
Partitions with Atta
hed Parts

by

Paulo Mondek

and

Jos�e Pl��nio O. Santos

Abstra
t: In this paper we present a 
ombinatorial interpretation, by par-

titions with atta
hed parts, for a spe
ial family of summations, wi
h in
ludes

very interesting parti
ular 
ases.

1. Introdu
tion

Our main purpose in this paper is to prove the following theorem:

Theorem 1. Let A

k;i

(n) denote the number of partitions of n with parts in M

k;i

whi
h satisfy: (a) if \rk�(i+1)" and \sk�(i+1)" are parts then jr�sj � 2, and (b)

tk+1 is a part (repetitions allowed) only if \(t+1)k� (i+1)" or \(t+2)k� (i+1)"

o

urs as a part. Then for 1 � i � k we have
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For the 
ases k = i = 1 or k = i = 2 or k > 2 and i = k� 2 we have to 
onsider

the parts as elements of multisets indexed as [(2 + s)k � (i+ 1)℄

1

and [rk + 1℄

2

.

Here we use the standard notation

(a; q)

n

= (1� a)(1� aq):::(1� aq

n�1

)

and

(a; q)

1

= lim

n!1

(a; q)

n

:
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The sets M

k;i

whi
h appear in the Theorem 1 above are de�ned as

M

k;i

= frk + 1 or (2 + s)k � (i+ 1)jr; s � 0g:

2. Parti
ular Cases

The set of partitions enumerated by A

2;1

(n) is the same enumerated by C

2;2

(n),

i.e.,

\the number of partitions of n wherein:(a) 2 appears as a part at most 1 time,

(b) the total number of appearen
es of 2j and 2j + 2 together is at most 1, and

(
) 2j + 1 is allowed to appear (and may be repeated if it appears) only if the total

number of appearen
es of 2j and 2j + 2 together is pre
isely 1"

whi
h is given in Theorem 1, pg. 92 of Andrews and Santos [1℄. From this we

get the following result:

Theorem 2: Let A

2;2

(n) denote the number of partitions of n into parts that are

either even but 6� 0;�6 (mod16) or odd and � �3 (mod8); B

2;2

(n) the number of

partitions of n into parts that are even but 6� 0 (mod8) or distin
t, odd and � �3

(mod 8); and A

2;1

(n) the number of partitions of n with parts into M

2;1

satisfying:

(a) if 2r � 2 and 2s� 1 are parts then jr � sj � 2, and

(b) 2t + 1 is a part (repetitions allowed) only if 2t or 2t + 2 o

urs as a part.

Then, for ea
h n,

A

2;2

(n) = B

2;2

(n) = A

2;1

(n):

We observe, furthermore, that A

2;1

(n) is also equal to A

2

(n):

\The number of partitions of n with parts in

M

2

= f2
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su
h that the di�eren
e between any 
onse
utives parts a

i

and b

j

(a > b) satisfy

a� b � i+ j"

des
ribed in Theorem 2.1 of Santos and Mondek [3℄.

The table below give us an illustration for Theorem 2 and the observation

above for n = 10.

A

2;2

(10) = 7 B

2;2

(10) = 7 A

2;1

(10) = 7 A

2

(10) = 7

8 + 2 10 10 10

10

5 + 5 6 + 4 8 + 2 10

8

5 + 3 + 2 6 + 2 + 2 6 + 2 + 1 + 1 10

6

4 + 4 + 2 5 + 3 + 2 4 + 3 + 3 10

4

4 + 3 + 3 4 + 4 + 2 3 + 3 + 2 + 1 + 1 10

2

4 + 2 + 2 + 2 4 + 2 + 2 + 2 3 + 2 + 1 + :::+ 1 8

4

+ 2

2

2 + :::+ 2 2 + ::: + 2 2 + 1 + :::+ 1 8

2

+ 2

2

The se
ond parti
ular 
ase is for k = i = 1.

From equation 6 of [2℄ whi
h is

1
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=
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1

we obtain:

Theorem 3. The number of partitions of n enumerated by A

1;1

(n) is equal to two

times the number of partitions of n.

For exemple we have A

1;1

(4) = 10 whi
h enumerates the following partitions:
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Our third parti
ular 
ase is for k = i = 2:

Using the identity 85 of Slater [4℄
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we rewrite it as
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:

From this we 
an see that is valid the following theorem:

Theorem 4. The number of partitions of n enumerated by A

2;2

(n) is equal to

number of partitions of n in odd parts.

To illustrate this theorem we present below the partitions for n = 8:

partitions enumerated by A

2;2

(8) partitions of 8 in odd parts
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3. The Proof of Theorem 1

Proof. First we de�ne A

k;i

(m;n) to be the number of partitions of the type enumer-

ated by A

k;i

(n) with the added 
ondition that the number of parts in ea
h partitions

is exa
tly m.

Now our goal is to prove that

[
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We have the following fun
tional equation:
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W
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(z) =

W
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(zq

k

) +

zq

2k�i�1

(1� zq)(1� zq
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W

k;i

(zq

2k

) (2)

After this we observe that (2), together with

W

k;i

(0) = 1, uniquely determine

W

k;i

(z) as double power series in z and q.

On the other side, due to the de�nition of M

k;i

and the 
ondition (b) of the

enun
iate,

S

k;i

(z)�

S

k;i

(zq

k

) enumerates all those partitions of the type enumerated

by

S

k;i

(z) that 
ontain any number of 1's atta
hed to an appearen
e of \2k�(i+1)"

or any (k+1)'s atta
hed to an appearen
e of \2k�(i+1)" and not to an appearen
e

of 3k � (i + 1). This, together with 
ondition (a), tell us that the partitions in

S

k;i

(z)�

S

k;i

(zq

k

) are generated by

zq

2k�i�1

(1� zq)(1� zq

k+1

)

S

k;i

(zq

2k

):
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Considering that

S

k;i

(0) = 1; (1) is proved.

To �nish the proof of the theorem is suÆ
ient to note that the same argument

used above 
an be used for the 
ases: k = i = 1; k = i = 2; k > 2 and i = k � 2.

Remark. The natural question that arise from this work: there exist others k or

i, di�erent from the ones that we give in se
tion 2, for whi
h we have sums?
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