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Abstra
t

A family of s
aled 
onjugate-gradient algorithms for large-s
ale un-


onstrained minimization is de�ned. The Perry, the Polak-Ribi�ere and

the Flet
her-Reeves formulae are 
ompared using a spe
tral s
aling

derived from Raydan's spe
tral gradient optimization method. The

best 
ombination of formula, s
aling and initial 
hoi
e of steplength is


ompared against 
lassi
al algorithms using a 
lassi
al set of problems.

An additional 
omparison involving an estimation problem in Opti
s

is presented.
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1 Introdu
tion

In a re
ent paper [8℄ Raydan introdu
ed the spe
tral gradient method (SGM)

for potentially large-s
ale un
onstrained optimization. The main feature of

this method is that only gradient dire
tions are used at ea
h line sear
h and

a nonmonotone strategy guarantees global 
onvergen
e. Surprisingly, this

method outperforms sophisti
ated 
onjugate gradient algorithms in many

problems. The numeri
al results in [2, 5, 6, 8℄ and others suggested us that

�
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tral 
onjugate gradient method
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spe
tral gradient and 
onjugate gradient ideas 
ould be 
ombined in su
h a

way that even more eÆ
ient algorithms 
ould be obtained.

Assume that f : IR

n

! IR has 
ontinuous partial derivatives, and de-

note g(x) = rf(x). In the minimization methods 
onsidered in this paper

iterates are obtained by means of

x

k+1

= x

k

+ �

k

d

k

;

and

d

k+1

= ��

k

g

k+1

+ �

k

s

k

(1)

for k = 0; 1; 2; : : :, where g

k

denotes g(x

k

), x

0

2 IR

n

is arbitrary and

d

0

= ��

0

g

0

:

Suppose that x

k

and x

k+1

are two 
onse
utive points. Denote, also,

s

k

= x

k+1

� x

k

= �

k

d

k

and y

k

= g

k+1

� g

k

. Suppose, for a moment, that f

is quadrati
 and H � r

2

f(x) is positive de�nite. This implies that y

k

6= 0.

Therefore, the true minimizer x

�

satis�es

x

�

= x

k+1

+ d

�

where

Hd

�

= �g

k+1

:

Pre-multiplying by s

T

k

, this gives

s

T

k
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�

= �s

T

k

g

k+1

;

whi
h implies that

y

T

k

d

�

= �s

T

k

g

k+1

:

Therefore, the hyperplane

H

k

� fd 2 IR

n

j y

T

k

d = �s

T

k

g

k+1

g


ontains the optimum in
rement d

�

whi
h gives x

�

= x

k+1

+ d

�

. Observe

that the null dire
tion d = 0 belongs to H only if s

T

k

g

k+1

= 0 whi
h is not

our assumption at all.

So, it is natural to impose that the sear
h dire
tion d

k+1

, whi
h is going

to be 
omputed by an algorithm designed to minimize f , satisfy

d

k+1

2 H

k

: (2)
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So, by (1),

�

k

=
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k
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k

� s

k

)

T

g

k+1

s

T

k

y

k

: (3)

For �

k

= 1 this formula was introdu
ed by Perry in [7℄. If we assume that

s

T

j

g

j+1

= 0, j = 0; 1; : : : ; k, we obtain

�
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k

y
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k
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k
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k�1

g

T

k
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: (4)

If �

k

= �

k�1

= 1 this is the 
lassi
al Polak-Ribi�ere formula. Finally, as-

suming also that the su

essive gradients are orthogonal, we obtain the

generalization of Flet
her-Reeves formula:

�

k
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�

k

g

T

k+1

g

k+1

�

k

�

k�1

g

T

k

g
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: (5)

In this paper, motivated by the su

ess of the spe
tral gradient method,

we de
ided to 
ompare the 
lassi
al 
hoi
e �

k

= 1 with the spe
tral gradient


hoi
e:

�

k

= s

T

k

s

k

=s

T

k

y

k

: (6)

In fa
t the dire
tions d

k

= ��

k

g

k

are the ones used by Raydan in his

spe
tral gradient method. The parameter �

k

given by (6) is the inverse of

the Rayleigh quotient

s

T

k

[

Z

1

0

r

2

f(x

k

+ ts

k

)dt℄s

k

=s

T

k

s

k

whi
h, of 
ourse, lies between the largest and the smallest eigenvalue of the

Hessian average

R

1

0

r

2

f(x

k

+ ts

k

)dt.

Moreover, after some numeri
al experimentation, we observed that the

initial trial 
hoi
e for the steplength �

k

is also a very important parameter

that in
uentiates the algorithmi
 behavior. So, we de
ided to test also two

di�erent alternatives for this 
hoi
e.

This paper is organized as follows. In Se
tion 2 we present the model

algorithm, giving all the essential features of its implementation. In Se
tion 3

we use the set of test problems given in [8℄ to answer the following questions:

1. Is the 
hoi
e (6) better than �

k

� 1?

2. Whi
h is the best 
hoi
e for �

k

, among (3), (4) and (5)?

3. Whi
h is the best initial 
hoi
e for the steplength?
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In Se
tion 4 we 
ompare the new algorithm against CONMIN (a popular


onjugate-gradient 
ode based on [9, 10℄) and the spe
tral gradient method

of Raydan, using the same test fun
tions of Se
tion 3. In Se
tion 5 we


ompare the new algorithm against the spe
tral gradient method using a

real-life estimation problem in Opti
s. Con
lusions are given in Se
tion 6.

2 The algorithm

Keeping in mind the de�nitions of g

k

, s

k

and y

k

given in the Introdu
tion,

we de�ne the S
aled Conjugate Gradient method as follows:

Algorithm SCG

Assume that x

0

2 IR

n

, 0 < � < 
 < 1. De�ne d

0

= �g

0

and set k  0.

Step 1: If g

k

= 0, terminate the exe
ution of the algorithm.

Step 2: Compute (trying �rst � = ��(k; d

k

; d

k�1

; �

k�1

)) � > 0 su
h that

f(x

k

+ �d

k

) � f(x

k

) + ��g

T

k

d

k

(7)

and

g(x

k

+ �d

k

)

T

d

k

� 
g

T

k

d

k

: (8)

De�ne �

k

= � and

x

k+1

= x

k

+ �

k

d

k

:

Step 3: Compute �

k

by (6) (or �

k

= 1) and �

k

by (3), (4) or (5).

De�ne

d = ��

k

g

k+1

+ �

k

s

k

: (9)

If

d

T

g

k+1

� �10

�3

kdkkg

k+1

k (10)

de�ne d

k+1

= d. Otherwise, de�ne

d

k+1

= ��

k

g

k+1

:

Step 4: Set k  k + 1 and go to Step 2.

It is well known (see [3, 4℄) that a steplength � satisfying (7, 8) always

exists if f is bounded below along the dire
tion d

k

. We assume that we have

an algorithm that either 
omputes � with those 
onditions or dete
ts that
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f is unbounded below. In this 
ase, we say that SCG breaks at iteration k.

In pra
ti
e, we adopted the one-dimensional line sear
h used in CONMIN

(see [10℄) for 
omputing �.

The sear
h dire
tion d 
omputed by (9) 
an fail to be a des
ent dire
tion.

This is the reason that motivated several modi�
ations of Perry's formula in

[9℄. When the angle between d and �g

k+1

is not a
ute enough we \restart"

the algorithm with the spe
tral gradient dire
tion ��

k

g

k+1

. More sophis-

ti
ated reasons for restarting have been proposed in the literature, but we

are interested on the performan
e of an algorithm that uses this naive 
ri-

terion, asso
iated to the spe
tral gradient 
hoi
e for restarts. Of 
ourse,

the 
oeÆ
ient �

k

is always well de�ned and positive, sin
e (8) implies that

s

T

k

y

k

> 0.

3 Dis
ussion of alternatives

In this se
tion we use the test problems 
onsidered by [8℄ to answer the

questions formulated in the Introdu
tion. With this purpose, we 
onsider

the algorithm SCG with � = 10

�4

and 
 = 0:5.

So, for ea
h 
hoi
e of �

k

(among Perry (3), Polak-Ribi�ere (4) and Flet
her-

Reeves (5)) we have four methods:

M1: �

k

is 
omputed by (6) and the initial 
hoi
e of � is

��(k; d

k

; d

k�1

; �

k�1

) =

(

1; if k = 0

�

k�1

kd

k�1

k

2

=kd

k

k

2

; otherwise;

(11)

M2: �

k

is 
omputed by (6) and ��(k; d

k

; d

k�1

; �

k�1

) � 1;

M3: �

k

� 1 and the initial � is 
omputed as in (11);

M4: �

k

� 1 and ��(k; d

k

; d

k�1

; �

k�1

) � 1.

In the following tables, we display the performan
e of the algorithms de-

s
ribed above. For ea
h algorithm we state the number of fun
tion-gradient

evaluations and the fun
tional value a
hieved at the approximate solution

found. For terminating the exe
utions, we used, as in [8℄, the 
riterion

kg(x

k

)k

2

� 10

�6

maxf1; jf(x

k

)jg:

All the experiments were run in a SPARCstation Sun Ultra 1, with an

UltraSPARC 64 bits pro
essor, 167-MHz 
lo
k and 128-MBytes of RAM
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memory. SGM and CONMIN 
odes are in Fortran and were 
ompiled with

f77 
ompiler (SC 1.0 Fortran v1.4). The other algorithms are in the C/C++

language and were 
ompiled with the g++ 
ompiler (GNU proje
t C and

C++ 
ompiler v2.7). In all 
ases we used the optimization 
ompiler option

-O4.

Table 3 
orresponds to the four alternatives of formula (3). We show,

for ea
h problem, the number of fun
tion and gradient evaluations and the

optimal fun
tional value found. Let f

i

be the optimal fun
tional value found

by method M

i

and f

j

the optimal fun
tional value found by M

j

. We say

that, in a parti
ular problem, the performan
e of M

i

was better than the

performan
e of M

j

if f

i

� f

j

� 10

�3

or if jf

i

� f

j

j < 10

�3

and the number of

fun
tion-gradient evaluations of M

i

was less than the number of fun
tion-

gradient evaluation of M

j

. We say that \M

i

beat M

j

k1�k2" if the perfor-

man
e of M

i

was better than the performan
e ofM

j

in k

1

problems whereas

the performan
e of M

j

was better than the performan
e of M

i

in k

2

prob-

lems.
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M1 M2 M3 M4

Problem FGE f(x) FGE f(x) FGE f(x) FGE f(x)

1 100 11 0.0000E+00 8 0.0000E+00 11 0.0000E+00 8 0.0000E+00

1 1000 11 0.0000E+00 8 0.0000E+00 11 0.0000E+00 8 0.0000E+00

1 10000 11 0.0000E+00 60 0.0000E+00 11 0.0000E+00 60 0.0000E+00

2 100 63 5.0500E+02 79 5.0500E+02 63 5.0500E+02 83 5.0500E+02

2 500 85 1.2525E+04 124 1.2525E+04 95 1.2525E+04 140 1.2525E+04

2 1000 96 5.0050E+04 140 5.0050E+04 90 5.0050E+04 186 5.0050E+04

3 100 11 8.7540E�22 7 1.4665E�24 11 8.7540E�22 7 7.8758E�25

3 1000 9 5.2302E�20 6 2.6191E�22 9 5.2302E�20 6 5.4108E�20

3 10000 43 0.0000E+00 18 0.0000E+00 43 0.0000E+00 13 0.0000E+00

4 100 94 1.8410E�06 117 1.8410E�06 98 1.8410E�06 83 1.8410E�06

4 1000 84 2.3338E�07 121 2.1479E�07 86 2.4019E�07 79 2.4705E�07

4 10000 88 2.2553E�08 114 2.2104E�08 94 2.2561E�08 81 2.2369E�08

5 100 55 3.0248E�15 41 4.7261E�15 56 9.0436E�16 99 7.7355E�15

5 1000 106 1.4078E+00 140 7.1253E�01 70 4.8690E�15 190 3.9707E�01

5 3000 95 3.9707E�01 54 8.0458E�15 113 3.9707E�01 193 3.9707E�01

6 100 59 1.2882E�10 93 2.1347E�10 120 1.7172E�10 385 2.7329E�10

6 1000 221 9.7949E�11 449 2.2576E�10 306 6.3862E�10 1794 7.1612E�10

6 10000 753 1.5824E�10 2669 2.4077E�10 765 3.1394E�10 7879 1.4202E�10

7 100 54 7.1299E�24 110 3.7756E�25 49 1.7519E�20 118 3.8932E�15

7 1000 58 4.2731E�18 144 5.6455E�25 50 1.1695E�16 113 2.8596E�27

7 10000 61 2.2113E�21 91 1.2007E�16 53 2.1468E�17 134 6.4250E�23

8 100 151 9.0249E�04 166 9.0249E�04 110 9.0249E�04 255 9.0249E�04

8 1000 107 9.6868E�03 110 9.6862E�03 81 9.6862E�03 579 9.6862E�03

8 10000 96 9.9002E�02 79 9.9002E�02 98 9.9002E�02 650 9.9002E�02

9 100 180 2.6633E�15 272 2.5811E�15 188 1.5503E�15 278 2.7837E�15

9 1000 659 9.1087E�15 927 1.1960E�15 681 1.2204E�15 934 1.1820E�15

10 100 29 1.0583E�19 22 6.2419E�21 63 5.6617E�14 291 5.7001E�19

10 1000 83 1.6030E�15 204 9.3560E�19 132 1.4792E�15 107 4.8044E+93

11 100 168 3.8005E�10 691 4.5490E�11 131 1.6455E�09 263 2.8000E�09

11 1000 366 1.9973E�09 190 2.0085E�09 117 5.6132E�09 826 2.4485E�10

12 100 727 1.0000E+00 707 1.0000E+00 694 1.0000E+00 3950 1.0000E+00

12 500 1899 1.0000E+00 3414 1.0000E+00 2081 1.0000E+00 17602 1.0000E+00

13 100 32 1.0909E+02 27 1.0909E+02 39 1.0909E+02 45 1.0909E+02

13 1000 31 1.1082E+03 22 1.1082E+03 34 1.1082E+03 48 1.1082E+03

13 10000 23 1.1099E+04 19 1.1099E+04 36 1.1099E+04 49 1.1099E+04

14 100 85 1.1965E+04 129 1.1965E+04 65 1.1965E+04 361 1.1965E+04

14 1000 43 1.2147E+05 77 1.2147E+05 121 1.2147E+05 236 1.2147E+05

14 10000 41 1.2165E+06 96 1.2165E+06 38 1.2165E+06 525 1.2165E+06

15 100 116 6.6990E�16 76 3.7810E+02 87 3.7810E+02 339 7.8770E+00

15 1000 106 3.1328E�15 229 7.0812E�15 77 3.9306E+03 362 3.9228E+03

Table 1: Performan
e of Perry.
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M1 M2 M3 M4

Problem FGE f(x) FGE f(x) FGE f(x) FGE f(x)

1 100 13 0.0000E+00 11 0.0000E+00 13 0.0000E+00 11 0.0000E+00

1 1000 13 0.0000E+00 11 0.0000E+00 13 0.0000E+00 166 0.0000E+00

1 10000 13 0.0000E+00 218 0.0000E+00 13 0.0000E+00 166 0.0000E+00

2 100 68 5.0500E+02 79 5.0500E+02 68 5.0500E+02 91 5.0500E+02

2 500 108 1.2525E+04 123 1.2525E+04 108 1.2525E+04 163 1.2525E+04

2 1000 121 5.0050E+04 140 5.0050E+04 122 5.0050E+04 185 5.0050E+04

3 100 11 8.7540E�22 8 4.7974E�19 11 8.7540E�22 95 1.3644E�19

3 1000 9 5.2302E�20 8 3.5315E�21 9 5.2302E�20 89 1.3304E�22

3 10000 43 0.0000E+00 45 0.0000E+00 43 0.0000E+00 216 0.0000E+00

4 100 114 2.4054E�06 123 1.8410E�06 111 2.4054E�06 97 1.8410E�06

4 1000 98 2.3339E�07 108 2.2664E�07 98 2.3339E�07 111 2.1427E�07

4 10000 110 2.2265E�08 122 2.1983E�08 107 2.2265E�08 104 2.2680E�08

5 100 51 9.3293E�15 52 1.1363E�14 51 9.3293E�15 116 5.4871E�15

5 1000 117 7.1253E�01 99 7.1253E�01 115 7.1253E�01 231 7.1253E�01

5 3000 110 3.9707E�01 64 3.8591E�15 112 3.9707E�01 193 3.9707E�01

6 100 75 8.1586E�11 109 4.0205E�10 75 8.1586E�11 361 1.8057E�10

6 1000 271 2.7962E�10 522 3.9881E�10 268 5.1372E�10 1714 8.0629E�11

6 10000 1192 8.5903E�11 3159 5.7281E�10 1064 1.8114E�10 8308 7.1085E�10

7 100 59 2.7563E�16 117 2.0270E�16 59 2.7563E�16 121 1.1097E�22

7 1000 82 3.1513E�15 105 4.5191E�17 79 5.5793E�18 108 1.3089E�15

7 10000 52 8.7075E�17 89 1.6665E�25 52 8.7057E�17 129 4.2441E�18

8 100 183 9.0249E�04 160 9.0249E�04 193 9.0249E�04 359 9.0249E�04

8 1000 155 9.6862E�03 157 9.6862E�03 150 9.6862E�03 626 9.6862E�03

8 10000 100 9.9002E�02 158 9.9002E�02 104 9.9002E�02 840 9.9002E�02

9 100 224 5.5834E�15 261 1.9083E�15 223 1.0253E�14 242 3.7251E�15

9 1000 823 5.3509E�15 936 1.1286E�15 976 9.5998E�15 824 1.6607E�15

10 100 29 1.0512E�19 47 4.4518E�21 29 1.0511E�19 969 1.4175E�25

10 1000 43 2.1838E�23 485 4.9804E�22 43 2.3554E�23 107 1.2014E+76

11 100 329 5.3346E�10 436 4.1324E�09 394 8.2489E�11 310 4.2044E�10

11 1000 1089 4.7035E�09 346 2.4502E�09 607 5.1556E�10 320 2.3313E�09

12 100 840 1.0000E+00 1087 1.0000E+00 914 1.0000E+00 5145 1.0000E+00

12 500 3004 1.0000E+00 4031 1.0000E+00 3062 1.0000E+00 24685 1.0000E+00

13 100 39 1.0909E+02 24 1.0909E+02 39 1.0909E+02 34 1.0909E+02

13 1000 36 1.1082E+03 22 1.1082E+03 36 1.1082E+03 47 1.1082E+03

13 10000 30 1.1099E+04 28 1.1099E+04 30 1.1099E+04 32 1.1099E+04

14 100 76 1.1965E+04 171 1.1965E+04 76 1.1965E+04 261 1.1965E+04

14 1000 62 1.2147E+05 83 1.2147E+05 62 1.2147E+05 376 1.2147E+05

14 10000 62 1.2165E+06 85 1.2165E+06 62 1.2165E+06 296 1.2165E+06

15 100 65 3.8597E+02 80 3.7810E+02 65 3.8597E+02 366 3.9379E+00

15 1000 77 3.9267E+03 70 3.9267E+03 77 3.9267E+03 334 3.9228E+03

Table 2: Performan
e of Polak-Ribi�ere.
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M1 M2 M3 M4

Problem FGE f(x) FGE f(x) FGE f(x) FGE f(x)

1 100 13 1.4211E�14 12 0.0000E+00 13 1.4211E�14 13 2.8422E�13

1 1000 65 0.0000E+00 64 0.0000E+00 65 0.0000E+00 65 0.0000E+00

1 10000 117 0.0000E+00 167 0.0000E+00 117 0.0000E+00 116 0.0000E+00

2 100 87 5.0500E+02 129 5.0500E+02 87 5.0500E+02 104 5.0500E+02

2 500 135 1.2525E+04 203 1.2525E+04 135 1.2525E+04 169 1.2525E+04

2 1000 150 5.0050E+04 235 5.0050E+04 150 5.0050E+04 326 5.0050E+04

3 100 11 8.7540E�22 9 1.6231E�19 11 8.7540E�22 99 1.9409E�17

3 1000 9 5.2302E�20 8 3.1504E�20 9 5.2302E�20 89 1.3690E�22

3 10000 43 0.0000E+00 34 0.0000E+00 43 0.0000E+00 317 0.0000E+00

4 100 9237 2.0511E�06 514 1.8410E�06 9064 2.0431E�06 706 1.8410E�06

4 1000 546 2.3349E�07 478 2.2725E�07 490 2.3349E�07 1066 2.2725E�07

4 10000 260 2.1433E�08 474 1.4611E�08 225 2.1434E�08 1026 2.1369E�08

5 100 94 6.1146E�15 88 6.5000E�15 94 6.1146E�15 112 7.3569E�15

5 1000 355 3.9707E�01 483 3.9707E�01 349 3.9707E�01 2482 3.9707E�01

5 3000 361 1.4132E�14 332 1.4085E�14 368 1.3015E�14 243 3.9707E�01

6 100 72 7.3343E�11 83 3.9906E�10 72 7.3343E�11 335 2.8331E�10

6 1000 181 1.5526E�10 611 7.1882E�11 181 1.5532E�10 1764 1.6422E�10

6 10000 712 7.5201E�11 4835 5.7198E�11 754 6.4120E�11 12168 4.3333E�11

7 100 226 3.4249E�14 308 4.7522E�13 210 2.7708E�13 2549 6.3509E�14

7 1000 150 1.6903E�16 2203 8.5476E�14 166 4.9431E�13 4796 2.2730E�25

7 10000 175 1.2559E�14 3254 3.0481E�13 169 2.1257E�14 2305 6.8998E�13

8 100 1651 9.0249E�04 413 9.0249E�04 1636 9.0249E�04 1480 9.0249E�04

8 1000 738 9.6862E�03 246 9.6862E�03 751 9.6862E�03 582 9.6862E�03

8 10000 524 9.9002E�02 3027 9.9002E�02 478 9.9002E�02 1913 9.9002E�02

9 100 531 2.5973E�15 14001 1.2942E�03 531 2.5971E�15 14492 2.5580E�01

9 1000 5050 5.8067E�16 14001 7.2011E+00 4410 4.6703E�16 14217 1.8909E+01

10 100 29 1.0511E�19 55 5.3174E�19 29 1.0512E�19 887 5.0363E�21

10 1000 43 9.7570E�24 503 1.6185E�22 43 1.2717E�23 107 7.1871E+93

11 100 299 4.0649E�10 497 9.4581E�11 423 5.3053E�10 372 5.3573E�10

11 1000 522 1.3232E�09 4286 5.7282E�10 562 3.0749E�09 1550 5.0101E�10

12 100 9584 1.0065E+02 20633 1.0000E+00 9584 1.0065E+02 135737 1.0000E+00

12 500 9991 2.9167E+02 60913 9.0475E+01 9991 2.9167E+02 135008 2.0857E+02

13 100 50 1.0909E+02 42 1.0909E+02 50 1.0909E+02 50 1.0909E+02

13 1000 40 1.1082E+03 52 1.1082E+03 40 1.1082E+03 28 1.1082E+03

13 10000 33 1.1099E+04 19 1.1099E+04 33 1.1099E+04 64 1.1099E+04

14 100 65 1.1965E+04 5430 1.1965E+04 65 1.1965E+04 3115 1.1965E+04

14 1000 22 1.2147E+05 2676 1.2147E+05 22 1.2147E+05 552 1.2147E+05

14 10000 31 1.2165E+06 419 1.2165E+06 31 1.2165E+06 352 1.2165E+06

15 100 5551 3.9379E+00 794 3.7810E+02 9042 3.9379E+00 379 7.8770E+00

15 1000 207 7.8770E+00 709 3.9391E+00 86 7.8770E+00 2677 7.8770E+00

Table 3: Performan
e of Flet
her-Reeves.
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The 
on
lusions of the experiments displayed above are:

For Perry's formula (Table 1)

� M1 beat M3 21� 12;

� M1 beat M2 26� 14;

� M1 beat M4 31� 9;

� M3 beat M2 23� 17;

� M3 beat M4 31� 9;

� M2 beat M4 27� 8.

For Polak-Ribi�ere formula (Table 2)

� M3 beat M1 9� 8;

� M3 beat M2 26� 14;

� M3 beat M4 32� 8;

� M1 beat M2 27� 13;

� M1 beat M4 33� 7;

� M2 beat M4 31� 8.

For Flet
her-Reeves formula (Table 3)

� M3 beat M1 10� 7;

� M3 beat M2 24� 16;

� M3 beat M4 29� 8;

� M1 beat M2 24� 16;

� M1 beat M4 30� 7;

� M2 beat M4 28� 12.

Now, 
omparing the best alternatives of ea
h 
onjugate-gradient formula,

we 
on
lude that:

� Perry (M1) beat Polak-Ribi�ere (M3) 30� 6.

� Perry (M1) beat Flet
her-Reeves (M3) 29� 7.

� Polak-Ribi�ere (M3) beat Flet
her-Reeves (M3) 23� 11.

10



4 Comparisons with CONMIN and SGM

The experiments in Se
tion 3 seem to indi
ate that the best s
aled 
onjugate-

gradient formula is Perry's (3) with the spe
tral 
hoi
e (6) of �

k

and the

initial 
hoi
e (11) of the steplength. So, we 
ompared this method against

CONMIN [9℄ and the spe
tral gradient method of Raydan. We used the

original (Fortran) 
odes of SGM and CONMIN. SGM was used with the

parameters re
ommended by Raydan [8℄.

The results are given in Table 4. Using the same 
riteria des
ribed above,

we see that Perry's M1 beat CONMIN 20�19. The 
omparison against Ray-

dan's SGM must take into a

ount that this method evaluates, sometimes,

the fun
tion at points where the gradient is not evaluated. Counting only

gradient evaluations, Perry's M1 was better than SGM 20 times and SGM

was better than Perry's M1 in the same number of problems. Counting also

fun
tion evaluations, Perry's M1 beat SGM 21� 19.
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SGM CONMIN Perry(M1)

Problem IT FE GE f(x) IT FGE f(x) IT FGE f(x)

1 100 8 8 9 0.0000E+00 15 38 1.6058E�11 5 11 0.0000e+00

1 1000 8 8 9 -1.1369E�13 15 38 1.5154E�10 5 11 0.0000e+00

1 10000 8 8 9 1.8190E�12 15 38 1.4734E�09 5 11 0.0000e+00

2 100 52 57 53 5.0500E+02 40 81 5.0500E+02 45 63 5.0500e+02

2 500 74 80 75 1.2525E+04 63 127 1.2525E+04 67 85 1.2525e+04

2 1000 82 91 83 5.0050E+04 71 145 5.0050E+04 75 96 5.0050e+04

3 100 3 3 4 1.8795E�23 3 7 1.4066E�07 5 11 8.7540e�22

3 1000 4 4 5 1.3346E�23 15 38 8.1381E�18 4 9 5.2302e�20

3 10000 53 56 54 0.0000E+00 14 38 4.6837E�20 5 43 0.0000e+00

4 100 76 80 77 2.4054E�06 51 108 1.8410E�06 62 94 1.8410e�06

4 1000 91 104 92 2.2558E�07 53 112 2.2664E�07 56 84 2.3338e�07

4 10000 89 99 90 2.1659E�08 59 126 2.2674E�08 60 88 2.2553e�08

5 100 34 34 35 1.1369E�14 33 67 3.0081E�14 29 55 3.0248e�15

5 1000 40 40 41 4.3612E�15 81 169 3.9707E�01 72 106 1.4078e+00

5 3000 44 45 45 2.0021E�14 35 71 1.8684E�14 62 95 3.9707e�01

6 100 106 111 107 5.5889E�10 49 99 6.7141E�10 42 59 1.2882e�10

6 1000 296 364 297 1.4567E�09 158 320 1.3921E�10 169 221 9.7949e�11

6 10000 1351 1751 1352 1.0295E�09 464 937 5.3219E�11 565 753 1.5824e�10

7 100 69 91 70 3.4615E�17 19 47 2.9286E�12 29 54 7.1299e�24

7 1000 93 118 94 1.4427E�20 30 73 1.4110E�15 28 58 4.2731e�18

7 10000 70 92 71 1.9663E�17 28 69 1.4479E�14 28 61 2.2113e�21

8 100 48 49 49 9.0249E�04 27 65 9.0249E�04 73 151 9.0249e�04

8 1000 57 57 58 9.6862E�03 25 55 9.6862E�03 47 107 9.6862e�03

8 10000 70 70 71 9.9001E�02 1 3 1.1114E+23 37 96 9.9002e�02

9 100 167 191 168 2.4820E�16 80 161 4.9988E�15 141 180 2.6633e�15

9 1000 878 1152 879 1.6416E�14 306 613 6.1288E�16 520 659 9.1087e�15

10 100 38 38 39 3.1061E�29 13 29 2.8874E�18 11 29 1.0583e�19

10 1000 66 68 67 1.6362E�25 27 62 1.4308E�20 20 83 1.6030e�15

11 100 740 988 741 1.1325E�09 47 95 1.0019E�09 98 168 3.8005e�10

11 1000 1345 1851 1346 7.9283E�09 43 87 2.0417E�09 196 366 1.9973e�09

12 100 1429 1886 1430 1.0000E+00 254 516 1.0000E+00 536 727 1.0000e+00

12 500 4452 5896 4453 1.0000E+00 1082 2180 1.0000E+00 1522 1899 1.0000e+00

13 100 26 26 27 1.0909E+02 13 27 1.0909E+02 16 32 1.0909e+02

13 1000 23 23 24 1.1082E+03 11 23 1.1082E+03 16 31 1.1082e+03

13 10000 21 21 22 1.1099E+04 9 19 1.1099E+04 11 23 1.1099e+04

14 100 438 587 439 1.1965E+04 13 27 1.1965E+04 48 85 1.1965e+04

14 1000 288 391 289 1.2147E+05 12 25 1.2147E+05 22 43 1.2147e+05

14 10000 119 154 120 1.2165E+06 11 23 1.2165E+06 21 41 1.2165e+06

15 100 81 84 82 3.8597E+02 25 53 3.7810E+02 64 116 6.6990e�16

15 1000 80 87 81 7.8770E+00 34 69 3.9267E+03 59 106 3.1328e�15

Table 4: Performan
e of SGM, CONMIN and Perry-M1.

5 A parameter estimation problem in Opti
s

In re
ent works, the spe
tral gradient method has been su

essfully used for

a hard inverse problem that 
onsists on the estimation of opti
al parameters

of thin �lms using transmission data. See [1, 2℄.

The transmission T of a thin absorbing �lm on a transparent substrate
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is given by

T =

Ax

B � Cx+Dx

2

; (12)

where

A = 16s(r

2

+ k

2

); (13)

B = [(r + 1)

2

+ k

2

℄[(r + 1)(r + s

2

) + k

2

℄; (14)

C = [(r

2

� 1 + k

2

)(r

2

� s

2

+ k

2

)� 2k

2

(s

2

+ 1)℄2 
os '

�k[2(r

2

� s

2

+ k

2

) + (s

2

+ 1)(r

2

� 1 + k

2

)℄2 sin '; (15)

D = [(r � 1)

2

+ k

2

℄[(r � 1)(r � s

2

) + k

2

℄; (16)

' = 4�rd=�; x = exp(��d); � = 4�k=�: (17)

In formulae (13){(17) the following notation is used:

(a) � is the wavelength;

(b) s � s(�) is the refra
tive index of the substrate;

(
) r � r(�) is the refra
tive index of the �lm;

(d) k � k(�) is the attenuation 
oeÆ
ient of the �lm;

(e) d is the thi
kness of the �lm.

We assume that s(�) and d are known, a set of experimental data

(�

i

; T

obs

(�

i

)); i = 1; : : : ; N; where (�

min

� �

i

< �

i+1

� �

max

for all i =

1; : : : ; N � 1), is given and we wish to estimate r(�) and k(�). At a �rst

glan
e, this problem is underdetermined. In fa
t, given �, the following

equation must hold:

T (�; s(�); d; r(�); k(�)) = T

obs

(�): (18)

Equation (18) has two unknowns r(�) and k(�) and, therefore, in general,

its set of solutions is a 
urve in the two-dimensional (r(�); k(�)) spa
e. How-

ever, physi
al 
onstraints redu
e drasti
ally the range of variability of the

unknowns r(�); k(�). For a 
lass of �lms studied in [1℄, these physi
al 
on-

straints are:

r(�

max

) � 1; k(�

max

) � 0; (19)

r

0

(�

max

) � 0; k

0

(�

max

) � 0; (20)

r

00

(�) � 0 for all � 2 [�

min

; �

max

℄; (21)
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k

00

(�) � 0 for all � 2 [�

min

; �

max

℄: (22)

So, the 
ontinous least squares solution of the estimation problem is the

solution (r(�); k(�)) of

Minimize

Z

�

max

�

min

jT (�; s(�); d; r(�); k(�)) � T

obs

(�)j

2

d� (23)

subje
t to the 
onstraints (19){(22).

In [2℄ the authors de�ned

r(�

max

) = 1 + u

2

; k(�

max

) = v

2

; (24)

r

0

(�

max

) = �u

2

1

; k

0

(�

max

) = �v

2

1

; (25)

r

00

(�) = w(�)

2

for all � 2 [�

min

; �

max

℄; (26)

k

00

(�) = z(�)

2

for all � 2 [�

min

; �

max

℄: (27)

In the real-life situation, in whi
h data are given for a set of N equally

spa
ed points on the interval [�

min

; �

max

℄, we de�ne

h = (�

max

� �

min

)=(N � 1)

and

�

i

= �

min

+ (i� 1)h; i = 1; : : : ; N:

The observed value of the transmission at �

i

will be 
alled T

obs

i

. Moreover,

we use the notation r

i

, k

i

, w

i

, z

i

in the obvious way:

r

i

= r(�

i

); k

i

= k(�

i

);

w

i

= w(�

i+1

); z

i

= z(�

i+1

);

for i = 1; : : : ; N . Dis
retization of (24-27) gives:

r

N

= 1 + u

2

; v

N

= v

2

; (28)

r

N�1

= r

N

+ u

2

1

h; k

N�1

= k

N

+ v

2

1

h; (29)

r

i

= w

2

i

h

2

+ 2r

i+1

� r

i+2

; i = 1; : : : ; N � 2; (30)

k

i

= z

2

i

h

2

+ 2k

i+1

� k

i+2

i = 1; : : : ; N � 2: (31)

Finally, the obje
tive fun
tion of (23) is approximated by a sum of squares,

giving the optimization problem

Minimize

N

X

i=1

[T (�

i

; s(�

i

); d; r

i

; k

i

)� T

obs

i

℄

2

: (32)
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Sin
e r

i

and k

i

depend on u; u

1

; v; v

1

; w; z through (28{31), problem (32)

takes the form

Minimize f(u; u

1

; v; v

1

; w

1

; : : : ; w

N�2

; z

1

; : : : ; z

N�2

): (33)

In the experiments we used the �lms 
onsidered in [2℄, with 100 data

points:

Film 1: Simulation of an amorphous germanium thin �lm deposited on a

glass substrate with d = 118nm. �

min

= 600nm, �

max

= 2000nm;

Film 2: Identi
al to Film 1 with d = 782nm. �

min

= 1000nm, �

max

=

2000nm;

Film 3: Simulation of an amorphous germanium thin �lm deposited on a


rystalline sili
on substrate with d = 147nm. �

min

= 1250nm, �

max

=

2500nm;

Film 4: Identi
al to Film 3 with d = 640nm. �

min

= 640nm, �

max

=

1250nm;

Film 5: Simulation of an hydrogenated amorphous sili
on thin �lm de-

posited onto glass with d = 624nm. �

min

= 600nm, �

max

= 1600nm.

As initial estimate of k(�) we used a pie
ewise linear fun
tion whose

values are 0:1 at the smallest wavelength of the spe
trum, 0:01 at �

min

+

0:2(�

max

� �

min

), and 10

�10

and �

max

. The initial estimate of r(�) was

a linear fun
tion varying between 5 (at �

min

) and 3 (at �

max

). The phys-

i
ally a

eptable results of the estimation pro
edure were obtained in [2℄

using 30000 iterations of Raydan's spe
tral gradient method. Here we used

as stopping 
riterion for SCG (Perry-M1) the inequality f(x

k

) < f

Raydan

where f

Raydan

is the minimum value rea
hed by SGM. In Table 5 we give

the results. IT means number of iterations, FE is fun
tional evaluations

and FGE fun
tion-gradient evaluations. Observe that SCG arrives to the

solution of SGM using between one third and one half the 
omputer time

used by the spe
tral gradient method.

SGM SCG

Problem IT FGE Time f

Raydan

IT FGE Time f(x

k

)

1 30000 35825 45.0" 6.929605E�07 3605 6184 7.7" 6.926210E�07

2 30000 35568 45.8" 2.203053E�07 6798 11092 14.1" 2.201913E�07

3 30000 38113 47.9" 6.224862E�06 7344 13471 17.5" 6.224860E�06

4 30000 35687 44.6" 1.365270E�06 10356 17938 22.3" 1.365184E�06

5 30000 36290 46.3" 2.120976E�07 7611 13205 16.5" 2.066100E�07
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Table 5: Opti
s problems.

6 Final remarks

In the 
lassi
al paper [9℄, Perry's basi
 idea was modi�ed in order to over-


ome the la
k of positive de�niteness of the matrix that, impli
itly, de�nes

the sear
h dire
tion. As a result, the algorithmi
 framework of CONMIN

was obtained. In this paper we followed a di�erent dire
tion, motivated by

the ne
essity of preserving the ni
e geometri
al properties of Perry's dire
-

tion. On one hand, we observed that s
aling the gradient by means of the

spe
tral parameter of [8℄ is worthwhile and, on the other hand, we dete
ted

that the initial 
hoi
e of the steplength is a 
ru
ial parameter that in
uen-

tiates the pra
ti
al behavior of the method. In this way, Perry's algorithm


learly outperforms Polak-Ribi�ere and Flet
her-Reeves and is 
ompetitive

with CONMIN and Raydan's [8℄ method.

Moreover, as observed by Raydan, the spe
tral gradient method 
er-

tainly needs pre
onditioning in ill-
onditioned problems in a more dramati


way that 
onjugate-gradient methods do. This is the reason why, in the

hard inverse problem studied in Se
tion 5, SGM is outperformed by the M1

version of Perry's method.
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