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Abstrat- In this paper, we study the onepts of level-ontinuity and proper

loal maximum points of funtions de�ned on a topologial spae X and, on

the one hand, we stablish that, under adequate onditions, f is level-ontinuous

i� f is without proper loal maximum points and, on the other, we prove that

level-onvergene and variational onvergene (�-onvergene) of funtions are

equivalent when the limit funtion is level-ontinuous.
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1. INTRODUCTION

The study of the variational onvergene and his appliations has been done

by many authors, inluding De Giorgi&Franzoni [1℄ and Attouh [2℄ in the set-

ting of the alulus of variations, Greo [3℄ and Rojas&Rom�an-Flores [4℄ in on-

vergene of fuzzy sets on loally ompat metri spaes and �nite dimensional

spaes,respetively.

This onvergene is based on the Kuratowski limits and one of the most im-

portant properties of the �-onvergene is the preservation of maximum points

in �-onvergents sequenes of funtions. More preisely: let ff

n

g

n

be a sequene

of real funtions on X and let x

n

be a maximum point of f

n

: If f

n

�

! f and

x

n

! x; then x is a maximum point of f and f(x) = lim

n!1

f

n

(x

n

):

On the other hand, the level-ontinuity and level onvergene has been used

by the author in multivalued haraterizations of ertain lass of maximum points

of funtions on R

n

([5℄) and ompatness of spaes of fuzzy sets on a metri spae

X ([6℄).
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The aim of this paper is, on the one hand, to introdue the onept of level-

ontinuity of funtions and to analyze his onnetions with the existene of proper

loal maximum points and, on the other, to ompare level-onvergene (L-onvergene)

with �-onvergene.This analysis is arried out in the setting of regular topologial

spaes, and generalizes the results obtained by the author in [5-6℄.

This paper is organized as follows. In Setion 2 we give the previous re-

sults that will be used in the artile. In Setion 3 we introdue the onept

of level-ontinuity of non-negative real funtions de�ned on X and we study its

onnetions with the existene of proper loal maximum points.

Finally, in Setion 4 we ompare L-onvergene with �-onvergene. Further-

more, some examples are presented.

2. PRELIMINARIES

In the sequel, all topologial spaes will be assumed to be regular (see [7℄),

unless spei�ally stated.

Definition 2.1. Let (X; T ) be a topologial spae and let fA

n

g

n2N

a sequene

of subsets of X:

i) A point x 2 X is a limit point of fA

n

g

n

if, for every neighborhood U of

x; there is an n 2 N suh that for all m � n; A

m

\ U 6= ;:

ii) A point x 2 X is a luster point of fA

n

g

n

if, for every neighborhood U of

x; and every n 2 N ; there is an m � n suh that A

m

\ U 6= ;:

iii) lim inf A

n

is the set of all limit points of fA

n

g

n

:

iv) limsup A

n

is the set of all luster points of fA

n

g

n

:

If lim inf A

n

= limsup A

n

= A; then we say A is the limit of the sequene

fA

n

g

n

; the sequene fA

n

g

n

onverges to A (in the Kuratowski sense), and we

write A = lim A

n

(or A

n

K

! A).

Proposition 2.2. If fA

n

g

n

is a sequene of subsets of X, then

i) lim inf A

n

� lim sup A

n

:
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ii) lim inf A

n

and lim sup A

n

are losed subsets of X:

iii) limsup A

n

=

1

T

n=1

S

k�n

A

k

iv) lim inf A

n

=

T

H

S

k2H

A

k

; where H denotes an arbitrary o�nal subset of

N and the intersetion is over all suh H:

For more details see [7-8℄.

Remark 2.3. We reall that H is a o�nal subset of N if 8n 2 N ; 9m 2 H suh

that m > n:

Definition 2.4. If f : X ! [0;1) is a funtion and � 2 (0;1), then we de�ne

the �-level and the strit �-level of f by

ff � �g = L

�

f = fx 2 X=f(x) � �g and

ff > �g = fx 2 X=f(x) > �g;

respetively.

We observe that � � � implies L

�

f � L

�

f:

Definition 2.5. Let f : X ! [0;1) be. Then x

0

2 X is said to be a loal

maximum point of f if there is a neighborhood U of x

0

suh that f(x) � f(x

0

);

for every x 2 U and 0 < f(x

0

) <sup

x2X

f(x): Definition 2.6. Let f : X !

[0;1) be and sup

x2X

f(x) =M (whih may be 1).We say that f is level-ontinuous

if �

p

! � implies L

�

p

f

K

! L

�

f; 8� 2 (0;M):

The following examples shows that ontinuity and level-ontiniuty are inde-

pendent onditions.

Example 2.7. Let X = [0; 1℄ be and T the usual topology generated by the usual

metri on X: De�ne f : X ! [0;1) by

f(x) =

�

1� x if 0 � x �

1

2

1

2

if

1

2

< x � 1:
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Then is lear that f is ontinuous.

On the other hand, taking �

p

=

1

2

+

1

p

; p � 2; we have that

L

�

p

f =

h

0;

1

2

�

1

p

i

; 8p:

Thus, limsup L

�

p

f =

1

T

p=1

S

k�p

L

�

k

f =

1

T

p=1

S

k�p

�

0;

1

2

�

1

k

�

=

�

0;

1

2

�

; whereas

L

1=2

f = [0; 1℄: Consequently, f is not level-ontinuous.

Example 2.8. Let (X; T ) be as in Example 2.7 and f : X ! [0;1) de�ned by

f(x) =

�

1 if x = 1

0 if x 6= 1:

Then, learly, f is not ontinuous.

But, for eah � 2 (0; 1); we have that L

�

f = f1g: Therefore, f is level-

ontinuous.

Remark 2.9. We observe that f : X ! [0;1) it is always left level-ontinuous,

that is, if �

p

% � then L

�

p

f

K

! L

�

f: In fat, suppose that x 2

1

T

p=1

S

k�p

L

�

k

f: Then

x 2

[

k�p

L

�

k

f ; 8p: (1)

Now, if f(x) < �; then there exists p

0

suh that f(x) < �

k

; 8k � p

0

:

Therefore, x =2 L

�

k

f; 8k � p

0

:

Beause X is regular and L

�

p

0

f is losed, then there exists U(x) suh that

U\L

�

p

0

f = ;: But L

�

p

0

f �

S

k�p

0

L

�

k

f and, onsequently, U\[

S

k�p

0

L

�

k

f ℄ = ;; that

is, x =2

S

k�p

0

L

�

k

f; in ontradition with (1).

So, must be f(x) � � and, onsequently, limsup L

�

p

f � L

�

f:

For the reverse inlusion, let x 2 L

�

f and H a o�nal subset of N .

Then, x 2 L

�

f implies that f(x) � � � �

k

; 8k and, therefore, x 2

L

�

k

f , 8k, whih implies x 2

S

k2H

L

�

k

f:

So, x 2

T

H

S

k2H

L

�

k

f where the intersetion is over all H o�nal in N .

That is, x 2 lim inf L

�

p

f: Thus, we an onlude that lim L

�

p

f = L

�

f:
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3. LEVEL-CONTINUITY AND PROPER LOCAL MAXIMUM

POINTS

In this setion we shall prove that, under adequate assumptions, level-ontinuity

and non-existene of proper loal maximum points are equivalent onditions.

Theorem 3.1. Let f : X ! [0;1) be with sup

x2X

f(x) = M:

If L

�

f is losed 8�; then are equivalent:

i) f is without proper loal maximum points

ii) ff � �g = ff > �g; 8 � 2 (0;M):

iii) f is level-ontinuous.

Proof. (i)! (ii): Let 0 < �

0

< M: Then beause ff � �

0

g is losed, it is lear

that ff > �

0

g � ff � �

0

g: If we suppose that ff > �

0

g 6= ff > �

0

g; then there

exists x

0

2 ff � �

0

gn ff > �

0

g: Consequently, by regularity of X; there exists

U(x

0

) suh that U\ ff > �

0

g = ;.

But then, f(x) � �

0

= f(x

0

) < M; 8x 2 U: Consequently, x

0

is a proper loal

maximum point of f; in ontradition with our hypothesis.

(ii)! (i): Suppose that x

0

is a proper loal maximum point of f:

Then, 0 < f(x

0

) = �

0

< M and there exists a neighborhood U(x

0

) of x

0

suh

that f(x) � f(x

0

) = �

0

; 8x 2 U:

Therefore, x

0

2 ff � �

0

g and U \ ff > �

0

g = ;:

Thus, x

0

2 ff � �

0

gnff > �

0

g and, onsequently, ff � �

0

g 6= ff > �

0

g:

(iii) ! (ii): Let � 2 (0;M) be. We know that ff > �g � ff � �g: For the

reverse inlusion, let x

0

2 ff � �g and hoose �

p

& � (stritly):

Thus, by level-ontinuity of f; must be L

�

p

f

K

! L

�

f; that is, L

�

f =

1

T

p=1

S

k�p

L

�

k

f:

Now, let U(x

0

) be an arbitrary neighborhood of x

0

.

If U\ ff > �g = ;; then U\ ff � �

k

g = ;; 8k; and this implies that

U \ [

S

k�p

L

�

k

f ℄ = ;; 8p: But then, x

0

=2

S

k�p

L

�

k

f; 8p:

Consequently, x

0

=2

1

T

p=1

S

k�p

L

�

k

f = L

�

f whih is a ontradition.

Therefore U\ ff > �g 6= ; and x

0

2 ff > �g:
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(ii)! (iii): Suppose that f is not level-ontinuous in �

0

2 (0;M):

Then there exists a sequene f�

p

g suh that �

p

! �

0

and

L

�

p

f �!=L

�

0

f: (2)

Without loss of generality, due to Remark 2.9, we an suppose �

p

& �

0

(stritly).

Thus, L

�

k

f � L

�

0

f; 8k; and beause L

�

0

f is losed, we have

S

k�p

L

�

k

f � L

�

0

f for

all p; that is,

1

\

p=1

[

k�p

L

�

k

f = limsup L

�

p

f � L

�

0

f : (3)

On the other hand, if x 2 ff > �

0

g then there is p

0

suh that f(x) > �

k

; for

all k � p

0

:

Therefore, x 2 L

�

k

f; 8k � p

0

; and this implies that x 2

S

k2H

L

�

k

f for every

o�nal subset H of N:

Consequently, x 2

T

H

S

k2H

L

�

k

f = lim inf L

�

p

f:

Beause lim inf L

�

p

f is losed and ff > �

0

g � lim inf L

�

p

f; we an onlude

that

ff > �

0

g = L

�

0

f � lim inf L

�

p

f: (4)

Thus, by (3) and (4), we have that L

�

0

f = lim L

�

p

f whih ontradits (2),

and the proof of our theorem is omplete.�

Remark 3.2. Due to Theorem 3.1, we an onlude that if f is level-ontinuous

then any loal maximum of f is a global maximum.
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4. LEVEL-CONVERGENCE AND �-CONVERGENCE

Let F(X) = ff : X ! [0;1)=L

�

f losed; 8�g:

Definition 4.1. (level-onvergene). Let f

n

; f 2 F(X): We say that f

n

level-

onverges to f (for short : f

n

L

! f) i� limL

�

f

n

= L

�

f; 8�:

Definition 4.2. (�-onvergene). Let f

n

; f 2 F(X): We say that f

n

�-onverges

to f (for short : f

n

�

! f) i� limEnd(f

n

) = End(f); where

End(f) = f(x; �) 2 X � [0;1)=f(x) � �g:

Theorem 4.3. Let f

n

; f 2 F(X); f level-ontinuous. Then, the following ondi-

tions are equivalents:

(i) f

n

L

! f

(ii) f

n

�

! f:

Proof. (i)! (ii): In order to prove that f

n

�

! f it is suÆient to prove that

limsupEnd(f

n

) � End(f) � lim inf End(f

n

):

Let (x; �) 2 lim sup End(f

n

): Then

(x; �) 2

\

p�1

[

k�p

End(f

k

) : (5)

We want to prove that (x; �) 2 End(f); that is, f(x) � �:

If we suppose that f(x) < �; then there is � > 0 suh that f(x) < �� � < �:

So, due to f

n

L

! f; we obtain that x =2 L

���

f =

T

p�1

S

k�p

L

���

f

k

:

This implies that 9p

0

suh that x =2

S

k�p

0

L

���

f

k

and, therefore, there exists

U(x) suh that

U \ [

[

k�p

0

L

���

f

k

℄ = ;: (6)

Now, we assure that [U � (�� �)℄ \ [

S

k�p

0

End(f

k

)℄ = ;:
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In fat,

(y; �) 2 U�(���;1)\[

S

k�p

0

End(f

k

)℄)

�

� > �� � and

9k

0

� p

0

suh that (y; �) 2 End(f

k

0

):

Therefore, f

k

o

(y) � � > �� �:

But, due to (6), y 2 U(x) implies that y =2

S

k�p

0

L

���

f

k

:

That is, f

k

(y) < �� �; 8k � p

0

; whih is absurd.

Thus, U(x) � (� � �;1) is an open set in the produt topology noninterseting

to

S

k�p

0

End(f

k

):

Beause (x; �) 2 U(x)� (�� �;1); we obtain that (x; �) =2

S

k�p

0

End(f

k

):

Therefore, (x; �) =2

T

p�1

S

k�p

End(f

k

); in ontradition with (5).

So, must be f(x) � � and, onsequently, (x; �) 2 End(f):

On the other hand, let (x; �) 2 End(f): Then f(x) � � and, due to f

n

L

! f; we

obtain that

x 2 lim inf L

�

f

n

=

\

H

[

k2H

L

�

f

k

: (7)

If we suppose that (x; �) =2 lim inf End(f

n

); then there exists H

0

o�nal suh

that (x; �) =2

S

k2H

0

End(f

k

):

Therefore, there must exist to exist V (x; �) suh that

V (x; �) \ [

[

k2H

0

End(f

k

)℄ = ;: (8)

Without loss of generality, we an suppose that V is a basi open set of the

produt topology, that is, V is an open set of form U � (�; �) where U is an open

in X and (�; �) is an open interval in R

+

ontains �: We note that if y 2 U; then

V = U � (�; �) ontains the segment fyg � (�; �):

Now, we assure that the projetion p

X

(V (x; �)) is an open set in X , nonin-

terseting

S

k2H

0

L

�

f

k

(we reall that p

X

is an open mapping).

In fat, if we suppose that p

X

(V (x; �)) \ [

S

k2H

0

L

�

f

k

℄ 6= ;; then there exists

y 2 p

X

(V (x; �)) suh that f

k

0

(y) � �; for some k

0

2 H

0

:

Therefore, y 2 U and there is � � � suh that (y; �) 2 V (x; �) = U � (�; �):

8



But then, (y; �) 2 V (x; �) \ End(f

k

0

) � V (x; �) \ [

S

k2H

0

End(f

k

)℄; in ontra-

dition with (8).

Beause p

X

(V (x; �))\ [

S

k2H

0

L

�

f

k

℄ = ; and x 2 p

X

(V (x; �)); we onlude that

x =2

S

k2H

0

L

�

f

k

whih, due to (7), is absurd.

Summarizing, we must have (x; �) 2 lim inf End(f

n

):

Therefore, lim End(f

n

) = End(f); whih implies that f

n

�

! f; ompleting the

�rst part of our proof.

(ii)! (i): Let � 2 [0;1) and suppose that f

n

�

! f:

We want to prove that f

n

L

! f and, for this, it is suÆient to prove that

limsup L

�

f

n

� L

�

f � lim inf L

�

f

n

; 8�:

Let

x 2 lim sup L

�

f

n

=

1

\

n=1

[

k�n

L

�

k

f: (9)

If f(x) < �; then (x; �) =2

1

T

n=1

S

k�n

End(f

k

):

Therefore, 9n

0

suh that (x; �) =2

S

k�n

0

End(f

k

):

Consequently, 9V (x; �) suh that

V \ [

[

k�n

0

End(f

k

)℄ = ;: (10)

Also, without loss of generality, we an suppose that V is an openv set of form

V = U � (�; �):

But then, the projetion U = p

X

(V (x; �)) is a neighborhood of x whih non-

interseting

S

k�n

0

L

�

f

k

:

In fat, if y 2 U \

S

k�n

0

L

�

f

k

then 9� � � suh that (y; �) 2 V; and 9k

0

�

n

0

suh that f

k

0

(y) � � � �; that is, (y; �) 2 End(f

k

0

):

Thus, (y; �) 2 V \ [

S

k�n

0

End(f

k

)℄ whih ontradits (10).
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So, U \ [

S

k�n

0

L

�

f

k

℄ = ; but, beause x 2 U; this implies that x =2

S

k�n

0

L

�

f

k

; in

ontradition with (9).

Hene f(x) � � and, onsequently, x 2 L

�

f:

Therefore, limsup L

�

f

n

� L

�

f:

On the other hand, let x 2 L

�

f and suppose that f(x) > �:

Then there is � > 0 suh that f(x) > � + �:

So, due to f

n

�

! f; we have that

(x; �+ �) 2 End(f) = lim inf End(f

n

) =

\

H

[

k2H

End(f

k

): (11)

Now, if we suppose that x =2 lim inf L

�

f

n

; then 9H

0

o�nal suh that x =2

S

k2H

0

L

�

f

k

and, therefore, 9U(x) suh that

U \ [

[

k2H

0

L

�

f

k

℄ = ;: (12)

We assure that [U � (�;1)℄\

S

k2H

0

End(f

k

) = ;:

In fat, if (y; �) 2 [U � (�;1)℄\

S

k2H

0

End(f

k

) then f

k

0

(y) � � > � for some

k

0

2 H

0

; and this implies that y 2 U \ L

�

f

k

0

� U \ [

S

k2H

0

L

�

f

k

℄; in ontradition

with (12). Thus, beause (x; � + �) 2 U � (�;1); we obtain that (x; � + �) =2

S

k2H

0

End(f

k

) and, therefore, (x; �+ �) =2 lim inf End(f

n

) = End(f) whih, due to

(11), is absurd. So, neessarily, we must have x 2 lim inf L

�

f

n

and, onsequently,

ff > �g is ontained in lim inf L

�

f

n

:

Finally, beause lim inf L

�

f

n

is losed and f is level-ontinuous, by Theorem

3.1, we obtain

ff > �g = ff � �g = L

�

f � lim inf L

�

f

n

:

Consequently, f

n

L

! f and the proof is omplete.�

The following example shows that, in Th.4.3 above, the level-ontinuity on-

dition on f an not be avoided.
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Example 4.4. Let X = [0; 2℄ endowed with the usual topology and de�ne

(for all n � 2):

f

n

(x) =

8

>

>

>

>

<

>

>

>

>

:

x

n

+ 1�

1

n

if 0 � x � 1

n

n�1

(x� 1) + 1 if 1 < x � 2� 1=n

2 if 2� 1=n < x � 2:

f(x) =

8

<

:

1

2

if 0 � x � 1

1 if 1 < x � 2:

Firstly, we observe that f is not level-ontinuous. In fat, taking �

p

= 1+

1

p

we

have that �

p

! 1 and L

�

p

f = [1 +

1

p

; 2℄; 8p: Therefore lim L

�

p

f = [1; 2℄ whereas

L

1

f = [0; 2℄:

On the other hand, it is easy to see that L

�

f

n

; L

�

f are losed sets 8n; �; f

n

is

level-ontinuous for eah n and f

n

�

! f; but ff

n

g does not onverge levelwise to

f: In fat, for � = 1 we have L

1

f = [0; 2℄ whereas L

1

f

n

= [1; 2℄; 8n; onsequently,

lim L

1

f

n

= [1; 2℄:
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