=q = q=jqj

2

, where

the quaternioni norm jqj is de�ned by

jqj

2

= qq = a

2

+ b

2

+ 

2

+ d

2

:

Two quaternions q and p belong to the same eigenlass when the following relation

q = s

�1

p s ; s 2 H ;
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is satis�ed. It is easily verify that quaternions of the same eigenlass have the same real part

and the same norm,

Re(q) = Re (s

�1

p s) = Re(p) ; jqj = js

�1

p sj = jpj ;

onsequently they have the same absolute value of the imaginary part. The previous equations

an be rewritten in terms of unitary quaternions as follows

q = s

�1

p s =

s

jsj

p

s

jsj

= u pu ; u 2 H ; uu = 1 :

Likewise omplex numbers an be onstruted from real numbers by

z = �+ i� ; �; � 2 R ;

we an onstrut quaternions from omplex numbers by adopting the so-alled sympleti

deomposition

q = z + jw ; z; w 2 C :

Due to the non-ommutative nature of quaternions we must distinguish between

q

~

h and

~

hq ;

~

h � (i; j; k) :

Thus, it is appropriate to onsider left and right-ations for our imaginary units i, j and k.

Let us de�ne the operators

~

L = (L

i

; L

j

; L

k

) ; (3)

and

~

R = (R

i

; R

j

; R

k

) ; (4)

whih at on quaternioni states in the following way

~

L : H ! H ;

~

Lq =

~

hq 2 H ; (5)

and

~

R : H ! H ;

~

Rq = q

~

h 2 H : (6)

The algebra of left/right generators an be onisely expressed by

L

2

i

= L

2

j

= L

2

k

= L

i

L

j

L

k

= R

2

i

= R

2

j

= R

2

k

= R

k

R

j

R

i

= �11 ;

and by the ommutation relations

[L

i;j;k

; R

i;j;k

℄ = 0 :

From these operators we an onstrut the following vetor spae

H

L


 H

R

;

whose generi element will be haraterized by left and right ations of quaternioni imaginary

units i, j, k. In this paper we will work with two sub-spaes of H

L


 H

R

, namely

H

L

and H

L


 C

R

;
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whose elements are represented respetively by left ations of i, j, k

a+

~

b �

~

L 2 H

L

; a;

~

b 2 R ;

and by left ations of i, j, k and right ation of the only imaginary unit i

a+

~

b �

~

L+ R

i

+

~

d �

~

LR

i

2 H

L


 C

R

; a;

~

b; ;

~

d 2 R :

Let us now introdue two di�erent types of operators: Operators H -linear and C -linear

from the right. For simpliity of notation we denote

O

X

: V

H

! V

H

;

to represent quaternioni operators right-linear on the X-�eld. Operators whih at only

from the left on quaternioni Hilbert spaes, V

H

, represented by O

H

are obviously H -linear

from the right

O

H

(j > q) = (O

H

j >) q ; q 2 H :

By onsidering the right ation of the i-omplex imaginary unit we obtain right C -linear

operators, O

C

, whih satisfy

O

C

(j > �) = (O

C

j >) � ; � 2 C :

Right H and C linear operators are R-linear from the left. From now on, in order to lighten

our presentation, we will use the terminology quaternioni and omplex linear operators to

indiate linear operators on H and C from the right.

The use of suh left/right operators give new intersting opportunities in Quaternioni

Group Theory [10℄. Let us observe as follows: The so-alled sympleti omplex representa-

tion of a quaternion state j > an be represented by the following omplex olumn matrix

j >= jx > +j jy > $

�

x

y

�

: (7)

The operator representation of L

i

, L

j

and L

k

onsistent with the above identi�ation

L

i

$

�

i 0

0 -i

�

= i�

3

; L

j

$

�

0 -1

1 0

�

= �i�

2

; L

k

$

�

0 -i

-i 0

�

= �i�

1

; (8)

has been known sine the disovery of quaternions. It permits any quaternioni number

or matrix to be translated into a omplex matrix, but not neessarily vie-versa. Eight

real numbers are required to de�ne the most general 2� 2 omplex matrix but only four are

needed to de�ne the most general quaternion. In fat sine every (non-zero) quaternion has an

inverse, only a sublass of invertible 2� 2 omplex matries are identi�able with quaternions.

Complex linear quaternioni operators omplete the translation [18℄. The right quaternioni

imaginary unit

R

i

$

�

i 0

0 i

�

; (9)

adds four additional degrees of freedom, obtained by matrix multipliation of the orrespond-

ing matries,

R

i

; L

i

R

i

; L

j

R

i

; L

k

R

i

;

and so we have a set of rules for translating from any 2� 2 omplex matries to omplex

linear operators, O

C

.
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3 The right omplex eigenvalues problem in QQM

Before to disussing right quaternioni eigenvalues equations, we give the basi framework of

Quaternioni Quantum Mehanis [16℄, where suh equations �nd their natural appliation.

First of all, due to non-ommutative nature of quaternioni multipliation, we must speify

whether the quaternioni Hilbert spae is to be formed by right or by left multipliation of

vetors by quaternioni salars. The two di�erent onventions give isomorphi versions of

the Theory [19℄. We approah the Adler onvention of right multipliation by salars, sine

this is the one appropriate to usual onventions of matrix operations and to Dira bra and

ket notations for state vetors [16℄.

The right eigenvalue equation for a generi quaternioni linear operator, O

H

, is written

as

O

H

j	 >= j	 > q ; (10)

where

j	 >2 V

H

; q 2 H :

By adopting quaternioni salar produts in our quaternioni Hilbert spaes, V

H

, we �nd

states in one to one orrespondene with unit rays of the form

jr >= fj	 > ug (11)

where j	 > is a unit normalized vetor and u a quaternioni phase of magnitude unity. The

state vetor, j	 > u, orresponding to the same physial state j	 >, is an O

H

eigenvetor

with eigenvalue uqu

O

H

j	 > u = j	 > u (uqu) :

So, quaternioni linear operators are haraterized by an in�nite eigenvalues spetrum

fq ; u

1

qu

1

; ::: ; u

i

qu

i

; :::g

with u

i

unitary quaternions. The orresponding eigenvetors set

�

j	 > ; j	 > u

1

; ::: ; j	 > u

i

; :::

�

represents a ray and so we an haraterize our spetrum by hoosing a ray rappresentative

j >= j	 > u

�

:

For this state the right eigenvalues equation beomes

O

H

j >= j > � ; (12)

with

j >2 V

H

; � 2 C :

We now give a systemati method to determine the omplex eigenvalues of quaternioni

matrix representations for O

H

operators.
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3.1 Quaternioni linear operators and quaternioni geometry

In n-dimensional quaternioni vetor spaes, H

n

, quaternioni linear operator, O

H

, are rep-

resented by n� n quaternioni matries, M

n

(H

L

), with elements in H

L

. Suh quaternioni

matries admit 2n-dimensional omplex ounterparts by the translation rules given in Eq. (8).

Suh omplex matries haraterize a subset of the 2n-dimensional omplex matries

f

M

2n

(C ) �M

2n

(C ) :

The eigenvalues equation for O

H

reads

M

H

j >= j > � ; (13)

where

M

H

2M

n

(H

L

) ; j >2 H

n

; � 2 C :

� The one-dimensional eigenvalues problem

In order to introdue the reader to our general method of quaternioni matrix diagonalization,

let us disuss one-dimensional right omplex eigenvalues equations. In this ase Eq. (13)

beomes

Q

H

j >= j > � ; (14)

where

Q

H

= a+

~

b �

~

L 2 H

L

; j >= jx > +j jy >2 H ; � 2 C :

By using the translation rules, given in Setion 2, we �nd the following omplex ounterpart

of Eq.(14)

�

z -w

�

w z

�

��

x

y

�

= �

�

x

y

�

; (15)

z = a+ ib

1

; w = b

2

� ib

3

2 C :

The translated omplex operator admits � and �

�

as eigenvalues. To prove that, we take the

omplex onjugate of Eq.(15) and then apply a similarity transformation by the matrix

S =

�

0 -1

1 0

�

:

In this way, we �nd

�

z -w

�

w z

�

��

-y

�

x

�

�

= �

�

�

-y

�

x

�

�

: (16)

For � 6= �

�

2 C , we obtain the eigenvalues spetrum f�; �

�

g. What happens when � 2 R

? In this ase the eigenvalues spetrum will be determined by two equal eigenvalues �. To

show that, we remark that eigenvetors

�

x

y

�

;

�

-y

�

x

�

�

;

assoiated to the same eigenvalues �, are linearly independent. In fat,









x -y

�

y x

�









= jxj

2

+ jyj

2

= 0 if and only if x = y = 0 :
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So in the quaternioni world, by translation, we �nd two omplex eigenvalues respetively �

and �

�

, assoiated to the following quaternioni eigenvetors

j > and j > j 2 jr > :

The in�nite quaternioni eigenvalue spetrum an be haraterized by the omplex eigenvalue

� and the ray rappresentative will be j >. Thus, the problem of eigenvalues doubling in the

omplex translation is soon overome. In the next Setion, by using the same method, we

will disuss eigenvalue equations in n-dimensional quaternioni vetor spaes.

� The n-dimensional eigenvalues problem

Let us formulate two theorems whih allow to generalize the previous results for quaternioni

n-dimensional eigenvalues problems. The �rst theorem analyzes the eigenvalues spetrum of

the 2n-dimensional omplex matrix

f

M , omplex ounterpart of n-dimensional quaternioni

matrix M

H

. The seond one disusses linear independene for M

H

eigenvetors.

T1 - THEOREM

Let

f

M be the omplex ounterpart of a generi n � n quaternioni matrix M

H

. Its

eigenvalues appear in onjugate pairs.

Let

f

M j�

�

>= � j�

�

> (17)

be the eigenvalues equation for

f

M , where

f

M 2M

2n

(C ) ; j�

�

>=

0

B

B

B

B

B

�

x

1

y

1

.

.

.

x

n

y

n

1

C

C

C

C

C

A

2 C

2n

; � 2 C :

By taking the omplex onjugate of Eq. (17),

f

M

�

j�

�

>

�

= �

�

j�

�

>

�

;

and applying a similarity transformation by the matrix

S = 11

n




�

0 -1

1 0

�

;

we obtain

S

f

M

�

S

�1

Sj�

�

>

�

= �

�

Sj�

�

>

�

: (18)

From the bloks struture of the omplex matrix

f

M it is easily heked that

S

f

M

�

S

�1

=

f

M;

and onsequently Eq. (18) reads

f

M j�

�

�

>= �

�

j�

�

�

> ; (19)
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where

j�

�

�

>= Sj�

�

>

�

=

0

B

B

B

B

B

�

-y

�

1

x

�

1

.

.

.

-y

�

n

x

�

n

1

C

C

C

C

C

A

:

Let us show that the eigenvalues appear in onjugate pairs (this implies a double multipliity

for real eigenvalues). To do it, we need to prove that j�

�

> and j�

�

�

> are linearly inde-

pendent. In order to demonstrate the linear independene of suh eigenvetors, trivial for

� 6= �

�

, we observe that linear dependene, possible in the ase � = �

�

, should require









x

i

-y

�

i

y

i

x

�

i









= jx

i

j

2

+ jy

i

j

2

= 0 i = 1; :::; n ;

veri�ed only for null eigenvetors. The linear independene of j�

�

> and j�

�

�

> ensures an

even multipliity for real eigenvalues �.

We shall use the results of the �rst theorem to obtain informations about the M

H

right

omplex eigenvalues spetrum. Due to non-ommutativity nature of the quaternioni �eld we

annot give a suitable de�nition of determinant for quaternioni matries and onsequently

we annot write a harateristi polynomial P (�) forM

H

. Another diÆulty it is represented

by the right position of the omplex eigenvalue �.

T2 - THEOREM

M

H

admits n linearly independent eigenvetors on H if and only if its omplex ounterpart

f

M admits 2n linearly independent eigenvetors on C .

Let

�

j�

�

1

> ; j�

�

�

1

> ; ::: ; j�

�

n

> ; j�

�

�

n

>

�

(20)

be a set of 2n

f

M -eigenvetors, linearly independent on C , and

�

i

; �

i

i = 1; :::; n

be generi omplex oeÆients. By de�nition

n

X

i=1

�

�

i

j�

�

i

> +�

i

j�

�

�

i

>

�

= 0 , �

i

= �

i

= 0 : (21)

By translating the omplex eigenvetors set (20) in quaternioni formalism we �nd

�

j 

�

1

> ; j 

�

�

1

> ; ::: ; j 

�

n

> ; j 

�

�

n

>

�

: (22)

By eliminating the eigenvetors, j 

�

�

i

>= j 

�

i

> j, orresponding for omplex eigenvalues to

ones with negative imaginary part, linearly dependent with j 

�

i

> on H , we obtain

�

j 

�

1

> ; ::: ; j 

�

n

>

�

:

This set is formed by n linearly independent vetors on H . In fat, by taking an arbitrary

quaternioni linear ombination of suh vetors, we have

n

X

i=1

�

j 

�

i

> (�

i

+ j�

i

)

�

=

n

X

i=1

�

j 

�

i

> �

i

+ j 

�

�

i

> �

i

�

= 0 , �

i

= �

i

= 0 : (23)
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Note that Eq. (23) represents the quaternioni ounterpart of Eq. (21) �.

The M

H

omplex eigenvalues spetrum is thus obtained by taking from the 2n dimen-

sional

f

M -eigenvalues spetrum

f�

1

; �

�

1

; ::: ; �

n

; �

�

n

g;

the redued n-dimensional spetrum

f�

1

; ::: ; �

n

g :

We stress here the fat that, the hoie of positive, rather than negative, imaginary part is

a simple onvention. In fat, from the quaternioni eigenvetors set (22), we an extrat

di�erent sets of quaternioni linearly independent eigenvetors

�

�

j 

�

1

> or j 

�

�

1

>

�

; ::: ;

�

j 

�

n

> or j 

�

�

n

>

�

�

;

and onsequently we have a free hoie in haraterizing the n-dimensionalM

H

-eigenvalues

spetrum. A diret onsequene of the previous theorems, is the following orollary.

T2 - COROLLARY

Two M

H

quaternioni eigenvetors with omplex eigenvalues, �

1

and �

2

, with j�

1

j 6= j�

2

j,

are linearly independent on H .

Let

j 

�

1

> (�

1

+ j�

1

) + j 

�

2

> (�

2

+ j�

2

) (24)

be a quaternioni linear ombination of suh eigenvetors. By taking the omplex translation

of Eq. (24), we obtain

�

1

j�

�

1

> +�

1

j�

�

�

1

> +�

2

j�

�

2

> +�

2

j�

�

�

2

> : (25)

The set of

f

M -eigenvetors

�

j�

�

1

> ; j�

�

�

1

> ; j�

�

2

> ; j�

�

�

2

>

�

is linear independent on C . In fat, the �rst theorem, T-1, ensures linear independene

between eigenvetors assoiated to onjugate pairs of eigenvalues, and the ondition j�

1

j 6=

j�

2

j () �

1

6= �

2

) omplete the proof by assuring the linear independene between

�

j�

�

1

> ; j�

�

�

1

>

�

and

�

j�

�

2

> ; j�

�

�

2

>

�

:

Thus the linear ombination in Eq. (25), omplex ounterpart of Eq. (24), is null if and only

if �

1;2

= �

1;2

= 0, and onsequently the quaternioni linear eigenvetors j 

�

1

> and j 

�

2

>

are linear independent on H �.
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� A brief disussion about the spetrum hoie

What happens on the eigenvalues spetrum when we have two simultaneous diagonalizable

quaternioni linear operators? We show that for omplex operators the hoie of a ommon

quaternioni eigenvetors set reprodue in QQM the standard results of Complex Quantum

Mehanis (CQM). Let

A

1

=

�

i 0

0 i

�

E and A

2

=

~

2

�

i 0

0 -i

�

(26)

be anti-hermitian omplex operators assoiated respetively to energy a nd spin. In CQM,

the orresponding eigenvalues spetrum is

�

iE ; iE

�

A

1

and

�

i

~

2

; �i

~

2

�

A

2

; (27)

and physially we an desribe a partile with positive energy E and spin

1

2

. What happens

in QQM with quaternioni geometry? The omplex operators in Eq. (26) also represent two-

dimensional quaternioni linear operators and so we an translate them in the omplex world

and then extrat the eigenvalues spetrum. By following the method given this Setion, we

�nd the following eigenvalues

�

iE ; iE ; iE ; iE

�

A

1

and

�

i

~

2

; �i

~

2

; i

~

2

; �i

~

2

�

A

2

;

and adopting the positive imaginary part onvention we extrat

�

iE ; iE

�

A

1

and

�

i

~

2

; i

~

2

�

A

2

:

It seems that we lose the physial meaning of

1

2

-spin partile with positive energy. How an

we reover the di�erent sign in the spin eigenvalues? The solution to this apparent puzzle

is represented by the hoie of a ommon quaternioni eigenvetors set. In fat, we observe

that the previous eigenvalues spetra are related to the following eigenvetors sets

��

1

0

�

;

�

0

1

��

A

1

and

��

1

0

�

;

�

0

j

��

A

2

:

By �xing a ommon eigenvetors set

��

1

0

�

;

�

0

1

��

A

1;2

; (28)

we reover the standard results of Eq. (27). Obviously,

��

1

0

�

;

�

0

1

��

A

1;2

!

�

+iE ; +iE

�

A

1

;

�

+i

~

2

; �i

~

2

�

A

2

;

��

1

0

�

;

�

0

j

��

A

1;2

!

�

+iE ; �iE

�

A

1

;

�

+i

~

2

; +i

~

2

�

A

2

;

��

j

0

�

;

�

0

1

��

A

1;2

!

�

�iE ; +iE

�

A

1

;

�

�i

~

2

; �i

~

2

�

A

2

;

��

j

0

�

;

�

0

j

��

A

1;2

!

�

�iE ; �iE

�

A

1

;

�

�i

~

2

; +i

~

2

�

A

2

;

10



represent equivalent hoies. Thus, in this partiular ase, the di�erent possibilities in hoos-

ing our quaternioni eigenvetors set will give the following outputs

Energy : +E ; +E and

1

2

-spin : " ; #

+E ; �E and " ; "

�E ; +E and # ; #

�E ; �E and # ; "

Thus, we an also desribe a

1

2

-spin partile with positive energy by re-interpretating spin

up/down negative energy as spin down/up positive energy solutions

�E ; " (#) ! E ; # (") :

� A pratial rule for diagonalization

We know that 2n-dimensional omplex operators, are diagonalizable if and only if they admit

2n linear independent eigenvetors. It is easy to demonstrate that the diagonalization matrix

for

f

M

e

S

2n

f

M

e

S

�1

2n

=

f

M

diag

;

is given by

e

S

2n

= Inverse

2

6

6

6

6

6

6

4

0

B

B

B

B

B

B

�

x

(�

1

)

1

x

(�

�

1

)

1

::: x

(�

n

)

1

x

(�

�

n

)

1

y

(�

1

)

1

y

(�

�

1

)

1

::: y

(�

n

)

1

y

(�

�

n

)

1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

x

(�

1

)

n

x

(�

�

1

)

n

::: x

(�

n

)

n

x

(�

�

n

)

n

y

(�

1

)

n

y

(�

�

1

)

n

::: y

(�

n

)

n

y

(�

�

n

)

n

1

C

C

C

C

C

C

A

3

7

7

7

7

7

7

5

: (29)

Suh a matrix is in the same subset of

f

M , i.e.

e

S

2n

2

f

M

2n

(C ). In fat, by realling the

relationship between j�

�

> and j�

�

�

>, we an rewrite the previous diagonalization matrix

as

e

S

2n

= Inverse

2

6

6

6

6

6

4

0

B

B

B

B

B

�

x

(�

1

)

1

-y

� (�

1

)

1

::: x

(�

n

)

1

-y

� (�

n

)

1

y

(�

1

)

1

x

�(�

1

)

1

::: y

(�

n

)

1

x

� (�

n

)

1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

x

(�

1

)

n

-y

� (�

1

)

n

::: x

(�

n

)

n

-y

� (�

n

)

n

y

(�

1

)

n

x

� (�

1

)

n

::: y

(�

n

)

n

x

� (�

n

)

n

1

C

C

C

C

C

A

3

7

7

7

7

7

5

: (30)

The linear independene of the 2n omplex eigenvetors of

f

M guarantees the existene of

e

S

�1

2n

and the isomorphism between the group of n � n invertible quaternioni matries GL(n; H )

and the omplex ounterpart group

f

GL(2n; C ) ensures

e

S

�1

2n

2

f

M

2n

(C ). So, the quaternioni

n-dimensional matrix whih diagonalizes M

H

S

H n

M

H

S

�1

H n

=M

diag

H

;

an be diretly obtained by translating Eq. (30) in

S

H n

= Inverse

2

6

4

0

B

�

x

(�

1

)

1

+ jy

(�

1

)

1

::: x

(�

n

)

1

+ jy

(�

n

)

1

.

.

.

.

.

.

.

.

.

x

(�

1

)

n

+ jy

(�

1

)

n

::: x

(�

n

)

n

+ jy

(�

n

)

n

1

C

A

3

7

5

: (31)
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In translating omplex matries in quaternioni language, we remember that an appropriate

mathematial notation should require the use of the left/right quaternioni operators L

i;j;k

and R

i

. In this ase, due to the partiular form of our omplex matries,

f

M ;

e

S

2n

;

e

S

�1

2n

2

f

M

2n

(C ) ;

their quaternioni translation is performed by left operators and so we use the simpli�ed

notation i, j, k instead of L

i

, L

j

, L

k

.

This diagonalization quaternioni matrix is stritly related to the hoie of a partiular

set of quaternioni linear independent eigenvetors

�

j 

�

1

> ; ::: ; j 

�

n

>

�

:

So, the diagonalized quaternioni matrix reads

M

diag

H

= diag f�

1

; ::: ; �

n

g :

The hoie of a di�erent quaternioni eigenvetors set

�

�

j 

�

1

> or j 

�

�

1

>

�

; ::: ;

�

j 

�

n

> or j 

�

�

n

>

�

�

;

will give a di�erent diagonalization matrix and onsequently a di�erent diagonalized quater-

nioni matrix

M

diag

H

= diag f[�

1

or �

�

1

℄ ; ::: ; [�

n

or �

�

n

℄g :

In onlusion,

M

H

diagonalizable ,

f

M diagonalizable ;

and the diagonalization quaternioni matrix an be easily obtained from the quaternioni

eigenvetors set.

3.2 Complex linear operators and omplex geometry

In this Setion, we disuss right eigenvalues equation for omplex linear operators. In n-

dimensional quaternioni vetor spaes, H

n

, omplex linear operator, O

C

, are represented

by n � n quaternioni matries, M

n

(H

L


 H

R

), with elements in H

L


 H

R

. Suh quater-

nioni matries admit 2n-dimensional omplex ounterparts whih reover the full set of

2n-dimensional omplex matries, M

2n

(C ). It is immediate to hek that quaternioni matri-

esM

H

2M

n

(H

L

) are haraterized by 4n

2

real parameters and so a natural translation gets

the omplex matrix

f

M

2n

(C ) � M

2n

(C ), whereas a generi 2n-dimensional omplex matrix

M 2 M

2n

(C ), haraterized by 8n

2

real parameters needs to double the 4n

2

real parame-

ters of M

H

. By allowing right-ation for the imaginary units i we reover the missing real

parameters. So, the 2n-dimensional omplex eigenvalues equation

M j� >= �j > ; (32)

with

M 2M

2n

(C ) ; j� >2 C

2n

; � 2 C ;

beomes, in quaternioni formalism,

M

C

j >= j > � ; (33)

12



where

M

C

2M

n

(H

L


 H

R

) ; j >2 H

n

; � 2 C :

The right position of the omplex eigenvalue � is justi�ed by the translation rule

i11

2n

$ R

i

11

n

:

By solving the omplex eigenvalue problem of Eq. (32), we �nd 2n eigenvalues and we nave no

possibilities to lassify or haraterize suh a omplex eigenvalues spetrum . Is it possible to

extrat a suitable quaternioni eigenvetors set? What happens when the omplex spetrum

is haraterized by 2n di�erent omplex eigenvalues? To give satisfatory answers to these

questions we must adopt a omplex geometry [4, 5℄. In this ase

j > and j > j

represent orthogonal vetors and so we annot kill the eigenvetors j > j. So, for n-

dimensional quaternioni matries M

C

we must onsider the full eigenvalues spetrum

�

�

1

; ::: ; �

2n

�

: (34)

The orresponding quaternioni eigenvetors set is then given by

�

j 

�

1

> ; ::: ; j 

�

2n

>

�

; (35)

whih represents the quaternioni translation of the M -eigenvetors set

�

j�

�

1

> ; ::: ; j�

�

2n

>

�

: (36)

In onlusion within a Quaternioni Quantum Mehanis with omplex geometry [20℄

we �nd for quaternioni linear operators, M

H

, and omplex linear operators, M

C

, a 2n-

dimensional omplex eigenvalues spetrum and onsequently 2n quaternioni eigenvetors.

Let us now give a pratial method to diagonalize omplex linear operators. Complex 2n-

dimensional matries,M , are diagonalizable if and only if admit 2n linear independent eigen-

vetors. The diagonalizable matrix an be written in terms of M -eigenvetors as follows

S

2n

= Inverse

2

6

6

6

6

6

6

4

0

B

B

B

B

B

B

�

x

(�

1

)

1

x

(�

2

)

1

::: x

(�

2n�1

)

1

x

(�

2n

)

1

y

(�

1

)

1

y

(�

2

)

1

::: y

(�

2n�1

)

1

y

(�

2n

)

1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

x

(�

1

)

n

x

(�

2

)

n

::: x

(�

2n�1

)

n

x

(�

2n

)

n

y

(�

1

)

n

y

(�

2

)

n

::: y

(�

2n�1

)

n

y

(�

2n

)

n

1

C

C

C

C

C

C

A

3

7

7

7

7

7

7

5

: (37)

This matrix admits a quaternioni ounterpart [18℄ by omplex linear operators

S

C n

= Inverse

2

6

4

0

B

�

q

[1;2℄

+�;1

� q

[1;2℄

�+;1

iR

i

::: q

[2n�1;2n℄

+�;1

� q

[2n�1;2n℄

�+;1

iR

i

.

.

.

.

.

.

.

.

.

q

[1;2℄

+�;n

� q

[1;2℄

�+;n

iR

i

::: q

[2n�1;2n℄

+�;n

� q

[2n�1;2n℄

�+;n

iR

i

1

C

A

3

7

5

; (38)

where

q

[m;n℄

+�;i

=

x

(�

m

)

i

+ y

(�

n

) �

i

2

+ j

y

(�

m

)

i

� x

(�

n

) �

i

2

;

13



and

q

[m;n℄

�+;i

=

x

(�

m

)

i

� y

(�

n

) �

i

2

+ j

y

(�

m

)

i

+ x

(�

n

) �

i

2

:

To simplify the notation we use i j, k instead of L

i

, L

j

, L

k

. The right operator R

i

indiates

the right ation of the imaginary unit i. The diagonalized quaternioni matrix reprodues

the quaternioni translation of the omplex matrix

M

diag

= diag f�

1

; ::: ; �

2n

g

into

M

diag

C

= diag

�

�

1

+ �

�

2

2

+

�

1

� �

�

2

2i

R

i

; ::: ;

�

2n�1

+ �

�

2n

2

+

�

2n�1

� �

�

2n

2i

R

i

�

: (39)

4 Quaternioni eigenvalues equation

By working with quaternions we have di�erent possibilities to write eigenvalues equations.

In fat, in solving suh equations, we ould onsider quaternioni or omplex, left or right

eigenvalues. In this Setion, we briey introdue the problemati inherent to quaternioni

eigenvalues equations and emphasize the main diÆulties present in suh an approah.

4.1 Right quaternioni eigenvalues equation

As remarked in Setion 3, the most general right eigenvalues equation for quaternioni linear

operators, O

H

, reads

M

H

j

~

 >= j

~

 > q ; q 2 H :

Suh an equation an be onverted into a right omplex eigenvalues equation by rephasing

the quaternioni eigenvalues, q,

M

H

j

~

 > u = j

~

 > uuqu = j

~

 > � ; � 2 C :

In disussing right quaternioni equations for omplex linear operators,

M

C

j >= j > q ; (40)

due to the presene of the right imaginary unit i, R

i

, we annot apply suh a similarity

transformation on q. Right omplex immaginary units, R

i

, have no a well de�ned hermitiity

within a QQM with quaternioni geometry. Nevertheless, by adopting a omplex geometry,

we reover the anti-hermitiity of suh an operator

Z

C

d� < �jR

i

j >= �

Z

C

d� [R

i

j� >℄

y

j > :

Within a QQM with omplex geometry, a generi anti-hermitian operator must satisfy

Z

C

d� < �jA

C

j >= �

Z

C

d� [A

C

j� >℄

y

j > : (41)

We an immediately �nd a onstraint on our A

C

-eigenvalues by putting in the previous

equation j� >= j >,

Z

C

d� <  j > q

 

= �

Z

C

d�q

y

 

<  j >) q

 

= i�

 

+ jw

 

; (42)
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�

 

2 R ; w

 

2 C :

Note that the purely quaternioni nature of the A

C

- eigenvalues is save beause <  j >

represents a real quantity and thus ommutes with q

 

. We know that an important property

must be satis�ed for anti-hermitians operators, namely eigenvetors j� > and j > assoiated

to di�erent eigenvalues q

�

6= q

 

, have to be orthogonal. By ombining Eq. (41) with the

onstraint (42) we �nd

Z

C

d� < �j > q

 

=

Z

C

d� q

�

< �j > :

The di�erent position of the quaternioni eigenvalues require a omplex projetion, (q)

C

, to

reover the standard result

q

 ;�

�! �

 ;�

2 C :

In onlusion, a onsistent QQM with omplex geometry needs of right omplex eigenvalues

equations.

4.2 Left quaternioni eigenvalues equation

What happens for left quaternioni eigenvalues equations? In solving suh equations for

quaternioni and omplex linear operators,

(

M

H

j

~

 >= ~q j

~

 > ;

M

C

j

~

 >= ~q j

~

 > ; ~q 2 H ;

we have not a sistemati way to approh the problem. In this ase, due to the presene of left

quaternioni eigenvalues (translated in omplex formalism by two-dimensional matries), the

translation trik does not apply and so we must solve diretly the problem in the quaternioni

world.

In disussing left quaternioni eigenvalues equations, we underline the diÆulty hidden in

diagonalizing suh operators. Let us suppose that the matrix representations of our operators

be digonalized by a matrix S

H=C

S

H

M

H

S

�1

H

=M

diag

H

and S

C

M

C

S

�1

C

=M

diag

C

:

The eigenvalues equation will be modi�ed in

(

M

diag

H

S

H

j

~

 >= S

H

~qS

�1

H

S

H

j

~

 > ;

M

diag

C

S

C

j

~

 >= S

C

~qS

�1

C

S

C

j

~

 > ;

and now, due to the non-ommutative nature of eq,

S

H=C

eq S

�1

H=C

6= eq :

So, we an have operators with the same left quaternioni eigenvalues spetrum but no

similarity transformation relating them. This is expliitly show in Appendix B for a bi-

dimensional quaternioni linear operator. Let us now analyze other diÆulties in solving left

quaternioni eigenvalues equation. Hermitian quaternioni linear operators satisfay

Z

d� <

e

�jH

H

j

e

 >=

Z

d� [H

H

j

e

� >℄

y

j

e

 > :
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By putting j

e

� >= j

e

 > in the previous equation we �nd onstraints on the quaternioni

eigenvalues eq

Z

d� <

e

 j eq j

e

 >=

Z

d� <

e

 j eq

y

j

e

 > :

From this equation we annot exrat the onlusion that ~q must be real, eq = eq

y

. In fat

Z

d� <

e

 j(eq � eq

y

)j

e

 >= 0

ould admit quaternioni solutions for ~q (see Appendix B). So, the �rst ompliation is

represented by the possibility to �nd hermitian operators with quaternioni eigenvalues. In

disussing physial problems, we overame this problem by hoosing anti-hermitian operators.

Now,

Z

d� <

e

�jA

H

j

e

 >= �

Z

d� [A

H

j

e

� >℄

y

j

e

 > ;

will imply for j

e

� >= j

e

 >

Z

d� <

e

 j(eq + eq

y

)j

e

 >= 0 :

In this ase, (eq + eq

y

) represents a real quantity and so ommutes with j

e

 >, giving

eq = i�+ jw :

We ould work with anti-hermitian operators and hoose jeqj as physial output. A parti-

ular ase of left/right eigenvalues equation for a two-dimensional anti-hermitian operators

is presented in Appendix B. The result emphasizes an important di�erene between suh

operators. Left and right eigenvalues have di�erent absolute value and so annot represent

the same physial quantity.

5 Conlusions

The study undertaken in this paper demonstrates the possibility to onstrut a pratial

method to diagonalize quaternioni and omplex linear operators on quaternioni vetor

spaes. Quaternioni eigenvalues equations have to be `right' eigenvalues equations. As

shown in our paper, the hoie of a right position for quaternioni eigenvalues is fundamental

in searhing for a diagonalization method. A left position of quaternioni eigenvalues gives

unwished surprises : Operators with the same eigenvalues whih are not related by similarity

transformation, Hermitian operators with quaternioni eigenvalues; et.

Quaternioni linear operators in n-dimensional vetor spaes take in�nite spetra of

quaternioni eigenvalues. Neverthless, the omplex translation trik ensures that suh spetra

are related by similarity transformations and this gives the possibility to hoose n rappre-

sentative omplex eigenvalues to perform alulations,

�

�

1

; ::: ; �

n

�

:

The omplete set of quaternioni eigenvalues spetra an be generated from this omplex

eigenvalues spetrum,

�

u

1

�

1

u

1

; ::: ; u

n

�

n

u

n

�
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Suh a simmetry is broken when we onsider more diagonalizable operators. In this ase

the freedom in onstruting the eigenvalue spetrum for the �rst operator, and onsequently

the free hoie in determining an eigenvetors basis, will �x the eigenvalues spetrum for the

other operators.

The powerfull of the omplex traslation trik gives the possibility to study general prop-

erties for quaternioni and omplex linear operators. The last ones play an important role

with a QQM with omplex geometry by reproduing the standard omplex results in redued

quaternioni vetor spaes [20℄. Our method of diagonalization beomes very important in

the resolution of quaternioni di�erential equations [21℄ and onsequently in the study of

quaternioni potentials in the Shr�oedinger equation [22℄.

Mathematial topis to be developed are represented by the disussion of eigenvalues

equations for real linear quaternioni operators, O

R

, operators haraterized by right a-

tions of the quaternioni immaginary units i; j; k and by a detailed disussion about left

quaternioni eigenvalues equations.

We onlude by remarking an important di�erene between the struture of an anti-

hermitian operator in omplex and in quaternioni Quantum mehanis. In omplex Quam-

tum Mehanis, we an always trivially relate an anti-hermitian operator, A to an hermitian

operator, H, by removing a fator i

A = iH :

In quaternioni Quantum Mehanis, we must take are. For example,

A =

�

-i 3j

3j i

�

;

is an anti-hermitian operator, nevertheless, iA does not represent an hermitian operator.

The reason is simple: In writing the spetral representations for A and H we take

A =

X

a

jai ai haj and H =

X

a

jai a haj a 2 R :

Due to the non-ommutative nature of jai, we annot extrat the omplex imaginary unit

i. Our approah to quaternioni eigenvalues equations ontains a pratial method to �nd

eigenvetors jai and eigenvalues ia and onsequently solves the problem to determine, given

a quaternioni anti-hermitian operator, the orresponding hermitian operator. An easy om-

putation show that

ia = f2i ; 4ig and jai =

��

i

j

�

;

�

k

1

��

:

So, the hermitian operator related to A is

H =

�

3 k

-k 3

�

:
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Appendix A

Two dimensional right omplex eigenvalues equations

In this Appendix we expliitly solve the right eigenvalues equations for quaternioni, O

H

,

and omplex O

C

, linear operators, in two-dimensional quaternioni vetor spaes.

� Quaternioni linear operators

Let

M

H

=

�

i j

k i

�

(43)

be the quaternioni matrix representation assoiated to a quaternioni linear operator in a

bi-dimensional quaternioni vetor spae. Its omplex ounterpart reads

f

M =

0

B

B

�

i 0 0 -1

0 -i 1 0

0 -i i 0

-i 0 0 -i

1

C

C

A

:

In order to solve the right eigenvalues problem

M

H

j >= j > � ; � 2 C ;

let us determine the

f

M -eigenvalues spetrum. From the onstraint

det

h

f

M � �11

4

i

= 0 ;

we �nd for the

f

M -eigenvalues the following solutions

�

�

1

; �

�

1

; �

2

; �

�

2

�

f

M

=

�

2

1

4

e

i

3

8

�

; 2

1

4

e

�i

3

8

�

; �2

1

4

e

�i

3

8

�

; �2

1

4

e

i

3

8

�

�

f

M

:

The

f

M -eigenvetors set is given by

8

>

>

<

>

>

:

0

B

B

�

�1 + i�

1

0

0

1

1

C

C

A

;

0

B

B

�

0

�1� i�

�

1

�1

0

1

C

C

A

;

0

B

B

�

0

1� i�

�

1

1

0

1

C

C

A

;

0

B

B

�

�1� i�

1

0

0

1

1

C

C

A

9

>

>

=

>

>

;

f

M

:

TheM

H

-eigenvalues spetrum is soon obtained from that one of

f

M . For example by adopting

the positive imaginary part onvention we �nd

�

�

1

; �

2

�

M

H

=

�

2

1

4

e

i

3

8

�

; � 2

1

4

e

�i

3

8

�

�

M

H

; (44)

and the orresponding quaternioni eigenvetors set reads

��

�1 + i�

1

j

�

;

�

j(1 � i�

�

1

)

1

��

M

H

: (45)
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The quaternioni matrix whih diagonalizes M

H

is

S

H

= Inverse

��

�1 + i�

1

j(1 � i�

�

1

)

j 1

��

= �

1

2 j�

1

j

2

�

i�

�

1

j

�

i�

1

+ j�

1

j

2

�

k�

�

1

i�

1

� j�

1

j

2

�

: (46)

As remarked in the paper, we have in�nite possibilities of diagonalization

�

u

1

�

1

u

1

; u

2

�

2

u

2

�

:

Equivalent diagonalized matries an be obtained from

M

diag

H

= diag

�

�

1

; �

2

�

by performing a similarity trasformation

U

�1

M

diag

H

U = U

y

M

diag

H

U ;

and

U = diag

�

u

1

; u

2

�

:

The diagonalization matrix given in Eq. (46) beames

S

H

! U

y

S

H

:

� Complex linear operators

Let

M

C

=

�

�iR

i

+ j �kR

i

+ 1

�kR

i

� 1 iR

i

+ j

�

(47)

be the quaternioni matrix representation assoiated to a omplex linear operator in a bi-

dimensional quaternioni vetor spae. Its omplex ounterpart is

M =

0

B

B

�

1 -1 1 -1

1 -1 -1 1

-1 -1 -1 -1

-1 -1 1 1

1

C

C

A

:

The right omplex eigenvalues problem

M

C

j >= j > � ; � 2 C ;

an be solved by determining the M -eigenvalues spetrum

�

�

1

; �

2

; �

3

; �

4

�

M=M

C

=

�

2 ; �2 ; 2i ; �2i

�

M=M

C

: (48)

Suh eigenvalues also determine the M

C

-eigenvalues spetrum. The M

C

-eigenvetors set is

obtained by translating the omplex M -eigenvetors set

8

>

>

<

>

>

:

0

B

B

�

1

0

0

-1

1

C

C

A

;

0

B

B

�

0

1

1

0

1

C

C

A

;

0

B

B

�

1

-i

i

1

1

C

C

A

;

0

B

B

�

-i

1

-1

-i

1

C

C

A

9

>

>

=

>

>

;

M

;
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in quaternioni formalism

��

1

-j

�

;

�

j

1

�

;

�

1 + k

i+ j

�

;

�

j � i

k � 1

��

M

C

: (49)

The quaternioni matrix whih diagonalizes M

C

is

S

C

= Inverse

��

1 1 + k

-j i+ j

��

=

1

2

�

1 j

1�k

2

-

i+j

2

�

; (50)

and the diagonalized matrix is given by

M

diag

C

= 2

�

-iR

i

0

0 i

�

: (51)

This matrix an be diretily obtained from the M=M

C

eigenvalues spetrum by translating,

in quaternioni formalism, the matrix

M

diag

=

0

B

B

�

2 0 0 0

0 -2 0 0

0 0 2i 0

0 0 0 -2i

1

C

C

A

:

It is interesting to note that equivalent diagonalized matries an be obtained fromM

diag

C

in

Eq. (51) by the similarity transformation

U

y

M

diag

C

U :

For example by hoosing

U =

 

-j 0

0

1+k

p

2

!

;

one �nd

M

diag

C

! 2

�

iR

i

0

0 j

�

: (52)
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Appendix B

Two dimensional left quaternioni eigenvalues equations

Let us now examine left quaternioni eigenvalues equations for quaternioni linear operators.

� Hermitian operators

Let

H

H

=

�

0 k

-k 0

�

be the quaternioni matrix representation assoiated to an hermitian quaternioni linear

operator. We onsider its left quaternioni eigenvalue equation

H

H

j

e

 >= eq j

e

 > ; (53)

where

j

e

 >=

 

e

 

1

e

 

2

!

2 H

2

; ~q 2 H :

Eq. (53) an be rewritten by the following quaternioni system

(

k

e

 

2

= ~q

e

 

1

;

�k

e

 

1

= ~q

e

 

2

:

The solution is

�

~q

�

H

H

=

�

z + j�

�

H

H

;

where

z 2 C ; � 2 R ; jzj

2

+ �

2

= 1 :

The H

H

-eigenvetors set is given by

( 

e

 

1

-k(z + j�)

e

 

1

!)

H

H

:

It is easy to verify that in this ase

<

e

 j(~q � ~q

y

)j

e

 >= 0

is veri�ed for quaternioni eigenvalues ~q 6= ~q

y

.

� Anti-hermitian operators

Let

A

H

=

�

j i

i k

�

be the quaternioni matrix representation assoiated to an anti-hermitian quaternioni linear

operator. Its right omplex spetrum is given by

�

�

1

; �

2

�

H

H

=

�

i

q

2�

p

2 ; i

q

2 +

p

2

�

H

H

:
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We now onsider the left quaternioni eigenvalue equation

A

H

j

e

 >= eq j

e

 > ; (54)

where

j

e

 >=

 

e

 

1

e

 

2

!

2 H

2

; ~q 2 H :

By solving the following quaternioni system

(

j

e

 

1

+ i

e

 

2

= ~q

e

 

1

;

i

e

 

1

+ k

e

 

2

= ~q

e

 

2

;

we �nd

�

~q

1

; ~q

2

�

A

H

=

�

i

p

2

+

j + k

2

;

�i

p

2

+

j + k

2

�

A

H

;

and

( 

e

 

1

(

1

p

2

+

j+k

2

)

e

 

1

!

;

 

e

 

1

(

�1

p

2

+

j+k

2

)

e

 

1

!)

H

H

:

We observe that

�

ju

1

�

1

u

1

j =

q

2�

p

2 ; ju

2

�

2

u

2

=

q

2 +

p

2

�

and

�

j~q

1

j = 1 ; j~q

2

j = 1

�

:

Thus, left and right eigenvalues annot assoiated to the same physial quantity.

� A new possibility

In order to omplete our disussion let us disuss for the quaternioni linear operator given

in Eq. (43) its left quaternioni eigenvalue equation

M

H

j

e

 >= ~q j

e

 > ; (55)

where

j

e

 >=

 

e

 

1

e

 

2

!

2 H

2

; ~q 2 H :

Eq. (55) an be rewritten by the following quaternioni system

(

i

e

 

1

+ j

e

 

2

= ~q

e

 

1

;

k

e

 

1

+ i

e

 

2

= ~q

e

 

2

:

The solution gives for the quaternioni eigenvalues spetrum

�

~q

1

; ~q

2

�

M

H

=

�

i+

j + k

p

2

; i�

j + k

p

2

�

M

H

; (56)

and for the eigenvetors set

( 

1

1�i

p

2

!

;

 

1

i�1

p

2

!)

M

H

: (57)

22



Let us now onsider the following quaternioni linear operator

N

H

=

 

i+

j+k

p

2

0

0 i�

j+k

p

2

!

: (58)

This operator represents a diagonal operator and has the same left quaternioni eigenvalues

spetrum of M

H

, notwithstanding suh an operator is not equivalent to M

diag

H

. In fat, the

N

H

-omplex ounterpart is haraterized by the following eigenvalues spetrum

�

i

p

2 ; �i

p

2 ; i

p

2 ; �i

p

2

�

N

;

di�erent from the eigenvalues spetrum of the M -omplex ounterpart of M

H

. Thus, there

is no similarity transformation whih relates these two operators in the omplex world and

onsequently by translation there is no a quaternioni matrix whih relates N

H

to M

H

. So,

in the quaternioni world, we an have quaternioni linear operators whih have a same left

quaternioni eigenvalues spetrum but not related by a similarity transformation.
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