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ABSTRACT We present a theoretical view of image analysis, in particular edge detection.
The problem is to find a discontinuity on a Gaussian random field driven by a Laplacian
operator. The idea is first to represent the ideal field, i.e. the continuum field, as the limit
of adequate lattice fields. Depending on the discontinuity characteristics, the problem can
be solved immediately using some of the theory developed by Glimm, Jaffe, Nelson and
Simon, among others. For some cases, however, the discontinuity does not allow us to
apply directly the latter techniques. We present a two-step procedure that shows those
limit results. The second part of the work is to provide with a theoretical reasoning for
several contrast-based detection procedures found on the literature. It is shown, for the

case of a closed discontinuity, that a naive contrast procedure is consistent.

1 Introduction

The research described is motivated by two related problems, one applied and one
theoretical. The applied problem is to access the feasibility of using wavelets in
multi-resolution representation of images containing edges. Those edges could cor-

respond to boundaries between different objects, or between objects and background.

Noticeable works along this line include [11] and [12] which search wavelet max-
ima to detect edges while de-noising deterministic images. Some computationally

efficient algorithms were given in the papers.

Non-parametric techniques have also been employed in the detection of bound-

aries on images assumed to be composed by a deterministic signal and additive noise.



Nice procedures are obtained and works in this area include the ones done by Ko-

rostelev, Miiller, and Tsybakov. A good survey is provided in [9].

Since on both cases, images are not considered as random samples from a
statistical distribution, these approaches did not account for the variability and
structure of similar images taken on the same objects. Therefore, taking images
as random samples leads naturally to the theoretical problem of representation of
Gaussian random fields with discontinuities. The Gaussian assumption is mainly for
simplicity. However, even in the Gaussian case, little has been known for discontin-

uous fields, in contrast to the extensive studies for regular (stationary, continuous,

etc.) fields.

Consider a Gaussian random field X = {X,, t € T C IR?} with mean zero and
covariance function C'. If one assumes that C' is continuous, then an interesting 0-1
law about the continuity of sample paths of X states (see [2], P66 for the discussion

and further references):

Let X be a Gaussian process with continuous covariance function C'. Then
(i) P{X; is continuous V¢t € T'} = 1 iff P{X, is continuous} =1 at

each t € T'; and
(ii) P{X; is continuous Vt € T} = 0 or 1.

What happens when X has a discontinuous covariance function C?7 A short
answer is that no general results are available, because discontinuities of C' can be
introduced in many different ways. The situation is similar to differential equations
with singularities. The method in solving this singular problem will depend on the

form of discontinuities and the covariance structure.

A solution of this kind was given in [4]. Using wavelet analysis, the authors
studied a one-dimensional (1D) Gaussian process induced by a special elliptical

differential operator L = 4a(t)4 on I = (—1,1) \ {0}, where a(t) is assumed to



be continuous and positive on I, and a(t)/[t|* — ¢ for some positive number c,
as t — 0. This defines a Gaussian process X on I and, if o > 1, the point 0
becomes a singularity for X. The novelty of [4] is to use wavelets as a basis for
the related reproducing kernel Hilbert space (RKHS), generated by localizing the
operator L (see [14] for discussion on RKHS related to Gaussian processes). A

Karhunen-Loeve-type decomposition for the process X was also obtained.

The method in [4] works only when one can isolate the singularity in such a way
that the wavelets will miss it altogether; otherwise, the form of the wavelets could
not be maintained. That is the case only when the singularities are regularly spaced
on the nodes of a dyadic decomposition of the region where the process or field is
defined. In other words, this is strictly limited to the 1D nature of the problem:
singularities are finite and isolated. Such a limitation hinders the extension of this
approach to 2D or 3D, in which singularities usually form uncountable sets: curves,

surfaces, etc.

In this work, we study Gaussian random fields induced by Laplacian opera-
tors. This framework was adopted as a starting point in quantum field theory by
Glimm, Jaffe, Nelson and Simon, among others, in the 1960s and 70s. However, no
singularities were involved in their studies. An important problem they considered
is lattice approximation. Consider a sequence of compatible lattice fields, where the
dimension of each lattice is referred to as resolution of the lattice. Lattice approx-
imation involves convergence in various modes of this sequence to an appropriate
continuum field as the resolution tends to infinity. The compatibility is imposed on
successive lattices by using dyadic partitions in the same spirit as other methods
of multi-resolution analysis. There are two excellent books in quantum field the-
ory where one can obtain the information necessary to the understanding of this

problem, [8] and [18]

Our first main result is Theorem 5.1 — lattice approximation for certain fields



with discontinuous covariance functions. We follow and modify Simons approach
as can be seen in [18]. For simplicity and clarity, we only state our result in 2D,
although the analysis applies in any higher dimension. In what follows, most of the

notation agrees with [18].

An application of the lattice approximation theory is to justify a class of bound-
ary detection algorithms in image analysis. There is an extensive literature in image
analysis concerning segmentation and boundary detection. We refer the reader to
[24] for a summary of recent development in the area. There are two aspects pen-
etrating the works on boundary detection: a boundary is highlighted by the large
contrast on the two opposite sides; a boundary is subject to certain regularity con-
ditions. A common sense is that any reasonable procedure for boundary detection
based on digital images is expected to locate the correct boundary as the resolu-
tion gets higher and higher. But to the best of our knowledge, no works have been
done to justify this mathematically, especially when images are regarded as realiza-
tions of a random field. The main difficulty is that to deal with images of finite
size with increasing resolution, the usual asymptotics in probability in which we
assume lattices expanding to infinity but with fized spacing does not work. When
the resolution goes to infinity (or equivalently, the spacing goes to zero), we have
a sequence of discrete random fields tending to a limiting random field on the con-
tinuum. Such a qualitative transition poses a tremendous technical difficulty. The
lattice approximation turns out to be precisely the right asymptotics analysis to
adopt in this project. In what follows, we will also prove the consistency of a class
of contrast-based procedures in boundary detection, stated in Theorem 6.1. In order
to gain good understanding, we simplify the situation and only consider boundaries
consisting of piecewise smooth Jordan curves, i.e. we do not add the regularity as
a factor into the boundary selection procedure, but only focus our attention on the
average contrast part. Furthermore, we only consider a single closed curve as the

boundary. The same argument works for the case of multiple curves with slightly



more technicality involved. Our work is theoretical in spirit, and we do not discuss

many important issues in computation and practical implementation.

Notation

e IR - space of real numbers

Z - integers

e IN - natural numbers

e L%(Q) - space of square integrable functions supported on Q C IR?
e [2 - squared summable sequences

e C5° () - test functions on an open region 2 C IR?
e D' (Q) - distributions (dual of C° (Q))

e S(Q) - Schwartz test functions on €

e S§'(Q) - tempered distributions (dual of S (2))

o A - free Laplacian

e h - spacing of a lattice field

e A, - Laplacian restricted to A C IR?

e A, - discrete Laplacian

® <, >/ or (,)qy - inner product on a Hilbert space H

| - ll34 - norm on H

e / - Fourier transform of f



e f - inverse Fourier transform of f

0, - Delta-Dirac function at x

e A - closure of A

e A° - interior of A

The lattice approximation is carried out in three steps: Step 1 is for the free
field; Step 2 deals with the fields defined on a bounded region of arbitrary shape
with the Dirichlet boundary condition; and Step 3 allows the bounded region in Step
2 to contain smooth curves at which the covariance functions of the random fields

are discontinuous.

In Step 1, let S'(IR?) be the Schwartz space of tempered distributions on IR?.
The free field is a S'(IR?)-valued Gaussian process ¢ satisfying

(—A + a2) o =m, (1)

where A is the Laplacian, a > 0 is a constant and 7 is the white noise. The lattice

approximation for the free field is accomplished by standard Fourier analysis.

In Step 2, let A be an open bounded region in IR? with boundary dA. We
consider the Gaussian field ¢ on A defined by the Dirichlet problem

(—AA+a2)¢:nin A, and ¢ = 0on 0A, (2)

where A, is the Laplacian restricted to A. Then the lattice approximation is ob-
tained by carefully projecting both the continuum field and the lattice fields in Step

1 to A and its lattice counterpart A, respectively.

In Step 3, let A be the open unit square containing several smooth curves in it.
Without loss of generality, we consider the case with just one such curve, denoted

by c. For € > 0 sufficiently small, let A, be the open region obtained by subtracting



a closed e-neighborhood (“sausage”) of ¢ from A. The lattice approximation in Step
2 applies to the Gaussian field on A, with the Dirichlet boundary condition on 9A..
Then a limit can be identified when letting € | 0, due to the monotonicity of the

related covariance operators.

At first glance, use of some wavelet basis seems appropriate in lattice approxi-
mation due to the localization property of wavelets, especially for the representation
of random fields with discontinuities. So far our attempt at this approach has not
turned out to be successful. Our study is still inconclusive. The problem with
wavelets is that they are not eigenfunctions of any well-known differential opera-
tor, including the Laplacian. The redundancy of wavelet bases creates difficulty in
showing the convergence of the operators. We will continue our study in wavelet

representation of Gaussian fields with discontinuities.

The three-step lattice approximation does not specify a random field on the
entire domain A, since it always forces a deterministic zero configuration on the
curve c¢. As a theoretical problem, we plan to study an alternative model which
offers a possibility of defining a Gaussian field on the entire A, including ¢, and still
highlighting the discontinuities along c. More details on this will be given in Section

7.

The basic framework and results for lattice approximations as stated here are
drawn mainly from the works developed by Simon, Glimm and Jaffe and, therefore,
we refer the readers to [18] and [8]. However, we will be working with a slight

modification of the originally indexing spaced proposed in [18].

Section 2 is based on its entirety on Simon’s work. On Section 3, we introduce
the problem on a different way, as stated in Definition 3.3, in order to precise relate
it to Definition 3.2. The results of Sections 3 and 4 are therefore slight modifications

of the ones found in [18].

The rest of this text goes as follows. On Section 2, the basic framework is



given for the establishment of a consistent theory of distribution-valued Gaussian
random fields on the continuum. The Free Field is presented in Section 3, where its
lattice approximation is proven to exist. Section 4 shows that this approximation
is still valid when the support of the field is a region that attends some regularity

conditions.

Discontinuities are introduced on the problem and, in Section 5, one shows
that a direct use of the existing results is not possible but a careful two-step lattice

approximation procedure is proven to be enough.

Section 6 provides a formal justification for a general contrast-based procedure
for boundary detection for certain distribution-valued Gaussian random fields with
discontinuities. Further research is proposed in Section 7 and proofs are given in
Appendix A. A brief introduction to the theory of distributions, its properties and

Fourier analysis is given in Appendix B.

2 The Basic Framework

Definition 2.1 Let (2, F, P) be a probability space and V' a real vector space. A
random process indexed by V is a map ¢ : (V,Q) — IR such that, for every f,g € V,
ac€ IR:

o(f+g9) = o(f) +o(g) ae.
plaf) = aop(f) ae.

Definition 2.2 Let {X,, a € A} be a set of random variables defined on (2, F, P).
This set is called full if the equivalence classes of {X_' (B) | « € A, B a Borel set in IR}
in F\ Zp are not all contained on a proper o-subring of F \ Zp, where Zp is the

zero-probability class of 2.



Definition 2.3 Let H be a Hilbert space. The Gaussian process ¢ indexed by H s

a stochastic process satisfying:

(1) {o(NIf € H} is full;

(ii) Fach ¢(f) is a Gaussian random variable;
(iii) < ¢(f)7¢(g) >L2(Q,P) = 1/2 < fag >7—[

Note: The factor 1/2 in the isometry (iii) is simply a notational convention

to relate this definition to Fock spaces (see [18]).

Define Q9, as the measurable space generated by such a process, i.e. the small-
est measurable space with respect to which ¢ is a random process. The following

questions are posed:

1. Does a Gaussian random process indexed by H exist?
2. If such a process exists, is it unique?

3. How to construct QrH?

Beginning from the third question, one can answer all three at once. There are
several choices for H and Q?—[‘ One classical choice, whose reasoning will become
clear as the text develops, is to choose H to be the space S of test functions, and

Qg to be its dual, i.e. the space S’ of tempered distributions. First, one has

Definition 2.4 A cylinder set in S'(IR?) is the set of distributions T such that:

(T(fl)aT(f2)7 cee 7T(fm)) € B)
where B is a Borel set in IR* and fi, fa, ..., fm are elements in S(IR?).

A cylinder measure p is defined on the o-algebra generated by the cylinder sets

such that p(S'(IR?)) = 1.



But we know that each f in S defines a measurable function ¢(f) on & by:

and that {¢(f)|f € S} is full. Also, ¢(fn) — ¢(f) pointwise, whenever f,, — f
weakly, which implies that:

[ ewn io(f)) diu — [ eap (i6(1)) dp

Given all the above construction, properties of the cylinder sets and measure,

and their relation to the test functions, one can invoke

Theorem 2.1 (Minlos’ Theorem) Let b be defined on S(IR?). Then there is a

unique cylinder measure p on 8'(IR?) such that

bo(f) = [ exn(io(f)) dp

iof and only iof

(i) b(0) =1;
(ii) f > b(f) is continuous in the strong topology;

(iii) For any fi, fo, ..., fm € S(IR?) and complex numbers z1, z, . .., Zm,
m
Z ijk b (f] — fk) Z 0.
J:kil
b(+) is called the generating function or characteristic function. In particular,
the Gaussian measure p on S'(IR?) with mean zero and covariance C' is defined via
the generating function

W) = ean (—3 O )

for a positive definite quadratic form C on S.

10



Note: The factor 1/4 is the result of the factor 1/2 introduced previously in
Definition 2.3 (iii).

Minlos’ theorem guarantees the existence and uniqueness of the Gaussian pro-
cess in 8’ with a prescribed covariance operator C'. Moreover, if one can construct a
Hilbert space H whose inner-product reduces to a positive definite form on &, and
H =S, then S’ (or an appropriate subspace) itself can be used as a model for Q.
In the next section, the denseness of test functions in a distribution space will prove

very useful.

3 Lattice Approximation for the Free Field

First, note that Minlos’ theorem also applies in construction of a Gaussian process

indexed by a closure of & (with respect to an appropriate norm).

Second, to define a Gaussian process induced by a linear operator, it suffices to
identify an appropriate Hilbert space and check that the quadratic form associated

to this operator is positive definite.

There are essentially two different but equivalent ways to define the free field as
a distribution-valued Gaussian process: one is via weak solutions of a SPDE driven
by the white noise; the other specifies the covariance function (assuming mean zero)

and uses Minlos’ theorem.

Definition 3.1 Let A be a regular region in IR* (see Definition 4.3). The white
noise n € 8'(A) is defined by

U(w) = Z<d)7 ek> 5]67 d) S S(A) - L2(A)7

k

where {e} is an orthonormal basis of L*(\) with respect to the inner product

(, ), and {&} is a collection of iid N(0,1) random variables. Note that n() is

11



a N(0, ||©||3) random variable with the L*(A)-norm || - ||».

Note: The white noise 77 in A is unique with respect to the equivalence relation
“~": m,me € S'(A) are said to satisfy n; =~ 19, if 7;(¢0) and 1,(¢)) have the same
probability distribution for every ¢ € S(A).

Definition 3.2 The free field ¢ is defined as a solution of the equation.:

(—A + a2) ¢ =n, (3)
where n € 8'(IR?) is the white noise.

Note: Let N? be given by Definition 3.3. Then, N? = C§°(IR?) and the
embedding theorem can be used (as in [7] Theorem 11.1) so the equation (3) can be

understood as

[ 6@ (A +a?) v(a) du=n(v) Vo € G, (1)

and there is a continuous version ¢ satisfying (4), which we adopt as the free field.
The free field is the Gaussian random process with mean zero and the covariance

function C(z,y) which satisfies the equation

(=A+a*)?C(z,y) = 6p—y, w,y€ R
Consider the following index space:

Definition 3.3 Let N* be the Hilbert space of all (real) distributions f € S'(IR?)

whose Fourier transforms are functions that satisfy

= o <

where k = (ky, ky) € IR? and k* = k? + k2. Hence we equip N* with the norm
[l A2+ In general, for D C IR?, we let

5 =N>NS'(D).

12



This norm is related to the operator —A + a? via the isometry

< fig>pp= 2<f,(—A+a2)_Qg>Lz,

following the fact that —A has eigenvalues k? and associated eigenfunctions e?<*2>,

ke Z? x € IR?.

Using the notation introduced in Section 2, set H = N? and Qq = QN2.
Then the free field can also be characterized as a Gaussian process indexed by N2,
i.e. the Gaussian process whose realizations are elements in QN—Q. We denote the
corresponding Gaussian measure by p. Although this characterization of the free
field is not as direct as Definition 3.2, it turns out to be convenient when dealing

with lattice approximations. This will become clear in the proof of Theorem 3.1.

Note: A slightly different Hilbert space N is used in [18] with the squared

norm ~ 9
o _ [ 1f(F)]

We use A2 instead of N to keep the consistency with Definition 3.2.

Now we define the lattice Gaussian field with a given resolution. Let h > 0

and L, = {nh|n € Z*}.
Define the discrete (negative) Laplacian —A,, by

Definition 3.4

(—Anf)(nh) = h~* {4f (nh)— > f (mh)} :

[m—n|=1

The lattice field can be thought as a digital image with resolution h~!. For coherence

among different resolutions, the dyadic lattice will be used, i.e. h =277, j € IN.

Definition 3.5 For h > 0, let ¢;, be the Gaussian random field with mean zero and

covariance function

Elgn(n) onm)] = h 2 (=2 +6) " (n,m), n,m € 27,

13



where (=, + a?)° is the inverse (countable) matriz of (—Aj, + a2)2.

This classical definition is not appropriate to tie the lattice free fields with
the continuum free field in the same space for the study of lattice approximations.
Our next step is to realize the lattice free fields also as distribution-valued Gaussian
random variables, and then identify the right indices in A/? for them, as defined in

Definition 3.3.

Definition 3.6 Define ¢(g) by

on(g) = X Wg(nmon(n), g€ C ().
ncZ?
For notational simplification, we use ¢, both as a function on L;, and as a

functional evaluated clearly at some element of N?.

To realize ¢y,(n) on the continuum, let f, , be the unique function in N* with
the Fourier transform

exp (—iknh) p? (k)
2 iz (k)

fun = L(hlka] < 7, hlko| < ),
where 1(A) is the indicator of event A,

p*(k) = k* + a*
and observe that

17 (k) = h %(4 — 2 cos(kih) — 2 cos(kzh)) + a?

are the eigenvalues of —A, + a? with respect to the Fourier exponentials.

Note that

E[¢(fn,h)¢(fm,h)] = ( fn,h fm,h )

k2 +a? k?+a?

14



/ exp (ik(n —m)h) (k* + a?)?
hlks|<m hlkel < (27)2 0y (K) (K2 + a?)?

— (2n)2 /h ey €O G = )Y ()
= E[¢n(n) on(m)]

dk

is exactly the covariance function of ¢,. With that, one can realize ¢,(n) as an

element in Q A by
on(n) = ¢(fan)-

The next lemma indicates that an important step in lattice approximation for

the free field is the convergence of lattice Laplacians to the continuum Laplacian.

Lemma 3.1 (Simon) For p?(k) and pi(k), we have
(i) For each k € IR?, 1l (k) — p?(k) as h — 0.
(if) If max([ki, [kol) < /b, then py (k) < Zp7" (k).

(iii) p,2(k) L(max(|k1], |k2]) < 7/h) — p=2(k) as h — 0
in each LP(IR*), p > 1.

For every g € C§°(IR?), define

gn(k) = Z ;l—zg(nh) exp(—iknh) | L(max(|ky|, |k2|) < 7/h).

neZ?

Then we have

Lemma 3.2 (Simon) g, — ¢ in each LP(IR?), as h — 0, for every p > 2.

Theorem 3.1 With the realization ¢p,(n) = ¢(fnn), for every g € C5°(IR?) we have

on(g) — #(9),

in Lz(QNz, o), as h — 0.
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4 Lattice Approximation for Gaussian Fields with

Dirichlet Boundary Conditions

Definition 4.1 The Dirichlet field ¢, is defined as a solution of the following
Dirichlet problem:

(—AA + a2) d=mn inA, with ¢=0 on0A, (5)

where Ay is the Laplacian restricted to A.

In the same spirit as in Definition 3.2, ¢, is taken as a continuous version of

¢ that satisfies

[ 6@) (< An + ) h(a) dr =) Vi € G, (©)

Hence ¢, is a 8'(A)-valued Gaussian field with mean zero and the covariance function

Ca(z,y) which satisfies the equation

(—Ap + a2)2 Ca(z,y) =05y, w,y€A. (7)

Definition 4.2 Given A C IR?, one defines:

Ay =ANL,

A = L\ Ay

A = {nh € Ay |mh € Ay if In —m| < 2}
Oy = Ay \ A

ON™ = {nh € A" |mh € Ay, if [n —m]| < 2}

Let /\/',2Z be the space of real-valued sequences on Ly such that:

1FlE=> (—Ah + a2)_2 (n,m) f(n) f(m) < oo.

16



Given A C IR?, let ey, be the projection in N,QL onto those sequences with support in

Ay and pp, =1 — €pzet- Finally, define the field ¢, by

dan(n) = ¢n (pa,en), n € Z?

where e, is defined by e,(m) = 6, ,, m € Z*.

Lemma 4.1 (Simon)

€n — Yomeonert An(M) €y if 1 € Ay,
PApEn = " . (8)
0, if n € A&

with some coefficients ay,(-).

Definition 4.3 An open region A C IR? is said to be regular if C§°(IR*\ A) is dense
n N%Rz\,\ with respect to the N”-topology.

The following counterexample due to Simon illustrates the necessity of impos-

ing the regularity condition on region A:

Let Ay be the unit disc and Ny = Ay \ {(z,7x)}. When using the lattice
approzimation, one gets (A1), = (Ag), but, since one can easily find distributions
in N supported by Ay \ Ay, the Dirichlet lattice theory cannot converge for both

domains.

Lemma 4.2 For a regular region A, let e = ejpa\p be an orthogonal projection onto
N%Rz\A in N*-norm and define e, to be the projection onto the span of {fun|n €

A¢t}. Then ey, converges strongly to e.

Corollary 4.1 Using notation in the previous lemma and defining p = 1 — e and

pn = 1 — ep,, one immediately has the strong convergence of pp to p.

17



Finally, we state

Theorem 4.1 Let A be a regular region. For g € C5°(IR?), define

Pan(g) = Z g(nh) gan(n).

VA
Then, as h | 0,
Pan(9) = oal9),

in L*(Q 2, po).-

5 Lattice Approximation for Certain Random Fields

with Discontinuities

Let A = (0,1)? and ¢ € A be a smooth open curve, as in figure 1. The question of
interest is: does Theorem 4.1 hold on the region Ag = A\ ¢? The answer is no due

to the irreqularity of Ay.

In fact, observe that IR? \ Ag = (IR \ A)Uc. If f € NGy, then both f and

f + 6, are elements of N%Qz\AO, with x € ¢. Consequently,
N © N (9)
and the inclusion C is proper. On the other hand,
Cy° (R \ Ao) = C5° (R*\ A)

because ¢ is a lower-dimensional sub-manifold in IR?, and the IR%-continuity of a
function at any point on ¢ must involve some part of a neighborhood of ¢. This,

together with (9), shows that Ag is not regular.

Therefore, Barry Simon’s approach in [18] cannot be applied directly. Never-

theless, the following two-step procedure is a remedy.

18



Figure 1: Space A on which ¢y, is defined
Let € > 0 be sufficiently small such that ¢. C A, where

Cc = 1T € : o —y| < eforsomey € cy,
R? < ¢ fi

and let
A=A\ c.

Using the following lemmas, and projecting the elements of ./\/'%Rz\AE onto ./\/'z

and N?RQ\A, we can show that A, is a regular region.
Lemma 5.1 Any open convez region A, in IR? is reqular.

Lemma 5.2 Let A, be an open region in IR?. Then C° (A,) is dense in Ny with
the N*-topology.

Now, following the notation in previous section, let A, be the lattice associ-

ated to A.. Then we have
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Theorem 5.1 Let Ay and A, be given as above. Define ¢. to be the Gaussian
field indezed by N3, and ¢y, to be the Gaussian field indezed by Nihe. Then for
g € CP(IR?), as h | 0 and subsequently € | 0,

Pne(g) = De(9),
in Lz(QNiO,Mo)-

Note: The order here between convergences of h and € is necessary since lattice
approximation for the Dirichlet field should be used for fields indexed by regular

regions, which is not true if one takes € | 0 before A | 0.

6 Boundary Detection in Gaussian Random Fields

with Discontinuities

As mentioned in the introduction, we assume that c is a closed Jordan curve. Define
Ay to be the open region enclosed in ¢ and Ay to be the interior of its complement
with respect to A, as shown in figure 2. Given the nature of the Laplacian operator,

the fields in A; and A, must be defined independently.

One way of doing this is as follows:

Definition 6.1 Let ¢, and ¢, be two independent free fields indexed by N* (IR?).
Take A to be the unit cube (0,1)% and ¢ a continuous closed curve such that ¢ C A.
Define Ay as the open region enclosed in ¢ and Ay = (A\ A1)°. Then, the Gaussian
random field driven by the Laplacian restricted to Ao = A\ ¢ is defined as:

¢Ac (f) = ¢A1 (pA1 (f)) + ¢A2 (p/\z (f)) )

for every f € N* (IR?).
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Figure 2: Space A on which ¢y, is defined

A fact clearly established in the definition of ¢4, is that ¢, (f) and ¢x, (g)
are independent, whenever f € N?(A;) and g € N (Ay).

The interest of this work is to estimate the curve c given a realization of ¢, .
In practice, a continuum field is not observable. Let ¢, ; be the corresponding
lattice field, where h = 27" | for some n € IN. This dyadic nature of h provides a
sequence of nested lattices as resolution increases, i.e. each lattice is a refinement of
the previous one by a factor of two. It was already established in subsection 4 that
the lattice field is a good approximation for the continuum one in L2(QN—3\C,/JJ0)

sense.

A procedure for detection of ¢ will be defined on the lattice taking into account
its embedding in the continuum. The complex structure of the lattice makes the
characterization a very hard task. Moreover, since c is a curve that can not be consis-
tently defined on any finite lattice, a complete answer can only exist asymptotically.

Therefore, we will be studying the estimator when 5 is small.
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The detection is done by maximizing the average contrast around any curve
defined on the interior of A. For the reason of the numerical complexity of this
operation, some stronger results on the convergence of the lattice to the continuum
field are necessary. Simple L? convergence is not enough: a rate of order O (h™%)
for some positive « is essential to ensure smoothness within each of the regions A
and Ay. Also, we will be dealing with double arrays, which significantly increases
the level of difficulty of the problem. As a last remark, the Gaussian assumption is

crucial for the argument.

In order to properly define the procedure, we will need the following definition

of a sequence of test functions:

Definition 6.2 Let f be a test function; then, f, .5 15 a sequence of test functions

defined as follows:
fr,w,h(y) - T'Zf(’l“(y - l‘))

Note: On the previous definition, both r and x can be taken as depending
on h. In the case where r increases as h decreases and x is fixed, the sequence will
converge to the d-Dirac distribution centered at x as h — 0. For that reason, we

will be calling it a delta sequence.

For computing the contrast around a curve c,, one will need a clear definition
of the set that is around c,. Its elements will be called bounds and their lengths
must clearly go to zero as h gets small. It is preferable that each of their lengths is
of the same order of h. In general, each of these bounds is taken to have length h. In
our case, however, because of the discontinuity on ¢, the bounds will be defined to

be 2h apart. Note that this doesn’t change the order of their lengths while preserves
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independence between the sides of the bounds under the true curve c¢. A formal

definition of the set of bounds is given as follows.

Definition 6.3 Let ¢, be a continuous curve defined in A. The set of all bounds in

the lattice Ay, around c, of distance 2h is defined as:
By, = {w, 2 + he},

where e = (0,2) or e = (2,0)

Note: The set of bounds around the true curve c¢ is defined on the same way
and will be denoted by Bj,. With that setup, one define the average contrast around

a curve C, as:

Definition 6.4 Define the average contrast around cy, under lattice of spacing h

as:

1 Np, %
AOC*,’Z (f) = Z (¢Ac,h (fr,a:i,h) - ¢Ac,h (frh,a:i+he,h))2 )
nhy* =1
where ny,, 1s the cardinality of By, x;,x; + he are, for 1 = 1,2,...,ny,,, the ele-

ments of By, and e = (0,2) or e = (2,0).

Note: The definition of AC. (f) is completely analogous. In practice, this
procedure is taken for a fixed f and, for reasons of notational simplification, we will
be writing AC, ) and AC,, ;. Notice, however, that such a result will still be valid

for a whole class of test functions.

A technical issue is that of the possible values for e. The strict positiveness of

at least one of its elements is an obvious necessity in order to meaningfully define
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a contrast. The fact that one jumps over the nearest neighbor is only to avoid
delicate situations where a lattice point is too close to the boundary c¢. As will be
seen in theorem 6.1, r, will be very large when h gets small. That means that the
actual smearing that is being performed on the lattice field is restricted to a very
small neighborhood. Such a restriction is necessary for the independence of any

evaluations of the fields close to the true boundary c.

The following result establishes that the procedure of choosing the maximum

contrast eventually leads to c.

Theorem 6.1 Take f to be a test function that has Holder continuity of some
positive order, « > 3+ . Let r, = h™*77, for some 0 < v < 1/2. Then, as h — 0,

{cxieNe, =0}

P (AC’Cyh < max ACC*,}L> — 0.

A series of results will be established in order to prove theorem 6.1. A very
general result, that is a simple consequence of bounds for normal tail probabilities

is the following:

Lemma 6.1 Let {X,;, n=1,2,..., i=1,2,...,n} be a double sequence of row-
wise tdentically distributed normal random variables with mean zero and variance

2
o,. Then,

2
7,8

max X2, 50, (10)

1<i<n

whenever there exists a positive constant o such that o2 < n™%.

24



Although very simple, one can immediately see how powerful lemma 6.1 is,
most importantly when dealing with double arrays instead of simple sequence of
random variables. A first application of this lemma is for the curves within bound-

aries. The lemma will be stated for A, with no loss of generality.

Lemma 6.2 Let x and v+ he be a pair of neighboring points within Ay, = Ay () Ly,.
Let o} be defined as:

0121 =k (¢A1 (fTh,d?,h) — o, (frh,a:+he,h))2;

where r,, = h™'77, for some 0 < y < 1/2.

Then, oi = O (h?).

All the results established so far concern average contrast around wrong curves
on the continuum field. Since AC is defined on the lattice, rates of the L? conver-

gence from the lattice to the continuum are needed.

Theorem 6.2 Let ¢y, and ¢, be the restrictions to A, of, respectively, the free
field and the lattice approximation to the free field, h being the spacing parameter
for the lattice. Then, the L? convergence from theorem 4.1 is of order h? for any

Hoélder continuous test function f of some positive order o > 2.

Two results follow immediately theorem 6.2.
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Corollary 6.1 Let ¢5, and ¢a, 5 be the restrictions to A, of, respectively, the free
field and the lattice approximation to the free field, h being the spacing parameter
for the lattice. Let f,, »n be a sequence of translations of f that preserves L* norm
and such that v, = h='"7, for some positive v, as in definition 6.2. Take Thorpan to

be its lattice counterpart. Then,
||fh,7"h,fli,h - frh,w,th\/’? =0 (hz) ,

for each Holder continuous test function f of some positive order aw > 3 + 7.

Note: Because the delta sequence preserves only L' norm, Holder continuity
of higher order is required to obtain the same order of L? convergence as the ones

for fixed test functions.

Corollary 6.2 Take f to be a test function that has Holder continuity of some
positive order o > 3 + . Define ¢a, and ¢,y as in theorem 6.2. Then, as h — 0,

2 p
{C*:Iggi(:@} znelg,)f (D, (frrpain) — Oren(frryzin))” — 0.

The last result needed for the wrong curve is the following:

Lemma 6.3 Let By, C Acp1. Take 1)y, = h=1=7, for some 0 < v < 1/2. Then,

{c{rflfcii(@} wfrel%i(,* (¢Ac,h(fr,wi,h) — ¢Ac,h(fr,a:i+he,h))2 £> 07

as h — 0.
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With lemma 6.3, it is proved that the average contrast around any curve
disjoint from the true boundary c¢ will be uniformly small. This result is possible
only because each individual bound is negligible in L? sense when h is small. As
will be seen in the next statements, the story for the contrast around c is completely

different.

Lemma 6.4 Let x and x + he be a pair of neighboring points such that x € Ap 1 =
AMNLy, and x + he € Apg = Ay Ly,. Let of be defined as:

O-fQL =k (¢Ac (frh,d?,h) — O, (frh,x-l-he,h))z )

where r,, = h™'77, for some 0 <y < 1/2.

Then, as h — 0,
of — 202 >0,
where 02 = || (5y)||.2/\/2(AC)’ fory € A,.

Note: Although Theorem 6.1 is stated for curves ¢, that are disjoint from
¢, a contrast-based procedure can still be justified. Clearly, if the intersection set
between ¢, and c is finite, the theorem can be applied directly. In the case when
¢, and c intersection is another curve, a multi-step procedure would be enough.
On the first step, all the bad candidates (curves with at most a finite number of
points in common with ¢) would be eliminated. One would either come up with
¢ or curves ¢, such that ¢, N ¢ = ¢, where ¢’ is an open curve in A. Instead of a
single curve of highest contrast, suppose one takes the k£ curves of highest contrasts,
where k is supposed to be fixed. The next step would be to clean the k curves

and that would be done simply by finding which pieces of these curves are in c.
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That procedure would be asymptotically consistent by virtue of Theorem 6.1 if one
compares different pieces of the curve. Finally, one would have several pieces of ¢
and the task now is to compare the contrast around the possible curves that can
put them together, again using theorem 6.1. Some further iterations may be needed

but theorem 6.1 ensures this procedure would eventually yield the right curve c.

7 Future Research: Wavelets and Random Fields

Driven by Other Operators

The area of random fields in the presence of singularities is quite unexplored. One
natural way of continuing the research done in this work would be extending these
results for operators more general than the Laplacian. One example of such a class
of operators would be Y-, 5 D%, as studied in detail by Benassi and Jaffard in [4]

for the case without discontinuities.

One question that still deserves an answer is whether wavelets can be success-
fully applied in this context. Although it is clear that one-dimensional methods
cannot be directly extended to higher dimensions, all the results obtained in the de-
terministic problems create a positive expectation. Moreover, we have just become
aware of some theoretical development in the wavelets construction that doesn’t
make use of dyadic cubes, done by, among others, Sweldens and Daubechies. A
good review of this new approach is given in [22]. Since the regularity of the dyadic
cubes is the main obstacle in applying wavelet bases in irreqular multidimensional
setups, it looks like some progress can be made through the application of second

generation wavelets to problems of Gaussian random fields with discontinuities.
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Appendix A: Proofs

Proofs for Lemmas 3.1 and 3.2 can also be found in [18]. The proofs for Theorems
3.1 and 4.1 and Lemmas 4.1, 4.2 and 5.1 are slight modifications of the ones found

in [18], in order to accommodate the change from A to N? spaces.
Lemma 3.1
For p?(k) and pi(k), we have
(i) For each k € IR?, pi(k) — p?(k) as h — 0.
(ii) If max(|ki|, |ko|) < 7/h, then py (k) < Zpt(k).

(iii) pp,2(k) L(max(|k1], |k2]) < 7/h) = p=2(k) as h — 0
in each LP(IR?), p > 1.

Proof

(i) Note that

pr(k) = h?(4—2cos(kih) — 2cos(koh)) + a®
= 2k}(kih) 7% (1 — cos(kih)) + 2k3(kah) ™ (1 — cos(keh)) + @

— K +a® = p2(k),
as h ] 0, using lim,_,o 2z %(1 — cos(z)) = 1/2.
(ii) Use 72(1 — cos(z)) > 222, for x € [—m, 7.
(iii) This follows directly from (i)-(ii), using the dominated convergence theorem.

O
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Lemma 3.2

gn — § in each LP(IR?), as h — 0, for every p > 2.

Proof

In order to prove convergence for any LP, it is sufficient to prove that supj,<; [|gn/loo <
oo and convergence in L?. Suppose, with no loss of generality, that g is supported

on the unit square circle. Then,
. N B B 2
I3]0 < N3l (2) 02 (17" +2),

i.e. supy<y [|gnlloo < 00

Also,

lgnllze = h* > lonl’
= lgllZ:

= llgllz-,
ie. [|gnllz> — 119172 as h — 0.

Take any f € S(IR?) and let f denote the inverse Fourier transform:

[ fwamak = [ g(@)f(w)da
= [ 9k F ().

That means that g, converges weakly in L? to ¢ which, plus the convergence

of its norm, implies the convergence in L?. O

Theorem 3.1

30



With the realization ¢p(n) = ¢(fun), for every g € C§°(IR*) we have

on(g) — #(9),

in L2(QN2, o), as h — 0.

Proof

N N 2

pi(k)  p*(k)

because g, — g and p, 2(k)1(h|k;| < 7) — p~2(k) in any LP, in particular L*. O

l6n(9) = 0(9) 3200y = |

Lemma 4.1

€n — Yomearest An(Mm) e, if n € Ay,
pAhen { E EaAht ( ) f " (G].)

0, if n € A&

with some coefficients a,(-).

Proof If n € A", it comes directly from the definition of projection. For n € Ay,
let k € A§*\ OAG™:

2
(er Paven)iar,) = h2<(_Ah+“2) e’“’pAhe">N2
h

2
= K2 <pAh (—Ah + a2) €k, en>
- (e”’ ek)l2(Lh)

= 0,

N

since (—Ap, 4 a2)® e, has support in A%t by definition of AL, Thus, e, — pa, en is

supported on A" and vanishes on A"\ A i.e. it has support in A§*.
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Lemma 4.2

For a regular region A, let e = ejp2\n be an orthogonal projection onto N%RZ\A
in N?-norm and define ej, to be the projection onto the span of {fun|n € Af*'}.

Then ey, converges strongly to e.

Proof

Given g € C§°(IR?), let:

gn(z) = h* > g(nh) fan(z), © € R?

n

and

(—Ang)(x) = h*) (hf? <4g(nh) - > g(mh))> :
In =1

n —m|=

Then, in N*-topology, as h — 0,

9 — g

—Apgn — —Ag
Now, suppose that g € C§°(IR? \ A). Note that:

lgn — gll> > |{enlgn — 9), 9n — 9)|
= [{en(gn — 9), enlgn — 9))|

= llenlgn —9)I*

and ||gr, — g|| = 0. So e, — e strongly, for all ¢ € C§°(IR? \ A), and consequently

for all g in the range of p, because A is regular.
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Let g € N2, Suppose that e,g — f weakly. Let h € C$°(A):
_ ((_ 2)?
[ @) f@)dn = (( A+a)h, f>N2

= lign <(—Ah+a2)2hh,f>N2
= lign <(—Ah + a2)2 hh;PhQ)
= 0,

N‘Z

because f has support on IR? \ A and, for h small enough, (—A}, + a?) has support
in Aj,. So, f is in the range of p and, then for h € N?,

(b, f) = (eh, f)
= li}lin(eh,ehg)

= li}{n (eneh, g)

= (eh,g).
So epg — eg weakly. But

leng —egll> = (eng — eg,eng — eg)
= <g7€hg>+<g7€g>
—(eg,eng) — (eng, eg)

— 0,

by the weak convergence above. O

Theorem 4.1

Let A be a regular region. For g € C{°(IR?), define

danlg) = D g(nh) gpp(n).

neZ?
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Then, as h | 0,
Pan(9) = oal9),

in L*(Q 2, o).

Proof

We need a definition of an isometric projection in LZ(QNz, dip) to the pro-
jections defined in A2, This is given by I'(.). For the projections e, and e in A2,
there exist respective unique induced projections I'(e;,) and I'(e) in LQ(QNQ, dyo)

such that the isometries

(L(e)o, f) = (¢,¢ef)

and

(F(eh)¢7 f) = (¢7 ehf)
hold for every ¢ € L*(Q 2, dpo) and f € Cg°(I?). Then, let T'(p) = I'(1 — ¢) and
F(ph) == F(l - eh).
Since ¢p(g) — ¢(g) in L*(Qpr, dpo) and py — p strongly,
I0(pr)dn(9) = T(P)o(9)ll < [T (pu)lll¢nlg) — ¢(9)ll

+ [[IT(p —pa)e(9)]l

— 0.

Lemma 5.1

Any open convex region A, in IR? is regular.

Proof
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Suppose, with no loss of generality, that 0 € A,. Then, for any A > 1, {\yly €
IR?\ A} C S° C IR?*\ A,, for some S. Let f € N? and define:

) =F(Ay).

f converges to f in N*-norm. Moreover, defining appropriate unitary and multiplier

functions in C§° (IR? \ A,), one can successfully approximate f,. O

Lemma 5.2

Let A, be an open region in IR*. Then C$° (M) is dense in N5, with the
N?2-topology.

Proof

One knows that, for any f € N /2\*, there are two sequences of elements on
Cs° (IR?), called unitary and multiplier functions, that approximate f. The task,
therefore, is to prove that such sequences are actually elements of C§° (Ay), which
can be easily done given that A, is open and the convolution and multiplication

supports can be taken as narrow as one wants. O

Theorem 5.1

Let Ay and A, be given as above. Define ¢. to be the Gaussian field indexed by
N3,» and ¢ to be the Gaussian field indexed by /\/‘[2\’”. Then for g € C§°(IR?), as
h | 0 and subsequently € | 0,

Bne(g) = De(9),
i L2(QN?\07H0)‘
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Proof

Define for each € > 0, ¢, to be the Gaussian random field indexed by /\/'12\ and,
since A, is a regular region, it follows from Theorem 4.1 that, for ¢ € C$°(IR?) and
fixed € > 0, ¢pne(9) — ¢c(g) as h | 0. Then, letting € | 0, the operators 'y, are
monotonically increasing with respect to the A/ ?\O—norm, so the sequence of fields

{¢e, € > 0} converges to ¢y. O

Lemma 6.1

Let {X,;, n = 1,2,..., 1 = 1,2,...,n} be a double sequence of row-wise
identically distributed normal random variables with mean zero and variance o?.
Then,

max X2, 50, (G.2)

1<i<n ™!

whenever there exists a positive constant o such that o2 < n™®.

Proof
As n — o0,
P(X2, > ) ~ eap(—5 )
’ Ve 207,
implies
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if 0, < n™%, for some positive o. O

Theorem 6.2

Let ¢n, and ¢, p be the restrictions to A of, respectively, the free field and the
lattice approximation to the free field, h being the spacing parameter for the lattice.
Then, the L? convergence from theorem 4.1 is of order h? for any Hélder continuous

test function f of some positive order av > 2.

Proof

Notice that 1 — cos(z) = O (2?) as * — 0. Moreover, since

fh(k) = Z h—f(nh) exp(—iknh) | L(max(|ky|, |k2|) < 7/h),

neZ? 2

the Fourier transformation of f; is equivalent to the Fourier transform of a step
approximation of f, where h represents the length of each step. Therefore, given the

Holder continuity of f, one can approximate f by fh in L? with appropriate order.

So,

) Ju(k) _ f(k)
1= 1l = [ |5~ e
1 L[ pp
< 2[/ /L%L(k)_,U/Q(k)‘ g
b [ g 0 0 ]

< Mh?,

the first integral due to the bound for 1 —cos(z) and the fact that g is a test function
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(and, consequentially, its Fourier transform lives in Schwartz space) and the second

integral by the lower bound for 1/u and the Holder bound for f. O

Corollary 6.1

Let ¢y, and ¢, 5 be the restrictions to A. of, respectively, the free field and the
lattice approximation to the free field, h being the spacing parameter for the lattice.
Let fr, w1 be a sequence of translations of f that preserves L' norm and such that
r, = h™'77, for some positive 7y, as in definition 6.2. Take Jhrpan to be its lattice

counterpart. Then,
2
[ = Frpealfy = O (#2).
for each Holder continuous test function f of some positive order o > 3 + .

Proof

The proof is the same as for theorem 6.2. O

Corollary 6.2

Take f to be a test function that has Holder continuity of some positive order

a > 3+ . Define ¢pp, and ¢u,.p as in theorem 6.2. Then, as h — 0,

2 p
{C*:Iggi(:@} znelg,)f (DA, (frrpain) — Oren(frryzin))” — 0.

Proof
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Notice that, defining o7 as the variance of the process above and using theorem

6.2 one can immediately apply lemma 6.1. O

Lemma 6.2

Let x and x + he be a pair of neighboring points within A1 = Ay N Ly,. Let of
be defined as:

0121 =k (¢A1 (fTh,d?,h) — on, (frh,a:+he,h))2;

where r,, = h™'77, for some 0 < v < 1/2.

Then, o} = O (h?).

Proof

With no loss of generality, suppose e=(2,0). Let § > 1.

on = low,(£2) = on, (D)3
_ / |1 — exp(2iky.h) 2| f1(5)[?
B (k% + m?)?

B sin?(2k1.h) Kk
= /m|f1(;)|2d2k

sin?(2k,.h) AN - S,
| Tt ) G )

k2 2\ —
=< +m?)
M / thQ—(” dk
[ klghe (R m?)?

d*k

IN

L 2)—p1
J SRS R
h

v < |k |[<RB(=1-7) (k% + m2)2
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o B
by |>hB-1= (k3 + m?)? !

< M [Mh? + Myh*C=) 4 My )]
= M,h?

Lemma 6.3

Let Bhy C Aepy. Take ry, = h='77, for some 0 < v < 1/2. Then,

(Jhax max (Bach (frain) — Sach(fraitnen)” 2 0,

as h — 0.

Proof

For notational purposes let’s write max, .(c,nc=p} MaXy;ep, , a8 mMaxe,. Also,
one writes, with no loss of generality, fo and f; for the test functions defined by the

different bounds. Note that:

max (¢a,u(f2) = da.n(f1))” < max (da,n(fe) = éa.(f2))’
max (¢a,4(f1) = éa.(f1))’

_|_
+ max (fa.(f2) = o ()

One, then, uses the convergence of the first and second summands by Corollary

6.2 and the third by Lemma 6.2 and theorem 6.1 to get the desired result. O

Theorem 6.1
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Take f to be a test function that has Hélder continuity of some positive order,

a>3+7. Let vy = h™'77, for some 0 <y < 1/2. Then, as h — 0,

P (AC’c’h < max AC’Chh> — 0.
{cx:cNe. =0
Proof

Since maxc,.cne,=p} ACe, » — 0 in probability as h — 0, one concludes that,
Ve, v, dhgy such that:

P AC,. 5 > < /2,
(Cﬁ{rgg}@} h e> v/

Vh < hy.

Following lemma 6.4, one knows that the contrast of each bound in By, behaves

in such a way that, Vy > 0, de and hy such that
P (16a. (Fryain) = bac (Frpen)| > €) < 7/2

Vh > hs.

Since the variance for the average contrast is no larger than the average of
each of its components (that are asymptotically equally distributed), V~, Je and hy
such that:

P(AC.), <€) <v/2,

Vh < hy.

Therefore, for every v, one gets:

P (AC’C < max ACC*,h> <1—m,

{caieNe=0}

Yh S min(ho, hl) (I

41



Lemma 6.4

Let x and x + he be a pair of neighboring points such that x € Ap1 = Ay N Ly,
and x + he € Apo = Ay Ly,. Let o} be defined as:

U}2L =F (¢Ac (frh,a:,h) - ¢Ac (frh,z+he,h))2 )

where 1, = h™Y77, for some 0 < vy < 1/2.

Then, as h — 0,
of — 202 >0,
where 02 = || ((5y)||j\/—z(AC), fory € A,.

Proof

Because 1, = h™'77, 0 < 7 < 1/2 and the distance between points equals
2h7 frh,w,h = DA, (frh,w,h) and frh,$+he,h = PA, (frh,w+he,h)- Therefore, ¢Ac (frh,w,h) -
Ony (frpon) and Oa, (fr, wthen) = Ony (fr,zotnen) and each of these fields can be

treated separately. Let y; and y, be two fixed points in the sequence of lattices
for every h < hgy contained respectively in A; and Ay. Consider ¢u, (fr, 4.,5) and
®a. (fryon)- By Corollary 6.1, each of these fields can be approximated in L? sense
by the equivalent continuum fields. Notice that each of this random variables has a

limiting variance 2. However:

16n. Ui = On Greliny = 168 Urinn) = 0 U)oy

- 0

when h — 0.

Therefore,

(¢Ac (frh,w,h) - ¢Ac (frh,a:+he,h))2 E) Y27
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as h — 0, where Y ~ N(0,20?).

O

Appendix B: Distributions and Fourier Theory

For a more comprehensive view on distributions, we refer to [3] and [19]. For a better
understanding of why and how these techniques apply to Laplacian and random
fields, the collection by Reed and Simon is a good reference, specially [17], [16] and
[15].

Let Q be an open subset of IR? and C'*°(£2) be the space of all functions defined
on {2 with continuous derivatives of all orders. Take K as a compact subset of (2:

C%(Q2) will be the subspace of functions in C*°(£2) supported on K.

Then, the space of test functions (supported in ) can be defined as

Coe (@) = U Ccr(©).
KeQ
Note that a test function is simply a compactly supported function, for which
derivatives of all degrees exist continuously. Another notation for the space of test

functions is D (£2), which relates to the definition of the space of distributions as its

dual, i.e. D' ().

In Fourier analysis, however, D" does not have all the desirable properties. For
that reason, Schwartz developed a smaller class, called tempered distributions, the
dual of the so-called Schwartz class of functions. This class of test functions, larger
than D, is denoted by S and defined as the class of functions for which derivatives
of all orders exists continuously and vanish at infinity more rapidly than any power
of |z|. Following the usual dual notation, the tempered distributions class is called

S
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In general, pointwise properties do not make sense for distributions, so it is
usual to define and prove everything in an nner product format. Unless otherwise
specified, f and g will be used for representing test functions, Greek alphabet for
distributions, a for scalars and upper-case Roman letters for operators. Some of the

most useful properties of the distributions are:

e the k-th distributional derivative of a distribution ¢ will be called ¢*)(-) and
defined by:

(6™, ) = (& (~1)FF ) ;
e the partial derivative of degree k is given by:
(9%, ) = (6, (=1)M0" )
e a sequence of distributions {¢,,n € IN} converges weakly to ¢ if
(6, f) = (0, 1),

for each test function f;

o If {¢,,n € IN} converges weakly to ¢, then the same convergence applies to

partial derivatives of all degrees.
* pxfeS;

o (¢ 1),9) = (6, (f *9)),
where f'(z) = f(—x); and

e Suppose that [f = 1 and define f.(z) = e ?f(¢ 'x). Then, ¢ * f. — ¢
as € — 0, i.e, distributions can be approximated by sequences of Schwartz

functions;

Some of the most important properties of the Schwartz class are:

44



e S is closed under derivation, multiplication by polynomials of any degree,

product, convolution and Fourier transform; and

e Because Fourier transform is an operation from S to §, it is well defined for

tempered distributions, on the following form:

(0:1) = (.)

and its basics properties are still valid.
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