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1. Introdu
tion

The purpose of this paper is to show the existen
e and uniqueness of a strong

solution of the �rst initial boundary-value problem for generalized Boussinesq

model of the vis
ous, in
ompressible heat 
ondu
ting 
uids. Let u; p; ' be the

velo
ity, the pressure and the temperature of the 
uid, respe
tively. The motion

of the 
uid is des
ribed by the initial boundary-value problem (see [2℄):

�u

�t

+ u:ru�r � (�(')ru) + grad p = � 'g + h;

div u = 0 in (0; T )� 
; (1.1)

u(x; t) = 0 on (0; T )� �
 and u(x; 0) = u

0

(x) on 
;

where 
 is a bounded open subset of IR

N

; N = 2 or 3: The 
onservation of

internal energy is des
ribed by the initial boundary value problem

�'

�t

+ u:r'�r � (k(')r') = f in (0; T )� 
; (1.2)

'(x; t) = � on (0; T )� �
 and '(x; 0) = '

0

(x) on 
:

The vis
osity of the 
uid is �(') and the 
oeÆ
ient of heat 
ondu
tion is

k('); g; h and f are external for
es, � > 0 is a positive 
onstant asso
i-

ated to the 
oeÆ
ient of volume expansion. The system (1.1)-(1.2) does not

belong to any of the three traditional types of 
lassi�
ation of partial di�erential

equations. To show the existen
e of strong solution we will use an iterational

approa
h and we give 
onvergen
e-rates for this method in several norms. We

feel that it is appropriate to 
ite some earlier works on the initial value problem

(1.1)-(1.2) and to lo
ate our 
ontributions therein. For simpli
ity, we will 
on-

sider homogeneous 
onditions on �
; the general 
ase 
an be redu
ed to this

one by assuming suitable smoothness on the boundary data.

When �(') and k(') are a positive 
onstants, the problem (1.1)-(1.2) is the


lassi
al Boussinesq model, this model has well studied, see for instan
e Mori-

moto [8℄, Hishida [3℄, Rojas-Medar and Lor
a [11℄, [12℄, [13℄.

The model 
onsidered in this work was studied by Lor
a and Boldrini [5℄, [6℄,
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[7℄, they used the spe
tral Galerkin method as method of approximation.

Following ideas from [14℄, an iterational method was proposed by Zarubin [16℄

for �nding the approximate solution of the 
lassi
al Boussinesq equations. Un-

fortunately, although the statement of Theorem 1, p.1081 in [16℄ furnishes a


onvergen
e rate, the proof of this result is in
orre
t. In another 
lass of 
u-

ids Ortega-Torres and Rojas-Medar [9℄, Ortega-Torres, Rojas-Medar and Con
a

[10℄ obtained the 
onvergen
e rates for the method proposed by Zarubin.

In this paper we will 
ombine the arguments used by Lor
a and Boldrini [5℄ and

Ortega-Torres and Rojas-Medar [9℄ to show the existen
e and uniqueness of

strong solutions for problem (1.1)-(1.2) as well as the 
onvergen
e-rates bound.

Although this not too interesting 
ase from the pra
ti
al pointview, we hope

that the te
hniques that we developed here 
ould be adapted in the important


ase where the full dis
retization are used.

The paper is organized as follows: In the Se
tion 2, we state some preliminaries

results that will be useful in the rest of the paper, we des
ribed the approxima-

tion method. In the Se
tion 3, we stablished our prin
ipal result on the existen
e

and uniqueness of strong solution as well the 
onvergen
e-rate bounds. In the

Se
tion 4, we give the results on the pressure.

Finally, we would like to say that, as it usual in this 
ontext, to simpli
ity the

notation in the expressions we will denote by C;C

1

; : : : ;generi
 positive 
on-

stants depending only on the �xed data of the problem.

2. Preliminaries and Results

We begin by re
alling 
ertain de�nitions and fa
ts to be used later in this paper.

The L

2

(
)-produ
t and norm are denoted by (; ) and j j, respe
tively; the

L

p

(
)-norm by j j

L

p

; 1 � p � 1; the H

m

(
)- norm are denoted by k k

H

m

and the W

k;p

(
)-norm by j j

W

k;p.

Here H

m

(
) = W

m;2

(
) and W

k;p

(
) are the usual Sobolev spa
e H

1

0

(
) is the


losure of C

1

0

(
) in the H

1

� norm.



4 M. Drina Rojas-Medar Marko A. Rojas-Medar

If B is a Bana
h spa
e, we denote L

q

(0; T ;B) the Bana
h spa
e of the B-valued

fun
tions de�ned in the interval (0, T) that are L

q

-integrable in the sense of

Bo
hner.

Let C

1

0;�

(
) = fv 2 C

1

0

(
)

N

; div v = 0g; V = 
losure of C

1

0;�

(
) in (H

1

0

(
))

N

and H = 
losure of C

1

0;�

(
) in (L

2

(
))

N

.

Let P be the orthogonal proje
tion from (L

2

(
))

N

onto H obtained by the

usual Helmholtz de
omposition. Then, the operator A : H ! H given by

A = �P� with domain D(A) = (H

2

(
))

N

\ V is 
alled the Stokes operator.

In order to obtain regularity properties of the Stokes operator we will assume

that 
 is of 
lass C

1;1

[1℄. This assumption implies, in parti
ular, that when

Au 2 L

2

(
), then u 2 H

2

(
) and kuk

H

2

and jAuj are equivalent norms.

Throughout the paper, we will suppose that �; �

0

; k; k

0

are 
ontinuous fun
tions

and

0 < �

0

< �(�) < �

1

< +1; 0 < k

0

< k(�) < k

1

< +1

j�

0

(�)j < �

0

1

< +1; jk

0

(�)j < k

0

1

< +1; for all � 2 IR: (2.1)

We 
onsider the following iterative pro
ess of the approximate solution of prob-

lem (1.1)-(1.2).

If u

n

is given, we de�ned the following equations,

u

n+1

t

� P (div(�('

n+1

)ru

n+1

)) + P (u

n

:ru

n+1

) + P (�'

n+1

g) = Ph; (2.2)

'

n+1

t

� (div(k('

n+1

)r'

n+1

)) + (u

n

:r'

n+1

) = f; (2.3)

u

n+1

(x; 0) = 0; '

n+1

(x; 0) = 0; in 
: (2.4)

Where for simpli
ity of exposition, we have taken homogeneous boundary 
on-

ditions, and u

0

= '

0

= 0.

Combining the arguments of [5℄ and [9℄ it is possible to show the following uni-

form estimates in n for the approximations (u

n

; '

n

).
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Lemma 2.1. Let 
 be a bounded domain in IR

N

(N = 2 ou 3) with C

1;1

boundary; we suposse �; k satisfying (2.1), g 2 L

1

(0; T ; (L

2

(
))

N

); f; f

t

2

L

2

(0; T ;L

2

(
)); h; g

t

; h

t

2 L

2

(0; T ; (L

2

(
))

N

). Let u

1

= '

1

= 0.

Then for ea
h n, the problem (2.2)-(2.4), has an unique strong solution (u

n

; '

n

)

su
h that u

n

2 L

1

(0; T ;D(A)); '

n

2 L

1

(0; T ;H

2

(
)); and u

n

t

2 L

1

(0; T ;H)\

L

2

(0; T ;V ); '

n

t

2 L

1

(0; T ;L

2

(
)) \ L

2

(0; T ;H

1

0

(
)), for ea
h n and the follow-

ing estimates uniformly in n, are veri�ed:

sup

t

fju

n

t

(t)j

2

+ j'

n

t

(t)j

2

g �M;

Z

t

0

jru

n

�

(�)j

2

d� +

Z

t

0

jr'

n

�

(�)j

2

d� �M;

sup

t

fjAu

n

(t)j

2

+ j�'

n

(t)j

2

g �M;

for all t 2 [0; T ℄, where M is a positive 
onstant independent of n.

Theorem 2.1 Under the 
onditions of Lemma 2.1, then the approximate so-

lutions (u

n

; '

n

) 
onverge in the spa
e L

1

(0; T ;D(A))� L

1

(0; T ;H

2

(
)).

The limiting element (u; ') is a solution of problem (1.1)-(1.2) and the solution

is unique. The rate of 
onvergen
e satis�es the inequalities:

sup

t

fjru

n

(t)�ru(t)j

2

+ jr'

n

(t)�r'(t)j

2

g �M

2

(M

1

T )

n�1

(n� 1)!

;

Z

t

0

jAu

n

(�)� Au(�)j

2

d� +

Z

t

0

j�'

n

(�)��'(�)j

2

d� �M

3

(M

1

T )

n�1

(n� 1)!

;

Z

t

0

jru

n

(�)�ru(�)j

2

d� +

Z

t

0

jr'

n

(�)�r'(�)j

2

d� �M

4

(M

1

T )

n

n!

;

Z

t

0

ju

n

�

(�)� u

�

(�)j

2

d� +

Z

t

0

j'

n

�

(�)� '

�

(�)j

2

d� �M

5

(M

1

T )

n�1

(n� 1)!

;

sup

t

fju

n

t

(t)� u

t

(t)j

2

+ j'

n

t

(t)� '

t

(t)j

2

g

�M

6

2

4

(M

1

T )

n�2

(n� 2)!

+

"

(M

1

T )

n�1

(n� 1)!

#

1=2

3

5

;
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Z

t

0

jru

n

�

(�)�ru

�

(�)j

2

d� +

Z

t

0

jr'

n

�

(�)�r'

�

(�)j

2

d�

�M

6

2

4

(M

1

T )

n�2

(n� 2)!

+

"

(M

1

T )

n�1

(n� 1)!

#

1=2

3

5

;

sup

t

fjAu

n

(t)� Au(t)j

2

+ j�'

n

(t)��'(t)j

2

g

�M

7

2

4

(M

1

T )

n�2

(n� 2)!

+

"

(M

1

T )

n�1

(n� 1)!

#

1=2

3

5

;

for all t 2 [0; T ℄, where the positives 
onstants are independents of n.

3. Proof of Theorem 2.1

In this se
tion, we prove several 
onvergen
e-rates bounds for the approximate

solutions.

The following lemma will be fundamental in our future arguments.

Lemma 3.1. Let 0 � �

1

(t) � M for all t 2 [0; T ℄ and assume that the

following inequality is true for all r � 2

0 � �

r

(t) � C

Z

t

0

�

r�1

(s)ds:

Then,

�

r

(t) �M

(Ct)

r�1

(r � 1)!

�M

(C T )

r�1

(r � 1)!

(3.1)

for all t 2 [0; T ℄ and r � 2. Therefore, �

r

(t)! 0 as r !1; 8t 2 [0; T ℄.

Moreover,

Z

t

0

�

r

(s)ds �

MC

r�1

t

r

r!

�

M

C

(CT )

r

r!

:

(See [9℄).
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Let u

n;s

(t) = u

n+s

(t)� u

n

(t) and '

n;s

(t) = '

n+s

(t)� '

n

(t); 8n; s � 1.

Then the following equation are satis�ed by u

n;s

and '

n;s

u

n;s

t

� P ((div(�('

n+s

)ru

n;s

) + (u

n�1;s

:ru

n

)� �g'

n;s

�div((�('

n+s

)� �('

n

))ru

n

) + (u

n+s�1

:ru

n;s

)) = 0; (3.2)

'

n;s

t

� div(k('

n+s

)r'

n;s

) + (u

n+s�1

:r'

n;s

) (3.3)

�div((k('

n+s

)� k('

n

))r'

n

) + (u

n�1;s

:r'

n

) = 0:

Lemma 3.2. Let v 2 V \(H

2

(
))

N

and 
onsider the Helmholtz de
omposition

of ��v, that is,

��v = A v +rq;

where q 2 H

1

(
) is taken su
h that

R




q dx = 0.

Then, for every " > 0 there exists a positive 
onstant C

"

independent of v; and

there exists 
 su
h that, the following estimates holds

jqj � C

"

jrvj+ "jAvj; kqk

H

1

(
)

� 
jAvj: (3.4)

(See [5℄).

Lemma 3.3. There exists a positive 
onstant C > 0, independent of n and s,

su
h that:

jru

n;s

(t)j

2

+ jr'

n;s

(t)j

2

+

R

t

0

jAu

n;s

(�)j

2

d� +

R

t

0

j�'

n;s

(�)jd�

� C

R

t

0

(jru

n�1;s

(�)j

2

+ jr'

n�1;s

(�)j

2

+ jru

n;s

(�)j

2

+ jr'

n;s

(�)j

2

)d�

Proof. Multiplying (3.2.) by Au

n;s

, we obtain

1

2

d

dt

jru

n;s

j

2

� (div(�('

n

)ru

n;s

); Au

n;s

) = �(u

n�1;s

:ru

n

; Au

n;s

)

+(div((�('

n+s

)� �('

n

))ru

n

; Au

n;s

)� (u

n+s�1

:ru

n;s

; Au

n;s

)

��(g'

n;s

; Au

n;s

):
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Using the identity: div(�(�)rv) = �(�)�v + �

0

(�)r(�)rv, and Lemma 3.2,

then,

1

2

d

dt

jru

n;s

j

2

+ (�('

n+s

)Au

n;s

; Au

n;s

) = ((�('

n+s

)� �('

n

))Au

n

; Au

n;s

)

+((�

0

('

n+s

)r'

n+s

� �

0

('

n

)r'

n

)ru

n

; Au

n;s

)

+(�

0

('

n+s

)r'

n+s

ru

n;s

; Au

n;s

) + (�('

n+s

)rq

n;s

; Au

n;s

) (3.5)

+((�('

n+s

)� �('

n

))rq

n

; Au

n;s

) + (u

n+s�1

� ru

n;s

; Au

n;s

)

+(u

n�1;s

� ru

n

; Au

n;s

) + �(g'

n;s

; Au

n;s

):

Now, we estimate the right hand side terms by using H�older's inequality, Sobolev

embedding and Young's inequality, we obtain:

j((�('

n+s

)� �('

n

))Au

n

; Au

n;s

)j � Cj�('

n+s

)� �('

n

)j

L

1

jAu

n

jjAu

n;s

j

� Cj'

n;s

j

L

1

jAu

n

jjAu

n;s

j

� Cjr'

n;s

j

1=2

j�'

n;s

j

1=2

jAu

n;s

j

� C

"

jr'

n;s

jj�'

n;s

j+ "jAu

n;s

j

2

� C

";"

1

jr'

n;s

j

2

+ "

1

j�'

n;s

j

2

+ "jAu

n;s

j

2

;

j((�

0

('

n+s

)r'

n+s

� �

0

('

n

)r'

n

)ru

n

; Au

n;s

)j

� Cj�

0

('

n+s

)r'

n;s

+ ((�

0

('

n+s

)� �

0

('

n

))r'

n

j

L

3

jru

n

j

L

6

jAu

n;s

j

� C(�

0

1

jr'

n;s

j

L

3

+ j'

n;s

j

L

6

jr'

n

j

L

6

)jAu

n;s

j

� C

";"

1

jr'

n;s

j

2

+ "

1

j�'

n;s

j

2

+ C

"

jr'

n;s

j

2

+ "jAu

n;s

j

2

;

j(�

0

('

n+s

)r'

n+s

ru

n;s

; Au

n;s

)j � C�

0

1

jr'

n+s

j

L

4

jru

n;s

j

L

4

jAu

n;s

j

� Cj�'

n+s

jjru

n;s

j

1=4

jAu

n;s

j

7=4

� C

"

jru

n;s

j

2

+ "jAu

n;s

j

2

;
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j(�('

n+s

)rq

n;s

; Au

n;s

)j = j(q

n;s

; div(�('

n+s

)Au

n;s

))j

= j(q

n;s

; �

0

('

n+s

)r'

n+s

Au

n;s

)j

� C�

0

1

jq

n;s

j

L

4

jr'

n+s

j

L

4

jAu

n;s

j

� Cjq

n;s

j

1=4

jkq

n;s

k

3=4

H

1

j�'

n+s

jjAu

n;s

j

� C

"

jru

n;s

j

2

+ "jAu

n;s

j

2

;

j((�('

n+s

)� �('

n

))rq

n

; Au

n;s

)j � Cj'

n;s

j

L

1

jrq

n

jjAu

n;s

j

� Cjr'

n;s

j

1=2

j�'

n;s

j

1=2

jAu

n

jjAu

n;s

j

� C

";"

1

jr'

n;s

j

2

+ "

1

j�'

n;s

j

2

+ "jAu

n;s

j

2

;

j(u

n+s�1

:ru

n;s

; Au

n;s

)j � Cju

n+s�1

j

L

6

jru

n;s

j

L

3

jAu

n;s

j

� Cjru

n+s�1

jjru

n;s

j

1=2

jAu

n;s

j

3=2

� C

"

jru

n;s

j

2

+ "jAu

n;s

j

2

;

j(u

n�1;s

:ru

n

; Au

n;s

)j � Cju

n�1;s

j

L

6

jru

n

j

L

3

jAu

n;s

j

� Cjru

n�1;s

jjAu

n

jjAu

n;s

j

� C

"

jru

n�1;s

j

2

+ "jAu

n;s

j

2

;

j�(g'

n;s

; Au

n;s

)j � Cjgj

L

3

j'

n;s

j

L

6

jAu

n;s

j

� C

"

jr'

n;s

j

2

+ "jAu

n;s

j

2

:

By taking "; "

1

> 0 suÆ
iently smalls in the above estimates, we obtain in (3.5)

the following integral inequality:

jru

n;s

(t)j

2

+ �

0

Z

t

0

jAu

n;s

(�)j

2

d�

� C

Z

t

0

(jru

n�1;s

(�)j

2

+ jru

n;s

(�)j

2

)d� + C

Z

t

0

jr'

n;s

(�)j

2

d� (3.6)

+3"

1

Z

t

0

j�'

n;s

(�)j

2

d�:

Analogously, multiplying(3.3) by �'

n;s

, we obtain

jr'

n;s

(t)j

2

+

3

2

k

0

Z

t

0

j�'

n;s

(�)j

2

d� � C

Z

t

0

(jru

n�1;s

(�)j

2

+ jr'

n;s

(�)j

2

)d�:(3.7)
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Adding (3.6) and (3.7), 
hoosing " =

k

0

6

and minf1; �

0

; k

0

g, after applying the

Gronwall's inequality , we obtain

jru

n;s

(t)j

2

+ jr'

n;s

(t)j

2

+

Z

t

0

(jAu

n;s

(�)j

2

+ j�'

n;s

(�)j

2

)d� (3.8)

� C

Z

t

0

(jru

n�1;s

(�)j

2

+ jr'

n�1;s

(�)j

2

)d�:

This 
omplete the proof of the Lemma 3.3.

Corollary 3.1. There exists a positive 
onstant 
 > 0, independent of n and

s, su
h that:

Z

t

0

ju

n;s

�

(�)j

2

d� +

Z

t

0

j'

n;s

�

(�)j

2

d� � 


Z

t

0

(jru

n�1;s

(�)j

2

+ jr'

n�1;s

(�)j

2

)d�

+


Z

t

0

(jAu

n;s

(�)j

2

+ j�'

n;s

(�)j

2

)d� + 


Z

t

0

jr'

n;s

(�)j

2

d�:

Proof of the Theorem 2.1.

Setting �

n;s

(t) = jru

n;s

(t)j

2

+ jr'

n;s

(t)j

2

, the Lemma 3.3, implies

�

n;s

(t) +

Z

t

0

(jAu

n;s

(�)j

2

+ j�'

n;s

(�)j

2

)d� �M

1

Z

t

0

�

n�1;s

(�)d�: (3.9)

Thus,

�

n;s

(t) � M

1

Z

t

0

�

n�1;s

(�)d�:

From Lemma 3.1, sin
e �

n;s

(t) �M

2

, by the estimates given in the Lemma 2.1

we get

�

n;s

(t) �M

2

(M

1

t)

n�1

(n� 1)!

:

Moreover,

jru

n;s

(t)j

2

+ jr'

n;s

(t)j

2

�M

2

(M

1

t)

n�1

(n� 1)!

� M

2

(M

1

T )

n�1

(n� 1)!

: (3.10)

Also, (3.9) and (3.10), imply

Z

t

0

(jAu

n;s

(�)j

2

+ j�'

n;s

(�)j

2

)d� �M

3

(M

1

t)

n�1

(n� 1)!

�M

3

(M

1

T )

n�1

(n� 1)!

: (3.11)

Also, we observe that (3.10), implies

Z

t

0

(jru

n;s

(�)j

2

+ jr'

n;s

(�)j

2

)d� �M

4

(M

1

t)

n

n!

: (3.12)
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The Corollary 3.1, together with estimate (3.10) and the estimates given in the

Lemma 2.1, imply

Z

t

0

(ju

n;s

�

(�)j

2

+ j'

n;s

�

(�)j

2

)d� � M

5

(M

1

t)

n�1

(n� 1)!

�M

5

(M

1

T )

n�1

(n� 1)!

: (3.13)

Di�erentiating (3.2) with respe
t to t and taking u

n;s

t

as a test fun
tion in the

resulting equation, we obtain

1

2

d

dt

ju

n;s

t

j

2

+ (�('

n+s

)ru

n;s

t

;ru

n;s

t

) = j(�

0

('

n+s

)'

n+s

t

ru

n;s

;ru

n;s

t

)

+((�('

n+s

)� �('

n

))ru

n

t

;ru

n;s

t

) + (u

n�1;s

t

:ru

n

; u

n;s

t

) (3.14)

+((�

0

('

n+s

)'

n+s

t

� �

0

('

n

)'

n

t

)ru

n

;ru

n;s

t

) + (u

n+s�1

t

:ru

n;s

; u

n;s

t

)

+(u

n�1;s

:ru

n

t

; u

n;s

t

) + �(g

t

'

n;s

; u

n;s

t

) + �(g'

n;s

t

; u

n;s

t

)j:

We estimate the right-hand side of (3.14) as usual to obtain

d

dt

ju

n;s

t

j

2

+ �

0

jru

n;s

t

j

2

� C[jr'

n+s

t

jjAu

n;s

j

2

+ jr'

n;s

jjru

n

t

j

2

+j'

n;s

t

j

2

+ jr'

n;s

j

2

jr'

n

t

j

2

+ jAu

n;s

j

2

+ jg

t

j

2

jr'

n�1;s

j

2

(3.15)

+ju

n�1;s

t

j

2

+ jru

n�1;s

j

2

jru

n

t

j

2

+ j'

n�1;s

t

j

2

℄ + Æjr'

n;s

t

j

2

:

Analogously, we get

d

dt

j'

n;s

t

j

2

+

3

2

k

0

jr'

n;s

t

j

2

� C[jr'

n+s

t

jj�'

n;s

j

2

+ jr'

n;s

jjr'

n

t

j

2

+ju

n�1;s

t

j

2

+ jru

n�1;s

j

2

jr'

n

t

j

2

(3.16)

+j'

n;s

t

j

2

+ jr'

n;s

j

2

jr'

n

t

j

2

+ j�'

n;s

j

2

℄:

Adding (3.15) and (3.16), after integrate with respe
t to t, we have

ju

n;s

t

(t)j

2

+ j'

n;s

t

(t)j

2

+ �

0

Z

t

0

jru

n;s

�

(�)j

2

d� + k

0

Z

t

0

jr'

n;s

�

(�)j

2

d�

� C[

Z

t

0

(jAu

n;s

(�)j

2

+ j�'

n;s

(�)j

2

)d� +

Z

t

0

(ju

n�1;s

�

(�)j

2

+ j'

n�1;s

�

(�)j

2

)d�

+

Z

t

0

(ju

n;s

�

(�)j

2

+ j'

n;s

�

(�)j

2

d� +

Z

t

0

jr'

n;s

�

(�)j(jAu

n;s

(�)j

2

+ j�'

n;s

(�)j

2

)d�

+

Z

t

0

jr'

n;s

(�)j

2

jr'

n

�

(�)j

2

d� +

Z

t

0

jru

n

�

(�)j

2

(jr'

n;s

(�)j+ jru

n�1;s

(�)j

2

)d�

+

Z

t

0

jr'

n�1;s

(�)j

2

jg

�

(�)j

2

d� +

Z

t

0

jru

n�1;s

(�)j

2

jr('

n

�

(�))j

2

d�:
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Now, 
hoosing minf1; �

0

; k

0

g, from (3.10), (3.11), (3.13) and using the Gron-

wall's inequality, we get

ju

n;s

t

(t)j

2

+ j'

n;s

t

(t)j

2

+

Z

t

0

(jru

n;s

�

(�)j

2

+ jr'

n;s

�

(�)j

2

)d�

� C[M

3

(M

1

T )

n�1

(n� 1)!

+M

5

(M

1

T )

n�2

(n� 2)!

+ sup

t

jr'

n;s

(t)j

2

Z

t

0

jr'

n

�

(�)j

2

d�

+(

Z

t

0

jr'

n+s

�

(�)j

2

d�)

1=2

(

Z

t

0

jAu

n;s

(�)j

2

+ j�'

n;s

(�)j

2

)d�)

1=2

+(sup

t

jr'

n;s

(�)j + sup

t

jru

n�1;s

(�)j

2

)

Z

t

0

jru

n

�

(�)j

2

d�

+sup

t

jr'

n�1;s

(�)j

2

Z

t

0

jg

�

(�)j

2

d� + sup

t

jru

n�1;s

(�)j

2

Z

t

0

jr'

n

�

(�)j

2

d� ℄:

The estimate given in the Lemma 2.1, implies

ju

n;s

t

(t)j

2

+ j'

n;s

t

(t)j

2

+

Z

t

0

(jru

n;s

�

(�)j

2

+ jr'

n;s

�

(�)j

2

)d�

� C[M

3

(M

1

T )

n�1

(n� 1)!

+M

5

(M

1

T )

n�2

(n� 2)!

+

"

M

3

(M

1

T )

n�1

(n� 1)!

#

1=2

(3.17)

+M

2

(M

1

T )

n�1

(n� 1)!

+

"

M

2

(M

1

T )

n�1

(n� 1)!

#

1=2

+M

2

(M

1

T )

n�2

(n� 2)!

+M

2

(M

1

T )

n�2

(n� 2)!

+M

2

(M

1

T )

n�2

(n� 2)!

℄

�M

6

2

4

(M

1

T )

n�2

(n� 2)!

+

"

(M

1

T )

n�1

(n� 1)!

#

1=2

3

5

:

From (3.2) and (3.3), is easily to show

jAu

n;s

j

2

+ j�'

n;s

j

2

� C[jru

n�1;s

j

2

+ jru

n;s

j

2

+ ju

n;s

t

j

2

+ j'

n;s

t

j

2

+ jr'

n;s

j

2

℄:

Then,

jAu

n;s

(t)j

2

+ j�'

n;s

(t)j

2

� C[M

2

(M

1

T )

n�2

(n� 2)!

+M

2

(M

1

T )

n�1

(n� 1)!

+ M

6

2

4

(M

1

T )

n�2

(n� 2)!

+

"

(M

1

T )

n�1

(n� 1)!

#

1=2

3

5

℄

� M

7

2

4

(M

1

T )

n�2

(n� 2)!

+

"

(M

1

T )

n�1

(n� 1)!

#

1=2

3

5

(3.18)
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by virtue of (3:10) and (3:17).

Sin
e the spa
es L

2

(0; T ;V ); L

2

(0; T ;H

1

0

(
)); L

1

(0; T ;D(A)); L

1

(0; T ;H

2

(
)); L

1

(0; T ;H); L

1

(0; T ;L

2

(
));

are Bana
h spa
es, it is easily see that

u

n

! u strongly in L

1

(0; T ;D(A));

u

n

t

! u

t

strongly in L

1

(0; T ;H) \ L

2

(0; T ;V );

'

n

! ' strongly in L

1

(0; T ;H

2

(
));

'

n

t

! '

t

strongly in L

1

(0; T ;L

2

(
)) \ L

2

(0; T ;H

1

0

(
)),

as n!1.

Now, the next step is to take limit. But, on
e the above 
onvergen
es has been

stablished this is a standar pro
edure, and we obtain

Z

t

0

hu

t

� div(�(')ru) + u:ru� �g'� h; vi�(t)dt = 0;

Z

t

0

h'

t

� div(k(')r') + u:r'� f;  i�(t)dt = 0;

for all v 2 (L

2

(
))

N

;  2 L

2

(
) and �; � 2 L

1

(0; T ):

These equation together with the Du Bois-Reymond's Theorem imply

hu

t

� div(�(')ru) + u:ru� �g'� h; vi = 0;

h'

t

� div(k(')r') + u:r'� f;  i = 0;

a. e. in 
, for every v 2 (L

2

(
))

N

;  2 L

2

(
).

These two last inequalities, imply

u

t

� P (div(�(')ru)) + P (u:ru) = �P (g') + P (h);

'

t

� div(k(')r') + u:r' = f:

The 
onvergen
es-rates bound of Theorem, 
an be obtained by taking the

limit as s ! 1 in the inequalities (3.10), (3.11), (3.12), (3.13), (3.17) and

(3.18).This 
ompletes the proof of the Theorem.
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4. Results on the Pressure

By using the Amrou
he and Girault [1℄ results on the Stokes problem and the

estimates given in the above se
tions, we obtain easily the following proposi-

tions:

Proposition 4.1 Under the hypotheses of Lemma 2.1 for ea
h n, there

exists p

n

2 L

1

(0; T ;H

1

(
)=IR) su
h that

sup

t

fkp

n

(t)k

2

H

1

(
)=IR

g � C

0

;

for all t 2 [0; T ℄; where C

0

is a positive 
onstant independent of n.

Proposition 4.2 Under the hypotheses of Theorem 2.1, we have that

the approximate pressure p

n


onverge in the spa
e L

1

(0; T ;H

1

(
)=IR).

The limiting element p is su
h that (u; '; p) is a solution of problem (1.1)-

(1.2) and the solution is unique. Moreover, the rate of 
onvergen
e satis�es the

inequalities:

Z

t

0

jp

n

(�)� p(�)j

2

H

1

(
)=IR

d� �M

8

(M

1

T )

n�1

(n� 1)!

;

sup

t

fjp

n

(t)� p(t)j

2

H

1

(
)=IR

g � M

9

2

4

(M

1

T )

n�2

(n� 2)!

+

"

(M

1

T )

n�1

(n� 1)!

#

1=2

3

5

;

for all t 2 [0; T ℄, where the 
onstants M

1

;M

8

;M

9

are independent of n.
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