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Abstract

The interest here is the comparison of sequences within or between groups.
Sequences are considered on an individual basis, i.e., all possible pairwise compar-
isons within and across groups are performed. We develop a categorical analysis-
of-variance framework based on Hamming distances, the proportion of positions
at which two aligned sequences differ, and estimate the variability between, within
and across groups. We assume that the sequences are independent, but the posi-
tions may not be. In this context U-statistics are utilized to represent the average
distance between and within groups as well as the overall distance. The total sum
of squares is decomposed into within-, between- and across-group sums of squares.
The latter term is new: it does not appear in the classical set-up. Generalized-U-
statistics theory (Puri & Sen, 1971; Lee, 1990; Sen & Singer, 1993) is used to find
the asymptotic distributions of each sum of squares. Test statistics are developed
to assess homogeneity among groups.

1. Introduction The focus here lies in the comparison of sequences. The se-
quences are considered on an individual basis in the sence that they are compared to
each other: all possible pairwise comparisons within and across groups are performed.
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We develop an analysis-of-variance framework based on Hamming distances and esti-
mate the variability between, within and across groups (Section 2). In the within sum
of squares, we are estimating the variability among individuals within a group around
the average distance within this group. In the across sum of squares, we are estimating
the variability of individuals across two groups with respect to the average distance
between those groups. In the between sum of squares, we estimate the variability in
the group average distances around the overall distance.

Weir (1990a) describes an analysis of variance for the genetic variation in the
population, in particular for the amount of observed heterozygosity. The variance of
the estimate of the average heterozygosity is broken down to show the contribution of
populations, loci and individuals by setting out the calculations in a framework similar
to that of an analysis of variance. Our situation is a little different because we would like
to construct a categorical analysis of variance based on Hamming distances (Seillier-
Moiseiwitsch et al., 1994 and references therein), assuming that the sequences are
independent, but the positions may not be. The Hamming distance is the proportion
of positions at which two aligned sequences differ.

In this context U-statistics are utilized to represent the average distance between
and within groups as well as the overall distance (Sections 3 and 4). The total sum of
squares is decomposed into within-, between- and across-group sums of squares. The
latter term is new: it does not appear in the classical set-up. Generalized-U-statistics
theory (Puri & Sen, 1971; Lee, 1990; Sen & Singer, 1993) is used to find the asymptotic
distributions of each sum of squares. In Section 5 test statistics are developed to assess
homogeneity among groups. The power of the tests are discussed in Section 6. Finally,

a data analysis is shown in Section 7.

2. The Total Sum of Squares and its decomposition Let X! =
(X9, XY, ..., X%) be arandom vector representing sequence i of group g. Suppose
i=1,...,N,k=1,...,K and g =1,...,G. So, X} represents either the amino acid
or the nucleotide present at position k of sequence i in group g (e.g., at the nucleotide
level, 29, € {A, C, T, G}).

Consider XJ* and X§2.
Definition 1

The Hamming Distance D
fined by

(9192)

i is a descriptive statistic for sequence comparison de-

M=

D(gl7g2)

j

I(X3 #X%) 2.1)

== ==
i

x (number of positions where X{* and X{* differ),



and when g1 = g2 = g,
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which is a U-statistic of degree 2 (Lee, 1990). The average distance between two groups
is
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which is a two-sample U-statistics of degree (1,1) (Hoeffding, 1948; Puri & Sen, 1971;
Lee, 1990). The overall distance is
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9=11<i<j<N 1<g1<92<G =1 j=1
—1 G
_ <.N2G> Z (-Z) DI + Z N2D.(91792)
g=1 1<91<g92<G

which is a linear combination of U-statistics.

The Total Sum of Squares can be decomposed as

G
rss = Y Y w4-bDy2+ Y ZZ DY) — D.)? (2.2)

9=11<i<j<N 1<g91<g2<G i=1 j=1
G G
= D D =D+, B
g=1 1<i<j<N g=11<i<j<N
+ Z Z Z 91792 _ (91792))2 + Z iZ(D'(gth) _ D)2
1<g1<g2<G i=1 j=1 1<g1<g2<@ i=1 j=1
= WSS+BSS+AWSS+ ABSS

where WSS stands for Within Sum of Squares, BSS for Between Sum of Squares,
AW SS for Across Within Sum of Squares and ABSS for Across Between Sum of
Squares



3.Connections Between Sums of Squares and U-statistics Since
we have G groups of IV sequences, we can disregard the group clustering and think of

the sequences as a random sample of size NG. Then

7SS = Y (Dy-D)
1<i<j<NG
-1
NG(NG —1) NG(VG1) (Dij — Dy jr)?
e () p e e
1<j, 1'<J
i<il or j<j!

WSSzEG: >

g=11<i<j<N

_ (N(]\;—l)_1> (N(f\;fl)>_1§; 3 w (3.4)

i<y, i’ <j’
i<i! or j<j!

and

AWSS = Z Z Z 91792) 91792))

1<g1<92<G i=1 j=1

N2\ L N N N (D(g17g2) _ D(,g-l,7g2))2
_ 2 1] i'j
-w-n(y) T XYY % :
1<91<92<@G i=1 j=1i'=1 j'=1
i<i’ or j<j’

(3.5)

The above sums of squares can also be expressed as linear combinations of U-statistics
(Pinheiro, 1997). For instance, WSS is a linear combination of one-sample U-statistics
of degrees 3 and 4, and AW SS is a linear combination of two-sample U-statistics of
degrees (2,2) and (2,1).

4. Asymptotic Distributions and decompositions of U-statistics

Let U, be a U-statistic of degree m with kernel ¢(X7,..., X)) and E(U,) = 6(F) = 6.

Un:U(Xl,...,Xn):<n>_1 > (X, X)), n2mo (46)

m . .
1<i1 <---<tm<n

where
6(F) = Ex{o(X1, .. }_/ /¢x1,-.-, VdF(21) .. dF (o)
Let

Uo(xr,...,xc) = E{d(x1,..., 2, Xet1,-- -, Xm)} (4.7)



Ye(z1,.. . ze) = E{d(z1,..., 20, Xeg1,. .., Xin) — 6}, (4.8)

€ = EB{2(Xy,..., X))} =B{¥3(Xy,...,.X)} —62 and & =0. (4.9)

Theorem 1

The function ¥. defined in (4.7) has the properties

(1) Ce(z1,...,xc) =E{Pq(z1,...,2c, Xet1,-.., Xg)} for 1 <c<d<m,

(ii) E{T.(z1,...,2:)} = E{o(X1,..., Xm)}- [ |

The proof appears in Lee (1990, p. 11).
By (4.6) and (4.8),

—2 m (¢
") SN Cor{¢(Xiys oy X )Xy, X))

c=0

Var(U,) = (

m

where Z(C) stands for summation over all subscripts such that
1<y <ia < <im<n, 1< <fpp< - <Jn<n,

and exactly ¢ equations iy = jj, are satisfied. By (4.9), each term in Z(c) is equal to
¢.. The number of terms in () is

e - (GG e

Since &y = 0,

vawn = (1) S (M) (0 1)

c=1

Hoeffding (1948) obtained the inequality: 0 < &, < gfd 1 < ¢ < d<m, which leads
to

2

%& < Var(Uy) < Z¢,,

m
n
Now, from (4.11) and (4.10)

Var(U,) = m_2<n_m>...<w>gl+...

n n—1 n—m+1

m!
* nn—1)...(n —m+1)

&m

Hence nVar(U,,) is a decreasing function of n which tends to its lower bound m?¢; as

n increases, i.e.,

Var(U,) = %2£1+O(n_2) (4.12)



Therefore, if F(¢?) < oo and & > 0,
n'/2(U, — 0) %5 N(0,m%¢,),  (Hoeffding, 1948) (4.13)
We may rewrite (4.6) as

Up =n~m > /Rpm "'/¢(I1,---a$m) ﬁd(c(% - X)),

1<ir# - #im<n Jj=1
where n=[m = (n")=t = {n...(n —m + 1)}~

Writing d(c(z; — Xy;)) = dF (z;) + d[c(zj — Xi;) — F(z;)], 1 < j < m, we obtain

Un=0(F)+ > (2‘) Unn n>m (4.14)
h=1
where
h
Upp=n"H 3" / "'/‘I’h(évh---,wh)Hd[C(Ij—Xi,-)—F(Ij)]
1<ir#tin<n” " j=1

for 1 < h < m. Further, if we write

h
‘IJZ(;Lj,...,Ih) = \I’h(l‘l,...,l‘h) — quh—l(l'l;---;:L'j—laxj—i-l;---;xh)

Foo 4 (=1)MO(F), ¥ (z1,...,78) € RP", (4.15)

for 1 < h < m, we obtain

-1
n (o]
Unp = <h> | Z' (X, Xi,), 1<h<m (4.16)
1<ii<--<ip<n
and the U, ;, are themselves U-statistics. From direct computation, E(U, ) =0, V1 <
h <m and

Var(Up ) = E(U2,) =0 ™),  h=12,...,m; (4.17)

and we can write

n
Un = 6(F) + = " [W1(X,) = 6(F)] + O, (n™") (4.18)

i=1
Let {ng); i>1}, j =1,...,¢(> 2) be independent sequences of independent
random vectors, where ng) has a distribution function FU)(x), x € RP, for j =
1...,c. Let F = (FO . F©)and (X% 1<i<my, 1<j<c)bea Borel-
measurable kernel of degree m = (mg,...,m.), where without loss of generality we
assume that ¢ is symmetric in the m;(> 1) arguments of the jth set, for j =1,...,c.

Let mg =mq + - +m, and

c mj

9(F) = /Rmo ---/¢(x§”, 1<i<my, 1<j <o [[[[dFr? ) (4.19)

j=1i=1



Definition 2
For a set of samples of sizes n = (n1,n2,...,n.) with n; > m;, 1 < j < ¢, the
generalized U-statistic for §(F) is

c —1 =*
Um) =] <:;> Y 6(XY), a=iji,..ijm, 1<j <o), (4.20)
(m)

j=1 N

where the summation Zzn) extends over all 1 < ij; < ... < ijp; <nj 1 <j<ec

U(n) is an unbiased estimator of §(F).

Now, for every d;j : 0 <d; <mj, 1<j<e¢ letd=(d,-..,d:) and

\Ildl,,,dc(xgj),...,xg), 1<j<e)= E((;S(xgj),...,xg),x(j)

dj+1;'-';X£727 1 S]SC))

(4.21)
so that U9 = 0(F) and ¥, = ¢. Then
€4(F) = E (wg(XY), LLXP 1< < c)) —62(F), 0<d<m  (4.22)

so that {o(F) = 0. Then, for every n > m (Sen, 1981),

(&
Var[U(n)] = Zn;la? [1+ O(ny )] (4.23)
j=1
where ng = min(ny,...,n.) and
o =m0 (F) j=1,...,¢c (4.24)

with d,3 = 1 or 0 according to whether oo = 8 or not.

The decomposition for U(n) can be developed similarly to the one-sample U-

statistic. For a two-sample U-statistic of degree (m;,ms), we have

Ulni,ny) = 6O(F)+ ’T’Z’—ll Z[\Iflo(xi) — ()] + :’Z’—; Z[wm(m) — 0(F)]
+ Op(ngh) (4.25)

where ng = min(ni, n2).

The above expression can be generalized for multiple-sample U-statistics. For

instance, the decomposition for a three-sample and four-sample U-statistics are as

follows
Ulm,nzms) = B(F)+ 5 [Wi00(Xe) — O(F)] + 2 3" [ouo(¥:) — 6(F)
b S s (2) — 0(F) + 0y (4:26)



where ng = min(ny, n2,ng) and

Ulnmzms,ng) = )+ 20 S [ Wioo0(X0) = B0F)] + 2 3 [Wouon(V5) - O(F)]
+ :—; ' [Woo10(Z;) — O(F)] + 7:—; Z[‘I’OOM(Wi) —4(F)]

where ng = min(ni, ne,n3, ng).

4. Combining the U-statistics We can write

N -2 3 3 3
wss = | . )Z[U()+U()2+U()]

12 21 2,2 2.3
g=1

where

—1 _1

3 N . 3 N ‘
U(17)1= (3) Z (ngj_ngj’)Z’ U(17)2= <3> Z (ngj_D?’j)z and
i<j<j’ i<i'<j
ud = (M) S (DY - DY)
1373 i~ Yiy

are one-sample U-statistics of degree 3 and

—1 —1
4 _ (N 2y _ (N 2
Uy = (4) >, (DY -Di)?, Ugy= <4 > (D% -Dj§;)° and

i<j<i' <j' ' i<i! <j<j'
4 _ (N g g )2
Uz = (4) >, (D} -Diy)
i<i' <j'<j
are one-sample U-statistics of degree 4. The expected value of WSS is
G
N -3
E(WSS) = Z(N -2) {,ugl + %Mﬁ}

g=1

Under Hy, there is homogeneity among groups, i.e., for any g, 87 = 6 and
gilkz = Ok, k,, thus

Ey(WSS) = G(N—2){,u1+(N_3),uz}

4
where
9 K K
m= o [0kt D Ok, — D 0k(,5:0,0) = D Oran, (12530,57) | (4.28)
k=1 k1#ks k=1 k1#£ko



and

K
M2 = % {Zak(l - ek) + Z (0k1k2 - 0k19k2)} (429)
k=1 ey #ko
Note that
Cc-1
O = P(Xix # Xj) = > pi(e)[1 = pe(c)] (4.30)
c=0

0k1k2 = P(Xik1 # Xjk1;Xik2 # Xij)

Cc-1 c-1 C—1
= Z Pri ks (€1, C2) Z Z Phiks (€3, C4) (4.31)
c1,c2=0 c3=0 c4=0

cg#c1 cq#eg

Decomposing WSS, under Hy,

WSS = G(N-2) (m + (N; 3) ,u2>
3 N
+ (N =226 [ (%) — ]+ 0,(1)
N
+ DD G S o (X)) -l +0,N)  (132)

and the associated mean square expression is

WSS 2WSS

WMS = G(Y) ~ GN(N -1)
- WAy {m a é[%n(xi) - m]} FO,0NY) (433)
with )
Eo(WMS) = %+O(N*1)
and

_ 9\2 a2 ¢#(2)
Varg(WMS) = 4(12;N22()N(1f 1)23) S o)

For AW SS,

N —1)? 2. 2.8
O (v o)

AWSS = > I

1<91<g2<G

(N-1) 2,1 1,2
O e g




where

2,2 N N 91792) 91792) 2
4
, 2 2 prr ey vy’
j#i
22) _ [(N\(N (919 (91,92)\2
022 = [(V)(3)] 'S S - oy
ZIJ, J#5’

are two-sample U-statistcis of degree (2,2) and

(1,2 N (M (91,92) (91,92)2
U571 = 1 2 Z Z Di]’ _Dij’ )* and

i=1 1<j,j'<N
i# i#i’

U(271) — N N i D(.‘h,gz D(glng) 2
52 2 1 ZZ i'j )

i= 1 £
] Z

are two sample U-statistics of degree (1,2) and (2,1), respectively.
(NV-1)
BAwss) = -1 5 (F5 i+ o
1<91<g2<G
and under Hy

Eo(AWSS) = GG - 12)(N —1 <(N2_ 1)u4 + u5)

where py = p2 is given by (4.29) and ps = py is given by (4.28).
AW SS can be decomposed as

(N - 1)? 2 < 1
Z [T g4 T 37 Z(‘I’(4)10(Xf ) = H(g1,g2)4)

1<g91<92<G i=1

AWSS

2 _
TN Z (¥ (4)01(X5*) = (g1,g2)4) + Op(N 1))

(N -1)

1
<2N(91,gz)5 ty D (¥(5)10(XE) = f(gy,90)5)

+
[\
™=

N
J

N
(\I"(5)01 (X:;] ) — H(g1,92)5 Z 'u‘(g1792)5)
1 :

INE

L]
N

(T(5)01(X5) = (g1,g2)5) T Op(Nl)) ] (4.34)

1

J

The associated mean-square expression is

AWSS 2AWSS

AWMS = SN~ NGG T

10



(N — 1) 2 &
= NZG(G — 1) Z H(g1,92)4 + N Z(‘Il(él)lO(X ) ,U'(gl,gz)él)

1<g1<g92<G

N
Z \I'(4)01 :U'(ghgz) )] + Op(N_l) (435)

Eo(AWMS) = % +O(NY)
Note that Eq(AWMS) = Eo(W MS) since under Hy, pa = pio,

—_1)4 .
Varg(AWMS) = %( % W, g(4>> O(N-?)

Now

G
BSS = WZ(D'Q_D-)Z _ N(N—I)D,lD1

g=1 2
where D; is the G x 1 vector
D, = (D! -D DY - D)
Note that
1 1 &
E(DY) = —x Y EWDY) =) 61 =0
K(,) 1<i<j<N K=
(D(91792) Z 9(91,92) _ 0(91792)
Lt
and
(N-1) ¢ 2N (91.92)
E(D) — 720_9_}_7 Z plo1.92
G(NG —-1) = G(NG —-1) 1<g, can<C
Therefore,
€]
_ _ _ (N —-1) = 2N p(91,92)
m=ED - Dy=g - V=D shgy 2N s g
G(NG -1) = G(NG -1) <o TG
Since DY is a U-statistic of degree 2,
Var(D?) = g(“ O(N~?)
where ¢1?) = [¢f12),(X7)], and since D'Y92) is a two-sample U-statistic of degree
(1,1),
1 1
Var(D! ) = =6” + 6,7 + O(N?) (4.36)

11



where 5103) = [1/1(13 10(X9H)] and 5(13 = [¢%13)01(X?2)]' Under Hy,

qu

7/"(212)1(79') - K2 ZPZ ik # Tik) +

]lc 7é wzk

+ ﬁ Z P(Xjkl 7& Iikn;X]'kz 7& Iikz)

k1#k2
We are assuming that under Hj, there is homogeneity across or within groups, i.e.,
Bl =62 = ... = 09 = 6, and 692 = ¢7 = 0. Therefore, under Ho,
VN (D? —6.) 5 N(0,4¢) (4.37)
and
i (DFgl’g'A‘) - é.) 4, N(0,1) (4.38)

where 17, = N£(13 + 4+ (13 = Ng‘“ y (4.36).

If D. is a linear combination of normal variables, then D. also follows a normal

distribution.
G
> _ (N — 1) NY 2N A (91,92)
D. = swa—p2*teme-ny > P
g=1 1<g1<g92<G
Under Hy,
oAy (N=18.+NG-1)0.
771—E0(D~)— (NG—].) =0.
o? = Varg(D.))
N 4N?
G?(NG —1)?
B (N-12 4 12y, 2N*(G-1) [( 1 a3 , .13
= Gwa-1PNY Tamwa-1e [\wE0 T
. (13,1;13,2) 2N(N -1) _ 3 (12,13)
+ 2@ 2)N ] @G -1zt - ya

where 5153 /1i13,2) = E{¥@a3,1)10(X gl)@é’(lmz)lo(x‘;h)} and
Yas2i0(x]) = Elpis 2 (x{*, X)) - f(91:93)], Under Hy,

1/)(12)1( i) = 1/1(13 10(Xi) = 1/)(13)01( i) = 1/1(13 1)10( i) = 1/1(13,2)10(Xi)- Therefore,

5112) §][.)3) _ [()'31)1) £(1371;13 2) (12 13) and
) . 4,

Hence, under Hy,

12



Now

and

7 = Varg(DY — D.)
-1 |49
GNG-D N9 O

5 AN(G-1) 2 (12,13
&

1-2 1" GING-1)N

(4.41)
where 5;512’13) = E{Ya2)1 (XY )Yaz)0(X9)} = 5512), since Y(12)1(Xi) = Y(13)10(Xi)
under Hy.

Then,

45512)

= {(V -1+ (NG - DINEG -1 + (NG - DG - D g1y

(4.42)
So,
7 Y(D¢ — D.) % N(0,1)
Since BSS is a quadratic form of normal random variables,

N(N -1)

G
NN -1
BSS = DD, ~ %Z)‘g (X%)g
g=1

which is a linear combination of x} random variables, where \,’s are the characteristic
roots of Var(D;) = ¥;. Note that the diagonal elements of ¥, are 7¥ and the off-
diagonal elements, under Hy, are

Covo(D% — D.,D% — D))
(N-12—(NG-1)(NG+N —2) 4¢(?

- (NG —1) NGING—1) ="
since (NG —1)(NG+ N —2) > (N —1)2.
Now,
Eo(BSS) = w trace(X) = N(N2_ Y Gri
and
N*(N —1)° 2
Varg(BSS) = ——— trace(X)
Let
BSS 1
BMS=22"" - _DD,
(%) G



Then
1
Eo(BMS) = = Eo(BSS) = 7
and

Varg(BMS) = — Varg(BSS) = — trace(X;)?

1
G2 G2

For ABSS we have,

N N
ABss= Y Y N () - D)?=N’D,D,

1<g1<92<G i=1 j=1

where Dy = (D.(1’2) — D.,D.(1’3) —-D.,.. .,D.(G_l’G) - D) isa GG » 1 vector.

Let

G
vy = E(DF91792) -D)= glor-g2) _ _WN-1) Zé_ﬂ — (}’27N1 Z g(91:92)

G(NG -1) = (NG -1) <y T
Under Hy,
vy =Eo(DY9) —D)=6.-0.=0 (4.43)
and
= Var(D.(g“g?) - D)

= Var(D'¥*?) + Var(D.) — 2Cov(D“*2) D)

_ l (13) (13) 2 4N -1) (12,13)
= w (@) ot - gy ¥
_ AN Ly s o9y 1 (13,1;13,2)
GING = 1) {N( +&17) +2(G 2)N 10 (4.44)

Note that under Hy there is homogeneity among groups,

1 K

U 3y10(xi) = Y(3p01 (%)) = Y(3,1)10(%i) = Y(13,2)10(%i) = e ZP(Xuc # Tjk)
k=1
since the sequences are i.i.d.

Therefore, ‘I’(13,1)10(Xi)‘I’(1372)10(Xi) = ‘I’%lg)lo(xi) and

(13,1513,2) _ ~(13) _ »(13) _ ~(12) _ ~(12,13)
510 — 510 — 501 — 51 - fl

So, under Hy,
25(12

NG(NG - 1)?
(4.45)

5 = {2(N -1+ (NG -1)[2N(G-1)+ (NG - 1)(G - 4)]}

14



Asin BSS,
G(G-1)/2
ABSS~N* > Ai(xi),
i=1

where \;’s are the characteristic roots of X'y = Var(D3). The diagonal elements of X'y

are 72 and, if all groups are different, the off-diagonal elements are

Cov(DY**) —D.,D¥*9) — D)

) 16
and if gy = g» or g1 = g3 or g2 = g3,
Cov(D\%) — D, DY) — D)
(12)

— —1)2 _ _ _ _ S} S

= {4V =1+ (NG = DUN(G = 1) + (G = 8)(NG = D]} iz -
Now

Eo(ABSS) = N?trace(Xs) = N2@ TS

Varg(ABSS) = N*trace(X5)?

The corresponding mean-square term is defined as

ABSS 2

ABMS = N2(Q) ~ GG D)

D,D,

Then

Eo(ABMS) = trace(Xy) = 75

2
GG-1)

Varg(ABMS) = m trace(Xs)?

5. Test Statistics One alternative is to compare WMS with AWMS. Let
T, = XMS_ Under Hy,

— AWMS*
N-—2)(N— N -
WMS B % {Mz + % Zi:l (‘11(2)1(Xz) — qu)} + Op(N 1)
= — - :
Aawats O L e S (s (Xi) = o) | + 0p(N 1)
But, AVgVA]/{/[SS HlasN — 00, i.e, asymptotically the distribution of Avt[jvﬂj/{fs is degener-
ate.
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Let ¥, = %2’{ and Xy = %2’5 Under Hy,

BSS 1 & ‘
BMS = o) "~ NG S, 08),
g=1

2

ABSS 9 Gl

— ~ ‘*' 2
ABMS = N2(§) NGG 1) ; A3 (Xl)i

where Aj,’s and A3;’s are the characteristic roots of X7 and X7, respectively. Also,
under Hy, by theoretical results pertaining to U-statistics

VN(WMS — p3/2) - N (o, 4 §2>>

G
and
4 2)
N(AWMS — p2/2) - N[0, =———¢!
VA ( paf2) N (0, )
Thus,
BMS =0,(N™') and ABMS=0,(N7")
while
WMS =0,(N"'?) and AWMS =0,(N"'/?)
Define
_ BMS _ ABMS
Inz=N (m) and - Iz =N (m)
Since, BM S and ABM S are the dominating terms in T » and T'x 3, respectively, we
can write
2N(BMS
Tns = Q + Op(N_1/2)

M2

and
2N(ABMS _
Tnz = IN(ABMS) | O,(N71/?)

M2

Therefore,
9 &
TN~ G Z)\fg (Xf)g

g=1

and

4 G(G-1)/2
E : * 2
TN’B G(G - 1)N2 i=1 /\21 (Xl)i
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Because the elements of X} and X% are unknown, the characteristic roots of these
matrices are also unknown. Therefore, the above distributions do not have a closed
analytic form and we call upon resampling methods, such as the bootstrap, to generate
the reference distribution for the test statistic.

6. Power of the Tests

Lemma 1
Let T, be a vector of random variables that can be expressed as
1

T, =
V—f—\/ﬁ

U,+R,

where R,, = O,(n7!).

If Q(T) = T'AT is a quadratic form on T. Then,

L 1
Vn Vvn

_ i ! l / —-3/2
= Q)+ \/ﬁu AU, + nQ(Un) +2'AR,, + Op(n""/7)

Q(T) = TAT={v+-—=U,+R,}JA{v+—=U, +R,}

If v = 0 then Q(T) = %Q(Un) + 0, (n=%?).

In our case, T = D; and the quadratic form is Q(D;) = D]D,. Note that we can
write,

G G G
DllDl = Z(D‘q — D)Z = Z(D‘q — D — 1/1)2 + 21/1 Z(D‘q - D - 1/1) + Gl/lz
g=1

g=1 g=1

Let Viy = Dy — vy, where v is a vector G x 1 with elements v;. Then, E(Vy) =0
1
and Var(Vy) =¥, = NZ{ = O(N™Y). Therefore,
Q(D,) =DiD; = VyVy + 201V + v

Since VNV ~ N(0, X%),
G
NVVy~ D A (),

g=1

where \* are the characteristic roots of X7. Also,
2V NV, Vy ~ N (0,40, Ztvy)

Now,

Tno=—VV
N,2 G NVYN+ Gz

2N 4/ NV 2N
Vl (V NVN) + ,u—l/12 +Op(N_1/2)
p 2
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9 G NI _ - 2 G _ _
(Pava =2kl ) _ Mo D 20 S (Do D)+ 0,8

4v/Nuvy [ (Gps) 2v/ Ny, p
Note that
NYS (DY~ D. — ) ¢
= = 0,(N~'?), since N> (DY - D. — =0,(1
2\/NI/1 P( ) n g;( Vl) P( )
and
G G
VN (D9 = D. —v1) = 0p(1), since » (D¢ —D.—w1) =O0y(N7'/?)
g9=1 g=1

So, for a fixed vy # 0, as N — o0,

2 G
<—TN72 2N /“2> =VN> (D! = D. —v1) + O, (N /%)

/N (Gn) 2
Thus,
— 2N
P(Iys>1) =P <Z>Gu> —1, as N — oo,
4/N
i.e., this test is consistent.
Now, consider a local alternative hypothesis. Let v; = ﬁfyf, where 77 is a

constant. Then,

G
2N 4~F _ _ 1
Tny = —ViNVn+-"2|VN (D?—D——*)
N,2 GILQ NVYN GILQ ; \/NrYl
+ =)+ 0 (NT?)
2
2 NYS, (D2 - D L)
Tno—2(097)" /e _ g=1 \"" T YN
47t/ (Gpz) Ak
g 1
L YN D?—D.——*>+O N2
g; < \/NrYl P( )
Note that
2
NSO, (D2 - D.— doa) a
g=1 VN 1 9 A 1
=0,(1) and VN (D_Q—D.——y*):O 1
2vF p(1) ; ~ L (1)

Therefore, Ty » no longer follows a Normal distribution as N — oo. It is a convolution

of a linear combination of chi-square random variables and a normal random variable:

2N 4N 2 (v4)?
WVt et () v+ 20 o, vy
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2 (%)

G
2 16
Tno~ = Y AL, (4 +N<0,—, N Xt *>+
N,2 e 2 1g (X1)g G212 (v1) X7 12

Now, let us find out whether V\Vy and (v*)' Vi are independent. V'yV, and
(v7)' Vv are independent if and only if (v})' X) = 0 (Searle, 1971).

Recall that

Tiz T12 712
T12 T12 712
X, = .
T12 T12 Tiz
where
) 2 4¢"
and
) 4692)
Then,
() Z1 = +(G =D .o 77 + (G = 1)7s]
and

Tf + (G— ].)T12 =0
& G(N - 1)+ (NG - 1)[N(G - 1) + (NG - 1)(G - 2)
- (G-1)(NG+N-2)]=0
S N=1
So, Vi\' Vv and (v})' Vv are independent if and only if N = 1, which is not the case

here.

Now, write

G [NV + 2VF (00 Vi) = o [V + 1) (VR +91) = (1) ]

M2 M2
and
2N 2N
T « = —_— BMS = —DI D
N,2 11> ( ) G,uz 1+
2 .
= G—m(\/NVN +90) (VNVN +9F) + 0, (N~1/?)
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Note that VNV +vF ~ N(v%, X7) and
D, ~N(v, X)) or VND;~N(y5,X%).

The distribution of v/ ND|D, can also be derived the following way.
Let P be a G x G orthogonal matrix (i.e., P'P = I) such that PXP’ = A, where A

is a diagonal matrix, and
Y = VNPD, = VND, =P'Y
Then,

Y ~N(P4*,A) and ND,D, =YPP'Y=Y'Y,

Hence,
G
ND{D, = Y'Y ~ )\ (xi(6)) (6.46)
i=1
(Vﬁ)2 . . . .
where §; = SV A;’s are the diagonal elements of the diagonal matrix A and v}; is

(2
the ith row of the vector vf = P~}. By (6.46),

G
2N _, 2 2k

Since we have a linear combination of non-central chi-square random variables,
*
N

ik

when v =

P(Tnz>v) =1 as N = o0

As the distribution of Ty 3 is similar to the distribution of Ty 2, the above results about

consistency and power of the test apply to T 3.

7. Data analysis The data set consists of two groups of HIV infected individuals
(subtype B and not B) with 46 sequences (individuals) each. The nucleotide sequences
are all from epidemiologically independent individuals, which means that among the
individuals in our sample, one did not infect the other, i.e., they were not sharing the
same siringe, they were not partners. Since the sequences are in the nucleotide level,
there are therefore four categories. After aligning the sequences and discarding the

positions with no change, we end up with 155 positions.

Since the elements of X7 and X% are unknown, the characteristic roots of these
matrices are also unknown and the distributions of the test statsitics do not have a
closed analytic form. In view of this, we call upon resampling techniques, such as the
bootstrap. Here is a summary of the procedure:
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1. Compute the statistics T2 and T3 from the data set.

2. Sample 46 sequences to each group with replacement from the pooled sample,

i.e., the combined groups.
3. Recompute the test statistics T2 and Tn3 from this sample and store it.

4. Reapeat steps 2 and 3 R times (R should be at least 1,000).

#T'\os > Tnoobs d #T'\5s > Tnzobs
n .

The p-values for the test th
e p-values for the tests are then i a 7

The results are

T'no0bs = 20,07 Tnzobs = 4,17

For R = 10,000, the percentiles of the bootstrap distribution are given in Table 1
and the observed p-value for T2 and T3 are less than 1/10001. Therefore, we can
say that relative to the within-clade variation, there is significant variability between
the two clades and similarly, relative to the across-within-clade, there is significant

variability acroos-between the two clades.

Table 1: Percentiles of the Bootstrap Distribution

Statistic 1% 5% 95% 99%
Tno 0.0002 0.0007 2.6799 4.1866
Tnsg 0.0000 0.0000 0.0132 0.0520
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