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The classic fixed point theorem of Banach stablish that if (X.,d) is a

Abstract.
X — X is a contractive function, then f has a unique

complete metric space and f:

fixed point.
In this work we present a “Banach theorem” type for a function F : X —

F(X), where [F(X) denote the metric space of fuzzy sets.

1. Preliminaries.
Let (X, d) be a metric space, we denote by
C(X) = {AC X | Ais closed, bounded and nonempty}
K(X) {AC X | Ais compact and nonempty }
N(A,7) {z € X | d(z,a) <r for some a € A}.

I

-The Hausdorff metric on €(X) is defined by 4
H(A,B)=inf {r>0/ BC N(A,r) and AC N(B,r)}
A,B e C(X).

peﬁnition 1.1. Let (X,d) and (Y, d') metric spaces; an application I' : X — C(Y)
is a multivalued contraction if

H([(z),[(y)) < ed(z,y), Vz,y € X,0< a < |;

*Aknowledgement. Work partially suport by “Direccid i o Y
de la Universidad de Tarapacd” - Proj. 473192 eSS A S G



where a is constant.
Remark. A multivalued contraction [ is H-continuous.
Definition 1.2 Let I': X — C(X). Then z € X is a fixed point of [ if z € I'(z).

To prove the main result of this work we need of the following results:

Lemma 1.3 Let A,B € C(z),a € A and n > 0. Then there exist b € B such that
d(a, ) < H(A, B) +n. .
Remark. If A, B € K(X), then we can take n = 0 (see (1]).

The following theorem give a generalization for the Banach theorem in the
multivalued case.

Theorem 1.4 (Nadler [1]). Let (X,d) be a complete metric space and ' : X —
C(X) be a multivalued contraction with constant a, 0 < a < 1. Then T has a fixed
point. :

Proof. Let pp € X, we choose p, € I'(pp). Since ['(py) and T'(p;) belong to
C(X) and py € T(po) the Lemma 1.2 implies that there exist p, € T'(p) such
that d(py,p2) < H(I'(po),T'(p1)) + a. Analogously, since ['(p),I'(p;) € €(X) and
P2 € T(p1), there exist py € I'(p;) such that d(p,,p3) < H(T(p),T(p2)) + a®. By
induction we generate a sequence (p,) in X such that p,,; € I'{p,) and d(ps,Prs1) <
H(I'(pa-1),I'(pn)) + a” for any n > 1. We observe that

d(P\uPMH) H(r(p-—l)v P(Pu)) +a"
ad(pa-1,pa) + "

a[H(F(PI—‘J)I P(Pn—l)) o an-l] +a"
azd(h-z,}l._x) + 2a™

A

IA IA IA

IA oo

a™d(pp, ;1) + na™, Vn 2 1.

d(PnyPati) < d(PniPrs1) + d(Pns1, Pas2) + -+ + d(Pnt =1, Prts)

2

ntj—1 n+j-1
< ({ z :| d(po, 1) + Z fta") -0

k=n k=n

if n,j — oo. Therefore, {p.} is a Cauchy-sequence; since (X, d) is complete, the
limit of this sequence is a point p* in X. Since [ is continuous, I'(p,) — [(p") as
n — O0.

By definition, we have that given ¢ > 0, there exist N = N(e) such that
H(T(pa),T(p*)) < €. Moreover, I'(p,) € N(T(p*),€), consequently d(p,4+1.9) < €
for some g € I'(p"), so d(pny1,I'(p")) <€ VR 2 N.

Being € > 0 sufficiently small, we conclude that d(p*,[(p*)) = 0. But, ['(p*) is
closed. Hence p* € I'(p"). . -

Remark. The uniqueness of the fixed point is not guaranted in this context (see
example 1), unless one uses additionals properties (Fisher (3], Kaneko [4]).

Example 1. Let X = [0,1] be a metric space with the usual metric. We consider

u: X — [0,1] defined by

_fnz if 0<z<1/n
w2) =10 if 1jn<cz<l

Then L.u = {z € X|u(z) > a} = [a/n,1/n] is the a-level of u, ¥Ya € [0.1]

We consider now the multifunction T' : X — IK(X) define by I'(a) = L,u =
[a/n,1/n] Va.

We observe that

H(L(@),T(8)) = Hla/n, 1/n}, 8/n,1/n]) = ~la = 8]

Then, I is a multivalued contraction for n > 2.
But,

a€l(a) & acla/nl/n]&an<a<]/n

and this inequality is verified for all a € [0, 1/n].

Consequently, every point in [0,1] is a fixed point of T.

This example shows that, in the multivalued case, the fixed point is not unique
necessarely.



2. Fixed point theorem in the Fuzzy-Multivalued case.

={u: X = [0,1]/Leu € O(X), Vae

z) > 0} is the support of u.
(z) = 1, for some z € X.

Let (X, d) be a metric space and F(X)
0,1]}, where Lou = supp(u) = c{z € X | u(

We observe that Lou # ¢, Va, is equivalent to u

In the following, we will use the notation [u]* = Lou.

Definition 2.1. Let u,0 € F(X) and a € [0,1]. We define
ha(u,0) = inf{d(z,y)lz € [u]"y € 1]},

Ho(u,v) = H(luloi{v]a)s
H*(u,v) = sup Hy(u,v).
a€f01]

It is easy to show that h, is increasing monotonically function in a and that
H* is a metric on F(X). If X is a complete metric space then the metric space
(JF(X), H") is also complete. But, (FF(X), H*) is not a separable metric space again

if X is.
The space (F(X), H*) is called a fuzzy metric space.
Moreover, we can define a partial order, Cp, on F(X) by setting

uCrv & u(z)<v(z), Yz X
& [u]* C[v]°, Ya€e[0,1].

Remark. It is easy to see that
(X,d) = (C(X), H) = (F(X),H").

In fact, we observe that, for every A € C'(X ) we can associate the characteristic

function x4 : X — {0,1) defined by xa(z) = 0if z ¢ A and xalz) =1ifz € A;
then we have

H*(A,B) = H™(xa,x8) = H(A, B).

If A= {z} and B = {y}, then

¥ . et

H (X {2} X{})
= H{{z},{y}) = d(z,y).

H*({z}, {y})

Also, we will denote x(-)(z) by X-.

Definition 2.2. Let X,Y be metric spaces. A fuzzy-multimapping is an application
F: X = F(Y) '

Lemma 2.3. Let z € X and u € F(X). Then x; Cru & ho(xzu) =0, Ya €
[0,1].

Proof. If x; Cr u, then u(z) = 1, consequently, z € [u]®, Ya € [0,1]. Hence,
haer ) = inf{d(z,3) | 5 € [ul"} = 0.

The reciproque is evidenty.

Lemma 2.4. ho(xz,8) < d(2,¥) + ha(xy, u) for any 2,3 € X and u € F(X).

Proof. Since [x:]* = {z}, Ya, we have

inf{d(z, z)/z € [u]"}
inf{d(z,y) + d(y,2)/z € [4]"}
d(z,y) + ha(xy v) ®

ha(Xzru)

A

Lemma 2.5. If x; Cr u, then ha(Xz,v) < Ha(u,v), Ya € [0,1], Vv € F(X).

Proof.

inf{d(z,y)/y € [v]")

sup inf{d(z,y)/y € [v]"}
Xe€[u]e

H(["]aalt’]a) = Ha(u,v). |

hal(Xz1v)

IA

IA
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Definition 2.6. Let (X,d) and (Y,d’) be two metric spaces. An application F :
X — FF(Y) is a H*-contraction if

H*(F(z), F(y)) € ad(z,y), YT,y € X, 0 Sa < 1.

Definition 2.7. Let F : X — F(X)

. Then z* € X is a fixed point of F if
Xz .C_F F(X.)'

Remark. The definitions 2.6 and 2.7 generalize the correspondente definition of
the multivalued-mapping.

We can give now the fixed point theorem in the fuzzy multivalued case:

Theorem 2.8. Let (X,d) a complete metric space and F : X — F(X)aH"-
contraction. Then, F has a fixed point in the sense of the definition 2.7.

Proof. Let zo € X and we choose z, € [F(zo)]'. This implies that x=, S F(Zo)-
By using the Lemma 1.3, we can to find z; € [F(z1)]' such that

< Hi(F(z0), F(m1)) t
S H'(F(xo)a F(Il) +a,
therefore, Xz, CF F(z,) and d(z,,22) < ad(zo, 1) + a.
Analogously, we can find z3 € X such that xz, Cr F(z2) and
d(z2,23) < Hi(F(22), F(z1)) + o’
ad(z,,71) + o
a’d(ze, 1) + 2q°

IA IA A

and by recursion we generated a sequence {24} in X, such that

Xz CF Flzxa)  and
d(zk, Zesr) < Ho(F(zk), F(zg-1)) +a*
S Q‘kd(l‘o, Il) -+ kak.

6

Exactly as in the proof of Nadler - Theorem 1.4, we prove that the sequence

{24} s a Cauchy-sequence in X and, since X is a complete metric space, then there
exist z° € X such that z, — z" as k — co.

Let us now to show that z* is a fixed point of F.

Indeed, we have
ha(xze, F(2°%)) < d(2%,2,) + ha(Xzs, F(z7)) (by‘ Lemma 2.4)
< d(z*,24) + Ha(F(z6-1), F(2%)) (by Lemma 2.5)

< d(z*,zs) + H(F(zi-1), F(2*))

< d(z",z) + ad(z4-1,2") — 0 as k — co.

Thus, ho(xz+, F(z*)) = 0, Va € [0,1], this implies that x.- Cr F(z°). s

Example 2. Let X = [0, 1] be the metric space with the usual metric and F: X —
JF(X) is defined by

1 if z=0
F(t)(=)={: if z€(0,1]

In this case, we have that

xie Cr F(I°) & F(t°)(1") =1
& t"=0or t°=1.



Remark. The priticipals ideas of this work are based in the Heilpern’ paper
(2], without to suppose that X have a linear structure and F have compact-convexes

levels.
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