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Abstrat

In this paper we derive a seond variation of the energy formula for har-

moni losed Riemann surfaes into ag manifolds. Then we disuss the sta-

bility for a important lass of maps with respet to a large lass of metris on

F (n) obtained via a perturbation of the K�ahler ones.
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x1 Introdution

We study in this note the stability equations for maps (alled Eells-Wood) from

losed Riemann surfaes into (F (n); ds

2

�=(�

ij

)

) where ds

2

�=(�

ij

)

is a Borel-type

metri. The stability properties of the Eells-Wood maps with respet to a very

large lass of metris obtained by perturbing the K�ahler ones through a preisely

de�ned proedure (6.2 Lemma) is obtained. The ontent of this paper in partiular,

extends and orrets some results in my paper [18℄.

The modern study of harmoni surfaes in Riemannian homogenenous manifolds

started with Calabi [8℄, Chern [9℄ and Eells [12℄ and now, after Uhlenbek [20℄ is

very well understood in the partiular ase of harmoni 2-spheres into a homogeneous

symmetri spae. A ruial step was to omplexify the problem, and this was done

by Eells-Wood [13℄, Din-Zakarewski [10℄ and Glaser-Stora [14℄.
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The ase where the target manifold is a homogeneous non-symmetri spae, like

ag manifolds, reeived onsiderable less attention. Some of the �rst works in this

diretion, were [15℄ and [18℄.

Blak's book [3℄ disusses this ase, relating this study with the understanding

of f -strutures on ag manifolds whih is very losely onneted with Eells-Wood's

theorem [13℄, so this study provides a natural relationship between theory of twistors

and harmoni maps into ags. The main interest in this ase relies heavily in its

onnetion with symmetri spaes like Grassmannians, as well their similarities with

the variational approah to problems in low dimensional topology ([2℄, [11℄).

In this paper we derive:

5.2 Theorem (Seond variation of energy)

Let � = (�

1

; : : : ; �

n

) :M

2

�! (F (n); ds

2

�=(�

ij

) be an arbitrary harmoni map.

Then

d

2

dt

2

�

�

�

�

t=0

E(�

t

) = I

�

�

(q) = 4Re

Z

M

*

q:A

�

z

;

�q

�z

+

v

g

+2Re

X

ij

�

ij

Z

M

*

�

i

�q

�z

�

j

;

�q

�z

+

v

g

.

Using a very algebrai result (6.2. Lemma) we an dedue several stability

results:

6.5. Theorem: Let  = (�

1

; : : : ; �

n

) : M

2

! (F (n); J; ds

2

�

0

=(�

0

ij

)

) be an Eells-

Wood map, where �

0

= (�

0

ij

) is the following perturbation of a K�ahler metri (� =

(�

ij

):
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�

0

ij

(i < j) =

8

>

>

>

<

>

>

>

:

�

ij

if j = 2; : : : ; n� 1

�

ij

+ "

k

; "

k

� 0 for 1 � k � ` =

(n� 1)(n� 2)

2

Then  is stable.

6.7. Theorem. Let  = (�

1

; : : : ; �

n

) : M

2

! (F (n); J; ds

2

�=(�

0

ij

)

) be an Eells-

Wood map. We onsider the following perturbation of a K�ahler metri � = (�

ij

):

�

0

i

k

j

k

(i

k

< j

k

) =

8

>

>

>

<

>

>

>

:

�

i

k

0

j

k

0

� "

k

0

; "

k

0

> 0; k

0

2

"

1;

(n� 1)(n� 2)

2

#

\ IN

�

i

k

j

k

otherwise

Then  is not stable.

Or more generally:

6.8. Theorem. Let  = (�

1

; : : : ; �

n

) : M

2

! (F (n); J; ds

2

�

0

=(�

0

ij

)

) be an Eells-

Wood map. Furthermore we onsider the perturbation �

0

= (�

0

ij

) of a K�ahler metri

� = (�

ij

) given by:

�

0

ij

(i < j) =

8

>

>

>

<

>

>

>

:

�

ij

if j = i+ 1

�

ij

� "

k

; "

k

> 0; 1 � k �

(n� 1)(n� 2)

2

:

Then  is not stable.
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x2 Complex di�erential geometry of F (n)

Let F (n) = f(L

1

; : : : ; L

n

);L

i

is an uni-dimensional subspae of IC

n

; L

i

2� L

j

;

n

M

i=1

L

i

=

IC

n

g. ALgebraially, F (n) =

U(n)

T

where U(n) = fA 2 IC

n

�

=

M(n � n; IC);A:A

t

=

A:A

�

= Ig and T is any maximal torus of U(n), i.e. T = U(1)� � � � � U(1)

| {z }

n times

. Let p =

T (F (n))

(T )

= F (n)

(T )

where u(n) = fX 2 IC

n

;X +X

�

= 0g

�

=

p� u(1)� � � � � u(1)

| {z }

n times

.

2.1. De�nition: J : p ! p suh that J

2

= �I is alled an almost omplex

struture.

Using the natural U(n) ation on F (n), we see aording to Borel-Hirzebruh

[4℄ that there are 2

(

n

2

)

suh that invariant almost omplex strutures.

For eah invariant J we have naturally assoiated a tournament �

J

with n players

f1; : : : ; ng. More preisely: we onsider

J([a

ij

℄ = (a

0

ij

) where

i! j(i < j) , a

0

ij

=

p

�1a

ij

or

i j(i < j) , a

0

ij

= �

p

�1a

ij

.

Let fe

1

; : : : ; e

n

g be the anonial basis of IC

n

and E

i

= the subspae of IC

n

gene-

rated by e

i

. We have:

2.2. Lemma: u(n)

IC

�

=

gl(n; IC)

�

=

IC

n

.
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Proof: Clearly u(n)

IC

� IC

n

. Reiproally, given X 2 IC

n

, we an �nd A;B 2 u(n)

suh that X = A +

p

�1B. For this it is enough to take A =

X �X

�

2

and B =

X +X

�

2

p

�1

.

Now we have:

u(n)

IC

�

=

IC

n

= Hom(IC

n

; IC

n

)

�

=

IC

n


 IC

n

=

�

=

(E

1

� � � � � E

n

)
 (E

1

� � � � � E

n

)

�

=

(E

1


 E

1

� � � � � E

n


 E

n

)

�(

M

i<j

E

i

E

j

� E

j

E

i

) where E

i

E

j

means E

i


 E

j

Therefore if E

j

= fae

j

; a 2 ICg so E

j

= fae

j

; a 2 ICg.

Let D

IC

ij

= E

i

E

j

� E

j

E

i

. For example in F (3):

D

IC

12

=

8

>

<

>

:

0

B

�

0 a

12

0

a

21

0 0

0 0 0

1

C

A

; a

12

; a

21

2 IC

9

>

=

>

;

We onsider D

ij

= D

IC

ij

\ u(n). We have p

1;0

�

=

M

i j

(i<j)

E

i

E

j

and p

0;1

�

=

M

i!j

(i<j)

E

j

E

i

.

So given q : M

2

! u(n) we have naturally de�ned

�q

�z

2 T (M)

�


 p

1;0

and

�q

�z

2 T (M)

�


 p

0;1

.

We will now study the U(n)-invariant metris on F (n) (they are alled Borel

type metris).

Let A;B 2 F (n)

(T )

. We de�ne: ds

2

�=(�

ij

)

(A;B) :=

P

i;j

�

ij

tr(E

i

AE

j

B

�

), where

�

ij

= �

ji

> 0; �

ii

= 0; 8i; j. We notie that �

ij

= 1; 8i 6= j is just the meti indued

on F (n) by the Killing form of U(n).

Borel in [4℄ desribed preisely the set of invariant Kahler metris whih are up

to permutation, given by the following symmetri matrix:
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� =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

�

0 �

1

�

1

+ �

2

� � � �

1

+ � � ��

n�1

0 �

2

�

2

+ �

3

� � � �

0 �

3

�

� � �

� � �

� �

0 �

n�1

0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

x3 f-holomorphi maps

We suppose that h :M

2

! ICP

n�1

is a non-degenerate holomorphi map. See [13℄ for

more details. Let h be given loally by u(z) = (u

0

(z); u

1

(z); : : : ; u

n�1

(z)), then as it

is usual we an de�ne the k�th assoiate urve of h, alled o

k

by o

k

:M

2

! G

k+1

(IC

n

)

given by: o

k

(z) = u(z) ^ u

0

(z) ^ � � � ^ u

(k)

(z). We an prove that o

k

is well-de�ned.

Then we onsider h

k

: M

2

! ICP

n�1

as: h

k

= o

?

k

(z) \ o

k+1

(z). Therefore we have

naturally de�ned maps  :M

2

! F (n) alled Eells-Wood maps whih are given by:

 (z) = (h

0

(z); h

1

(z); : : : ; h

n�1

(z))

3.1. De�nition. An f -struture on F (n) is a setion F of End (T (F (n))) suh

that F

3

+ F = 0.

3.2. Theorem ([17℄). There is a 1-1 orrespondene between U(n) invariant f -

strutures F on F (n) and n� n skew-symmetri matries "(F) = (F

ij

) with values

in the set f1; 0;�1g suh that rank F =

X

F

ij

=1

(1)

i+j

=

X

F

ij

=�1

(1)

i+j

=

1

2

X

F

ij

6=0

(1)

(i+j)
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and, F is an almost omplex struture if and only if, F

ij

6= 0 8i 6= j, where rank

F is de�ned as the dimension of the eigenspae assoiated to the eigenvalue

p

�1 of

F .

Therefore F (n) has 3

(

n

2

)

invariant f -strutures.

Now letM

2

be as usual a losed Riemann surfae with loal omplex oordinate

z and � : M ! F (n). Set A

0

ij

= �

j

Æ

�

�z

Æ �

i

where �

i

denotes the orthogonal

projetion onto E

i

. When i 6= j; A

ij

is alled a seond fundamental form of �.

3.3. Remark. The notation of the seond fundamental is the same as in the paper

[6℄ by Burstall-Salomon.

3.4. De�nition. A map � : M ! F (n) is said to be subordinate to an "-matrix

("

ij

) if A

0

ij

= 0 whenever "

ij

6= 1; i 6= j. We reall that "

ij

2 f�1; 0; 1g for any i 6= j.

Similarly to [19 , pg 90℄ we an see that � :M ! F (n) is f -homorphi relative

to an invariant f -struture F on F (n) if and only if, it is subordinate to "(F).

3.5. De�nition. An invariant f -struture F on F (n) with the property [F

+

;F

�

℄ �

u(1)� � � � � u(1)

| {z }

n times

will be alled a horizontal f -struture, where

F

+

=

p

�1 eigenspae

F

�

= �

p

�1 eigenspae

3.6. De�nition: � : M ! F (n) is said to be an equi-harmoni map if � :

(M; g)! (F (n); ds

2

�=(�

ij

)

) is harmoni for any Borel type metri ds

2

�=(�

ij

)

.

Aording Blak's theorem [3℄ we have:
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3.7. Theorem ([3℄). Suppose that � :M

2

! F (n) is subordinate to an horizontal

f -struture. Then � = (�

1

; : : : ; �

n

) is an equi-harmoni map and eah �

j

: M

2

!

ICP

n�1

is harmoni for j = 1; 2; : : : ; n.

3.8. Corollary ([18℄). The Eells-Wood maps  :M

2

! F (n) are equi-harmoni.

Proof: Let � :M

2

! ICP

n�1

be a full isotropi harmoni map. Then aording to

[6℄ its diagram is:

�

�

1

�!

�

�

2

�!

�

���

�!

�

�

n

�!

0

Hene  = (�

1

; : : : ; �

n

) :M

2

! F (n) is subordinate to the horizontal "-matrix

0

B

B

B

B

B

B

B

B

B

�

0 1 0 � � � 0

�1 0 1 � � � 0

0 �1 0 1 � � � 0

.

.

.

.

.

.

.

.

.

0 1

0 �1 0

1

C

C

C

C

C

C

C

C

C

A

Then by 3.7. Theorem we have  is equi-harmoni.

x4 Harmoni map equations

Let � : M

2

! U(n) be the lift map of � : M ! F (n), i.e., � = � Æ � where

� : U(n) !

U(n)

T

= F (n) is the natural projetion. Let e

1

; : : : ; e

n

the anonial

basis of IC

n

. We denote by �

j

the matrix of the orthogonal projetion on E

j

, where

E

j

denotes the subspae of IC

n

generated by e

j

.
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Then �

j

: M ! gl(n; IC) satis�es that A

0

j

i

(e

1

; : : : ; e

n

) = (e

1

; : : : ; e

n

)A

ij

z

, where

A

ij

z

= �

i

��

j

�z

. For V 2 �(�

�

(T (F (n)))), we set q = �

�

�(V ), where �

�

� : �

�

(TF (n))!

M � u(n) is the pull-bak of the Maurer-Cartan form.

De�ne a variation of � by:

�

t

(x) := (exp(�tq)�)

Denote assoiate objets by �

j

(t); A

ij

z

(t), et. Then we have:

4.1. Lemma a) Æ�

j

=

�

�t

�

�

�

�

t=0

�

j

(t) = [�

j

; q℄.

b)

�

�z

[�

j

; q℄ =

"

��

j

�z

; q

#

+

"

�

j

;

�q

�z

#

.

) Æ(A

ij

z

) =

�

�t

�

�

�

�

t=0

A

ij

z

(t) = [A

ij

z

; q℄� �

i

�q

�z

�

j

.

Proof: a) Aording to the de�nition we have �

j

= �E

j

�

�

, where E

j

denotes the

n� n matrix having 1 in the (j; j)-position and zero elsewhere. Therefore

�

j

(t) = e

�tq

�

j

e

tq

Hene ��

j

=

d

dt

�

�

�

�

t=0

�

j

(t) = �q�

j

+ �

j

q = [�

j

; q℄.

b) It is lear

) Using a) and b) we get

Æ(A

ij

z

) =

�

�t

�

�

�

�

t=0

A

ij

z

(t) =

�

�t

�

�

�

�

t=0

 

�

i

(t)

��

j

(t)

�z

!

=

=

 

�

�t

�

�

�

�

t=0

�

i

(t)

!

��

j

�z

+ �

i

�

�z

 

�

�t

�

�

�

�

t=0

�

j

(t)

!

= [�

i

; q℄

��

j

�z

+

+�

i

�

�z

[�

j

; q℄ = [A

ij

z

; q℄� �

i

�q

�z

�

j

;
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where we notie that �

i

�

j

= 0 whenever i 6= j.

The Hermitian inner produt on gl(n; IC)

�

=

IC

n

is de�ned by:

hA;Bi := tr(AB

�

); 8A;B 2 IC

b

:

It is easy to hek that hA;Bi = hB;Ai; hA; [B;C℄i = h[B

�

; A℄; Ci. In partiular

hA;Bi+ hB;Ai = 2RehA;Bi.

4.2. Lemma. 1) Reh[A

ji

z

; A

ij

z

℄; qi = 0.

2) hA

ij

z

; �

i

B�

j

i = hA

ij

z

; Bi

3) hA

ij

z

; [q; [q; A

ij

z

℄℄i = �h[q; A

ij

z

℄; [q; A

ij

z

℄i

4)

*

A

ij

z

; �

i

�q

�z

�

j

q

+

= �

*

A

ij

z

q; �

i

�q

�z

�

j

+

5)

*

A

ij

z

; q�

i

�q

�z

�

j

q

+

= �

*

qA

ij

z

; �

i

�q

�z

�

j

+

,

8B 2 IC

n

; q :M

2

! u(n) where A

ij

z

:= �

i

��

j

�z

.

Proof: 1) We see that (A

ji

z

)

�

= �A

ij

z

, so we have [A

ji

z

; A

ij

z

℄

�

= [A

ji

z

; A

ij

z

℄.

Hene 2Reh[A

ji

z

; A

ij

z

℄; qi = h[A

ji

z

; A

ij

z

℄; qi+hq; [A

ji

z

; A

ij

z

℄i = tr([A

ji

z

; A

ij

z

℄q

�

)+tr(q[A

ji

z

; A

ij

z

℄

�

) =

�tr([A

ji

z

; A

ij

z

℄q) + tr(q[A

ji

z

; A

ij

z

℄) = 0

2) Notie that �

i

�

j

= 0; i 6= j and �

2

i

= �

i

so: hA

ij

z

; �

i

B�

j

i = tr(A

ij

z

�

�

j

B

�

�

�

i

) =

tr

 

�

i

��

j

�z

�

j

B

�

�

i

!

= tr

 

�

i

��

j

�z

�

j

B

�

!

= �tr

�

��

i

�z

�

2

j

B

�

�

= tr

 

�

i

��

j

�z

B

�

!

= hA

ij

z

; Bi.

3) hA

ij

z

; [q; [q; A

ij

z

℄℄i = h[q

�

; A

ij

z

℄; [q; A

ij

z

i = �h[q; A

ij

z

℄; [q; A

ij

z

℄i.

4)

*

A

ij

z

; �

i

�q

�z

�

j

q

+

= tr

 

A

ij

z

q

�

�

�

j

 

�q

�z

!

�

�

�

i

!

= �tr

 

A

ij

z

q�

j

 

�q

�z

!

�

�

i

!

= �

*

A

ij

z

q; �

i

�q

�z

�

j

+

.

5)

*

A

ij

z

q; �

i

�q

�z

�

j

+

= tr

 

A

ij

z

�

�

j

 

�q

�z

!

�

�

�

i

q

�

!

= �tr(qA

ij

z

�

j

�

�q

�z

�

�

i

�

= �

*

qA

ij

z

; �

i

�q

�z

�

j

+

.

10



4.3. De�nition. Let � = (�

1

; : : : ; �

n

) : (M

2

; q)! (F (n); ds

2

�=(�=(�

ij

)

). We de�ne

the energy of � as:

E(�) :=

Z

M

X

i;j

�

ij

jA

ij

z

j

2

v

g

We will now ompute the Euler-Lagrange equations of our variational problem:

d

dt

�

�

�

�

t=0

E(�

t

) =

Z

M

X

i;j

�

ij

�

�t

�

�

�

�

t=0

jA

ij

z

(t)j

2

v

g

=

= 2Re

Z

M

X

�

ij

*

A

ij

z

;

�

�t

�

�

�

�

t=0

A

ij

z

(t)

+

v

g

=

= 2Re

Z

M

X

�

ij

*

A

ij

z

; [A

ij

z

; q℄� �

i

�q

�z

�

j

+

v

g

so we get

1

2

d

dt

�

�

�

�

t=0

E(�

t

) = I + II where

I = Re

Z

M

X

�

ij

hA

ij

z

; [A

ij

z

; q℄iv

g

II = �Re

Z

M

X

�

ij

*

A

ij

z

; �

i

�q

�z

�

j

+

v

g

But I � 0 due to 4.2. Lemma (part 1). For II, by using Stokes'theorem we get:

II = �Re

Z

M

X

�

ij

*

A

ij

z

;

�q

�z

+

v

g

=

= Re

Z

M

X

�

ij

*

�A

ij

z

�z

; q

+

v

g

�

� Re

Z

M

X

�

ij

�

�z

hA

z

; qi v

g

=

� Re

Z

M

*

�A

�

z

�z

; q

+

v

g

;

where A

�

z

:=

X

i;j

�

0

ij

A

ij

z

. Therefore:

11



4.4 Proposition. � : (M

2

; g)! (F (n); ds

2

�

) is harmoni if and only if,

�

�z

A

�

z

= 0

if and only if

�A

�

x

�x

+

�

�y

A

�

y

= 0, where

A

�

x

:=

X

�

ij

�

i

��

j

�x

; A

�

y

:=

X

�

ij

�

i

��

j

�y

Proof: Just apply N�oether's theorem ([1℄) to the omputations above.

x5 Seond variation of energy for maps into F (n)

A natural problem is:

\Find for eah Borel type metri (or at least for a large number of them) when

a harmoni map � = (�

1

; : : : ; �

n

) : (M

2

; g)! (F (n); ds

2

�=(�

ij

)

) is stable.

We will see that this question is a very diÆult one, and we only will have an

interesting answer in the ase that � = (�

1

; : : : ; �

n

) : (M

2

; g) ! (F (n); J; ds

2

�=(�

ij

)

)

is an Eells-Wood map. These results extend as well give a orret formula for the

seond variation of energy as desribed in [18℄.

5.1. Lemma.

�

2

�

i

(t)

�t

2

�

�

�

�

t=0

= [[�

i

; q℄; q℄.

Proof: By de�nition �

i

(t) = e

�tq

�

i

e

tq

. Then

�

�t

�

i

(t) = �qe

tq

�

i

e

tq

+e

�tq

�

i

qe

tq

[q;e

tq

℄=0

===

e

�tq

[�

i

; q℄e

tq

. Hene

�

2

�t

2

�

�

�

�

t=0

�

i

(t) = �q[�

i

; q℄ + [�

i

; q℄q = [[�

i

; q℄; q℄:

12



5.2. Theorem (Seond variation of energy).

Let � = (�

1

; : : : ; �

n

) : (M

2

; q) ! (F (n); ds

2

�=(�

ij

)

) an arbitrary harmoni map.

Then:

d

2

dt

2

E(�

t

)

�

�

�

�

t=0

:= I

�

�

(q) = 4Re

Z

M

*

qA

�

z

;

�q

�z

+

v

g

+

+2Re

X

i;j

�

ij

Z

M

*

�

i

�q

�z

�

j

;

�q

�z

+

v

g

Proof: Using the de�nition we see that:

d

dt

E(�

t

) = 2Re

X

�

ij

Z

M

*

A

ij

z

(t);

�

�t

A

ij

z

(t)

+

v

g

: Hene :

d

2

dt

2

E(�

t

) = 2

Z

M

X

�

ij

*

�

�t

(A

ij

z

(t));

�

�t

(A

ij

z

(t)))

+

+

+2Re

X

�

ij

Z

M

*

A

ij

z

;

�

2

�t

2

A

ij

z

(t)

+

v

g

Therefore:

d

2

dt

2

E(�

t

)

�

�

�

�

t=0

= 2

X

�

ij

Z

M

*

d

dt

�

�

�

�

t=0

A

ij

z

;

d

dt

�

�

�

�

t=0

A

ij

z

(t)

+

+2Re

X

�

ij

Z

M

*

A

ij

z

;

�

2

�t

2

�

�

�

�

t=0

A

ij

z

(t)

+

v

g

= I + II

We will analise I and II separately. We begin our study with II. We have:

Re

X

�

ij

Z

M

*

A

ij

z

;

�

2

�t

2

�

�

�

�

t=0

A

ij

z

(t)

+

v

g

=

= Re

X

�

ij

Z

M

*

A

ij

z

;

�

�t

�

�

�

�

t=0

 

�

�t

 

�

i

(t)

��

j

(t)

�z

!!+

v

g

=

= Re

X

�

ij

Z

M

*

A

ij

z

;

�

�t

�

�

�

�

t=0

" 

��

i

(t)

�t

��

j

(t)

�z

!

+

+ �

i

(t)

�

�z

 

�

�t

�

j

(t)

!#+

v

g

=

13



= Re

X

�

ij

Z

M

*

A

ij

z

;

�

2

�t

2

�

�

�

�

t=0

�

i

(t)

��

j

�z

+

�

�t

�

�

�

�

t=0

�

i

(t)

�

�z

 

�

�t

�

�

�

�

t=0

�

j

(t)

!

+

+ �

i

�

�z

 

�

2

�t

2

�

�

�

�

t=0

�

j

(t)

!+

v

g

=

= Re

X

�

ij

Z

M

*

A

ij

z

; [[�

i

; q℄; q℄

��

j

�z

+ 2[�

i

; q℄

�

�z

([�

j

; q℄)+

+�

i

�

�z

([[�

j

; q℄; q℄)

+

v

g

= Re

X

�

ij

Z

M

hA

ij

z

; A+B + Civ

g

But A = [[�

i

; q℄; q℄

��

j

�z

= [�

i

q � q�

i

; q℄

��

j

�z

= �

i

q

2

��

j

�z

� 2q�

i

q

��

j

�z

+ q

2

A

ij

z

.

On the other hand:

B = 2[�

i

; q℄

�

�z

([�

j

; q℄) = 2(�

i

q � q�

i

)

 "

��

j

�z

; q

#

+

+

"

�

j

;

�q

�z

#!

= 2�

i

q

��

j

�z

q � 2�

i

q

2

��

j

�z

+ 2�

i

q�

j

�q

�z

�

��

i

q

�q

�z

�

j

� 2qA

ij

z

q + 2q�

i

q

��

j

�z

+ 2q�

i

�q

�z

�

j

and

C = �

i

�

�z

([[�

j

; q℄; q℄) = A

ij

z

q

2

� 2�

i

�q

�z

�

j

q �

�2�

i

q

��

j

�z

q � 2�

i

q�

j

�q

�z

+ �

i

�

�z

(q

2

)�

j

+ �

i

q

2

��

j

�z

Hene:

A+B + C = q

2

A

ij

� 2q + A

ij

z

q

2

+ �

i

�

�z

(q

2

)�

j

�

�2�

�q

�z

�

j

q � 2�

i

q

�q

�z

�

j

+ 2q�

i

�q

�z

�

j

=

= [q; [q; A

ij

z

℄℄ + �

i

�q

2

�z

�

j

� 2�

i

�q

�z

�

j

q �

�2�

i

�q

�z

�

j

+ 2q�

i

�q

�z

�

j

:
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Finally:

II = 2Re

X

�

ij

Z

M

*

A

ij

z

; [q; [q; A

ij

z

℄℄ + �

i

�q

2

�z

�

j

�

�2�

i

�q

�z

�

j

q � 2�

i

q

�q

�z

�

j

+ 2q�

i

�q

�z

�

j

+

v

g

Then if we apply 4.2. Lemma we obtain:

II = �2Re

X

�

ij

Z

M

h[q; A

ij

z

℄; [q; A

ij

z

℄iv

g

+4Re

X

�

ij

Z

M

*

[A

ij

z

; q℄; �

i

�q

�z

�

j

+

+

+2Re

X

�

ij

Z

M

*

A

ij

z

;

�q

2

�z

+

�

�4Re

X

�

ij

Z

M

*

A

ij

z

; �

i

q

�q

�z

�

j

+

v

g

But sine � is harmoni, we an use 4.4. Proposition, hene:

Re

X

�

ij

Z

M

*

A

ij

z

;

�q

2

�z

+

v

g

= Re

Z

M

*

A

�

z

;

�q

2

�z

+

v

g

=

= �Re

Z

M

*

�

�z

(A

�

z

); q

2

+

v

g

= 0:

Therefore

II = �2Re

X

�

ij

Z

M

h[q; A

ij

z

℄; [q; A

ij

z

℄iv

g

�4Re

X

�

ij

Z

M

*

A

ij

z

; �

i

q

�q

�z

�

j

+

v

g

+4Re

X

�

ij

Z

M

*

[q; A

ij

z

; q℄; �

�q

�z

�

j

+

v

g

:

On the other hand, by using again 4.2. Lemma we get:

I = 2Re

X

�

ij

Z

M

*

[A

ij

z

; q℄� �

i

�q

�z

�

j

; [A

ij

z

; q℄� �

i

�q

�z

�

j

+

v

g
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= 2Re

X

�

ij

Z

M

h[A

ij

z

; q℄; [A

ij

z

; q℄iv

g

�4Re

X

�

ij

Z

M

*

[A

ij

z

; q℄; �

i

�q

�z

�

j

+

v

g

+2Re

X

�

ij

Z

M

*

�

i

�q

�z

�

j

;

�q

�z

+

v

g

Finally:

d

2

dt

2

E(�

t

)

�

�

�

�

t=0

= I

�

�

(q) = I + II =

�4Re

X

�

ij

Z

M

*

A

ij

z

℄; q

�q

�z

+

v

g

+2Re

X

�

ij

Z

M

*

�

i

�q

�z

�

j

;

�q

�z

+

v

g

= 4Re

Z

M

*

qA

�

z

;

�q

�z

+

v

g

+ 2Re

X

�

ij

Z

M

*

�

i

�q

�z

�

j

;

�q

�z

+

v

g

:

x6 Stability on F (n)

6.1. De�nition. �

0

= (�

0

ij

) is said to be a perturbation of � = (�

ij

) assoiated

to a map � = (�

1

; : : : ; �

n

) :M

2

! F (n) if:

(i) �

0

ij

= �

ij

if (i; j) 6= (i

1

; j

1

); (j

1

; i

1

); : : : ; (i

r

; j

r

) and (j

r

; i

r

)

(ii) �

0

i

k

j

k

= �

i

k

j

k

+ "

k

> 0 for 1 � k � r

(iii) A

i

1

j

1

z

= A

j

1

i

1

z

= � � � = A

i

r

j

r

z

= A

j

r

i

r

z

= 0, where ds

2

�=(�

ij

)

and ds

2

�

0

=(�

0

ij

)

are

Borel type metris.

We will now dedue a key property of the seond variation formula, that will be

exploited here.
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6.2. Lemma. Set � = (�

1

; : : : ; �

n

) :M

2

! F (n) an equi-harmoni map. Then:

I

�

�

0

(q) = I

�

�

(q) +

Z

M

2"

1

0

�

�

�

�

�

�

�

i

1

�q

�z

�

j

1

�

�

�

�

�

2

+

�

�

�

�

�

�

j

1

�q

�z

�

i

1

�

�

�

�

�

2

1

A

+ � � �+

+ � � �+ 2"

r

0

�

�

�

�

�

�

�

i

r

�q

�z

�

j

r

�

�

�

�

�

2

+

�

�

�

�

�

�

j

r

�q

�z

�

j

r

�

�

�

�

�

2

1

A

v

g

Proof: I

�

�

0

(q) = 4Re

Z

M

*

qA

�

0

z

;

�q

�z

+

v

g

+ 2Re

X

�

0

ij

*

�

i

�q

�z

�

j

;

�q

�z

+

v

g

.

But A

�

0

z

= A

�

z

sine A

i

1

j

1

z

= A

j

1

i

1

z

= � � � = A

i

r

j

r

z

= A

j

r

i

r

z

= 0. Hene:

I

�

�

0

(q) = 4Re

Z

M

*

qA

�

z

;

�q

�z

+

v

g

+

+2Re

X

i;j

�

ij

Z

M

*

�

i

�q

�z

�

j

;

�q

�z

+

v

g

+

+2Re

r

X

k=1

"

k

Z

M

0

�

�

�

�

�

�

�

i

k

�q

�z

�

j

k

�

�

�

�

�

2

+

�

�

�

�

�

�

j

k

�q

�z

�

i

k

�

�

�

�

�

2

1

A

v

g

=

= I

�

�

(q) + 2Re

X

"

k

Z

M

0

�

�

�

�

�

�

�

i

k

�q

�z

�

j

k

�

�

�

�

�

2

+

�

�

�

�

�

�

j

k

�q

�z

�

i

k

�

�

�

�

�

2

1

A

v

g

6.3. De�nition. A harmoni map � : (M

2

; q) ! (F (n); ds

2

�

) is said to be stable

if I

�

�

(q) � 0 for any variation q :M

2

! u(n).

6.4. Theorem ([16℄). Let � : (M

2

; J

1

; q)! (F (n); J; ds

2

�

) be a holomorphi map

between K�ahler manifolds. Then � is harmoni and stable.

We will now study the stability of the Eells-Wood maps with respet to a very

large set of Borel type metris.

6.5. Theorem. Let  = (�

1

; : : : ; �

n

) : M

2

! (F (n); J; ds

2

�

0

=(�

0

ij

)

) be an Eells-

Wood map. We onsider �

0

= (�

0

ij

) the following, perturbation of a K�ahler metri
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(� = (�

ij

):

�

0

ij

(i < j) =

8

>

>

>

<

>

>

>

:

�

ij

if j = 2; : : : ; n� 1

�

ij

+ "

k

; "

k

� 0; for 1 � k �

(n� 1)(n� 2)

2

Then  is stable.

Proof: Let J be an almost omplex struture in whih  : (M;J

1

)! (F (n); J) is

holomorphi. Then aording to 6.2. Lemma we get:

I

 

�

0

=(�

0

ij

)

; (q) = I

 

�=(�

ij

)

(q) +

Z

M

2

4

2"

1

0

�

�

�

�

�

�

�

1

�q

�z

�

3

�

�

�

�

�

2

+

�

�

�

�

�

�

3

�q

�z

�

1

�

�

�

�

�

2

1

A

+ � � �

+ � � �+ 2"

`

0

�

�

�

�

�

�

�

1

�q

�z

�

n

�

�

�

�

�

2

+

�

�

�

�

�

�

n

�q

�z

�

1

�

�

�

�

�

2

1

A

3

5

v

g

� 0;

sine aording to Lihnerowiz's theorem (6.4. Theorem) I

 

�

(q) � 0 and every

"

k

� 0, for 1 � k � ` =

�

n

2

�

� (n� 1) =

(n� 1)(n� 2)

2

.

6.6. Proposition ([19℄). Let  = (�

1

; : : : ; �

n

) : (M

2

; q) ! (F (n); ds

2

�=(�

ij

)

) an

Eells. Wood map where ds

2

�

is a K�ahler metri. Then there exists a variation

q :M

2

! u(n) suh that I

 

�

(q) = 0.

Proof: Aording to Lihnerowiz's theorem (6.4. Theorem) we have:

d

2

dt

2

E( 

t

)

�

�

�

�

t=0

= I

 

�=(�

ij

)

=

= 8Re

Z

M

*

q

0

�

X

i!j

�

ij

A

ij

z

1

A

;

�q

�z

+

v

g

+

+4Re

X

i!j

�

ij

Z

M

*

�

i

�q

�z

�

j

;

�q

�z

+

v

g
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In order to make things easier to analise we will onsider n = 3 and �

J

isomorphi

to the anonial tournament, i.e.:

i! j , j > i

We notie that the general ase is a straightforward generalization.

Let q :M

2

! u(3) given by:

q =

0

B

�

0 0 �

0 0 0

� 0 0

1

C

A

; therefore

�q

�z

=

X

i j

�

i

�q

�z

�

j

=

0

B

�

0 0 �

0 0 0

� 0 0

1

C

A

Now:

q:

0

�

X

i!j

�

ij

A

ij

z

1

A

=

0

B

�

0 0 �

0 0 0

� 0 0

1

C

A

:

0

B

�

0 � 0

0 0 �

0 0 0

1

C

A

=

=

0

B

�

0 0 0

0 0 0

0 � 0

1

C

A

Therefore

*

q:

0

�

X

i!j

�

ij

A

ij

z

1

A

;

�q

�z

+

= 0. Hene I

�

�

(q) = 0 + 0 = 0.

We are now in position to prove:

6.5. Theorem. Let  = (�

1

; : : : ; �

n

) : (M

2

; q) ! (F (n); J; ds

2

�

0

=(�

0

ij

)

) and Eells-

Wood map. We onsider the following perturbation of a K�ahler metri � = (�

ij

):

�

0

ij

=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

�

i

k

0

j

k

0

� "

k

0

; "

k

0

> 0 for i = i

k

0

and j = j

k

0

;

k

0

2

"

1; ` =

(n� 1)(n� 2)

2

#

\ IN

�

ij

otherwise

Then  is not stable.
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Proof: Aording to 6.6. Proposition we have q :M

2

! u(n) suh that I

 

�=(�

ij

)

(q) =

0.

Now if we apply 6.2. Lemma we obtain:

I

 

�

0

=(�

0

ij

) = I

 

�=(�

ij

)

(q) +

+

Z

M

[ 2"

1

(

�

�

�

�

�

�

i

1

�q

�z

�

j

1

�

�

�

�

�

2

+

�

�

�

�

�

�

j

1

�q

�z

�

i

1

�

�

�

�

�

2

+ � � �+ (�2"

k

0

)

0

�

�

�

�

�

�

�

i

k

0

�q

�z

�

j

k

0

�

�

�

�

�

2

+

�

�

�

�

�

�

j

k

0

�q

�z

�

k

0

�

�

�

�

�

2

1

A

+ � � �+ 2"

r

0

�

�

�

�

�

�

�

i

r

�q

�z

�

j

r

�

�

�

�

�

2

+

�

�

�

�

�

�

j

r

�q

�z

�

j

r

�

�

�

�

�

2

1

A

℄ v

g

< 0

if we hoose q suh that

�

i

k

0

�q

�z

�

j

k

0

6= 0 or �

j

k

0

�q

�z

�

i

k

0

6= 0:

More generally, we an prove:

6.8. Theorem. Let  = (�

1

; : : : ; �

n

) : (M

2

; g) ! (F (n); ds

2

�

0

=(�

0

ij

) be an Eells-

Wood map. Furthermore we onsider the perturbation �

0

= (�

0

ij

) given by:

�

0

ij

(i < j) =

8

>

<

>

:

�

ij

if j = i+ 1

�

ij

� "

k

; "

k

> 0; j 6= i + 1; 1 � k �

(n�1)(n�2)

2

where � = (�

ij

) is a K�ahler metri. Then  is not stable.

Proof: Let q whose existene is assured by 6.6. Proposition, be suh that: �

i

1

�q

�z

�

j

1

6=

0 or �

j

1

�q

�z

6= 0; : : : ; �

i

1

�q

�z

�

j

r

6= 0 or �

j

r

�q

�z

�

i

r

6= 0.

Now we an again apply 6.2. Lemma so we get:

I

 

�

0

=(�

0

ij

)

(q) = I

 

�=(�

ij

)

(q) +

Z

M

[ � 2"

1

0

�

�

�

�

�

�

�

i

1

�q

�z

�

j

1

�

�

�

�

�

2

+

�

�

�

�

�

�

j

1

�q

�z

�

i

1

�

�

�

�

�

2

1

A

+
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+ � � �+�2"

r

0

�

�

�

�

�

�

�

i

r

�q

�z

�

j

r

�

�

�

�

�

2

+

�

�

�

�

�

�

j

r

�q

�z

�

i

r

�

�

�

�

�

2

1

A

℄ v

g

< 0:

6.9. Corollary ([18℄). Let  = (�

1

; : : : ; �

n

) : (M

2

; g) ! (F (n), Killing metri)

be an Eells-Wood map. Then  is not stable.

Proof: Just apply 6.8. Theorem for �

12

= �

23

= � � � = �

n(n�1)

= 1; "

1

=

1; : : : ; "

`=

(n�1)(n�2)

2

= n� 2.

6.10. Remark: Our result above implies in partiular that an Eells-Wood map

 = (�

1

; �

2

; �

3

) : M

2

! (F (3), Killing metri) is not stable. This fat is inter-

esting beause in this ase the Killing form metri is (1,2)-sympleti so aording

to Liherowiz's theorem holomorphi maps are harmoni. We an prove that the

Killing form metri is not (1,2)-sympleti on F (n); n � 4.

In [7℄ was proved that a stable harmoni map � : S

2

! (G=H; h) where (G=H; h)

is a symmetri spae is �-holomorphi. We �nish this note with the following

onjeture:

\There exists � = (�

1

; : : : ; �

n

) : S

2

! (F (n); ds

2

�=(�

ij

)

) stable but not holomor-

phi for any invariant almost omplex struture".
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