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Abstract

We obtain the Casiinir operators associaled to the Fantappic-de Sitter Group
(isomorphic o the 5 dimensional psendo-rotation group) which is the group of motioas
admited by the de Sitter cosmological spacetime, using the gencralized derivative opera-
tors.

L. INTRODUCTION

The de Sitter space s the curved spacetime which has been most studied by
quantum ficld theonstics because togheter with the anti-de Sitter space are the aniques
maximally symmetric curved spacetimes!).

The symmetry group of de Sitter space is the ten parameters group S(N4, 1)
of homogeneous Lotentz transformations in the 5-dimensional embedding space known as
the de Sitter group'®,

There are many possible coordinatizations for the study the de Sitter space
time, for exemple the steady state universe (parametrization) of Bondi & Gold™ and
Hoylel®! which covers the hall of the de Sitter manifold and the static system which alse
only covers the half of the de Sitter manifold™. Tagirov™ studies the Finslein nniverse
using 2 conformal time where the coordinates cover the whole of the de Sitter manifold.

The theory of hypersphencal models of umiverse (tiesd to the inleger numbers)
proposed by Fantappi ™) and perfected by Arcidiacono™ based on group theory is a
oniginal way to study Lhe cosmmlogical problem. In this theory it s pecessary to distin
guish the absolute spacetime (with constant curvatnre) effective seat of the physics evenis
from the infinite relative space time (tangents] where cach observer localize and s the
phenomens. Theu we wse a flat represeutation of the de Sitter universe on their tangent
spaces. Among the mfiuite representations we use the Beltranu™ geodesic represeatation

where the geodesics of the hypersphenical spacetime corresponds to the straight Iines of
the flat tangent space time of the ohserver’s location,



It follews that the gronp of motions in itsell of the de Sitter universe is rep-
renented by the so called Fantappié-de Sitter Group (omophic to the 5 dimensional
pecudo-rotation gronp.) ie by the projectivities of the tangent space, which change in
itself the Cayley Klein absolute of equation

h-_r.-"'lIJ — {-'I'-"| ]':‘ + {J'::g}.: T LI]]: T {J"u}.t b I'Ih! :ﬁ

where xq = fef. (For the definition of 4 see eq (2.2))

This paper, which is the first of three, is organized as [ollow: in section two we
present how to pasa from the de Sitter formulation to the ort hogonal courdinates using the
Beltrami geodesic representation and we oblain the formmlas with relales the derivatives;
in section three we discuss the Fantappié-de Sitter gromp and we obtain the explict
formulas for the invariant associated operators (Casimir operators); in section four, using
apherical eoordinates we present the comutation relations and construct explicity the
Casimir invariant operalors and finally we present ours comments,

In the following papers we solve the equations obtained from the second and
fourth orders Casimnir invariant operators.

2. ORTHOGONAL COORDINATES AND DERIVATIVES

In this section we consider how to pass from the Heltrami representation
Fulp = 0, 1, 2, 3) of the de Sitter Universe to Lhe homogeneous coordinates
£alA =0, 1, 2, 3, &) of the einbedded space By ,. They are related by {see Apen
diee].
ot
La
satisfying the relation of normalization £4£4 = R* where R is the radius of the de Sitter
WLl VETse.

r, = It {2.1)

Introducing the following notation

A=14a®-— _rz =1+ o0, {2.2)
where
1 1 t
O = pu and V= -Hr.: = o
we can remove the §y coordinate, then we have the following relations
R T
“=a = A=



To obtain the relation for the partial derivates we consider a lunction (£,
being an homogencous function of degree NV in all five variables £4, and using Buler's
theorem for homogeneous functions, we have

Eadup(£4) = Nep(£a) (2.3)
where we have put 84 = §/8£4. Using the definition of homogeneous function we caa
write : ‘ s

(RE: R, ) - (E) ol€a) (2.4)

and finally we get the following relat.mn

RYo€4) = (&)Y olR, =) (2.5)

where the function in the right hand side is a function obtained from (£4) with the
substitutions, £y — Rand £, - =
Deriving eq. (2.7) firstly in relation to £; and secondly in relation £, we obtain,
reapectively
ﬂ.f ‘F’[-ﬁ.ﬂ AN - z.8)0(R, 1,) (2.8a)

and
9 D elba)= AN Bl R, 5,) (2.8b)

where A is given by eq. (2.2) and we have put J, = §/dx,,.
Introducing a function y+x,) defined by

Plz.) = A VR, 2,) (2.9)
in the above equations we can finally write the derivates, respectively, as follows
N
RI_&E; {E-‘J ('E T A:Enap) @5{3}.] [Elﬂa.]l
and & N
ge, Plea) = (—"'iau + ﬁ:p) Piz,) (2.10k)

Then, we have rsolved the problem to pass of the 5-dimensional formulation, £,,
to spacetime formulation, x,, i.e. in orthogonal cartesian coordinates. The relations eq.
(2.10a) and eq, (2.10b) are the link between the two formulations.



3. THE FANTAPPIE-de SITTER GROUP

In this section we present the Fantappié- de Sitter Group and write its invariant
operators.

The Fantappic-de Sitter Cronp - isomorphic to the 5 dimensional pseudo rota
tion group - is the group of motions admited by & cosmological apace with line element
given by

ds* = Ndr,dr, = AY(dz,)? + (dn)? + (dza) + (dzo))
where g = ict, and HA% = R* + p* — gl and p* = (2,)" % {xz)* + {x3)

This space can be embedded in 2 flat 5-dimensional space time, being the =,
the Heltrami projection from the “sfere™ with equation

2obaba =GP &GP &Y+ - (L =R (3.1)
A=l

The coordinates are related by the following expressions

s 1 1

ry = RS e L= R
1 A .-1

where p =0, 1, 2, 3 and for the differential operator we have

nr

= Ad, +

AE, 33

Al 2 wr

v b

o ) | ALY (| 3.3b

g, H(A wufh ) (3.3b)
where N iz a parameter, B s the rading of the de Sitter universe and A is given by eq,
{2.2).

The generators of the 5 dimensional psendo rotation group satisfyl2!
‘LIJ.-'n "Erm.l = I‘;*-'n'--,'m = ‘-"-';,u-rh' b "E.".p'-'rk-- - *I-":'.:-J.l:p

[
III,R."" "'rl.lll Iel\I"q'l:llr-l "I:l"-l =_||.
]

/

[ A
il = Ty

a
I ;

where r, = I’,q-iru,. We: nole Lhat to B — o0 we have
i

Wy

which s the four dimensional operator associate with the translations of the Minkowski
space time, when K+ oo we obtain the Lie Algebra of the non homogencous Lorentz
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Eroup.
Introducing
Pu — —ill,

we have a represenlation for the Fantappié de Sitter group which is given by the 5
dimensional angular momentum operators

AT 1
whers A, B =0, 1, 3, 3, 4 which in erms of the Beltrami coondinates are givea by
L = 2upy — Xups (3.4a)
and 1 1
) = ELM = A'p, + F:,,Lh (3.4b)

where g, v, A=0, 1, 2, 3.

We note that in the above equations (where r, are the analogous of the mo-
mentum operators in Lthe Minkowski space) that the linear momentum and the angular
momentum mix in A unique tensor. This mixing is due to the fact that transformation
of displacents are the analogous of the translations and therelore the energy-momentum
operators are not conserved in relation to the Fantappié-de Sitter group.

Now, we consider the explicit form to the ten operators. lutroducing the Ty
operator, representing the temporal translations, defined by

Lo='RT, = —:'ﬁ(a;% —&%)
we have ]
To = ~helfo + Tﬁlﬂ"#aﬂ (3.5}

where 8, = dfdz and u= 0, 1, 2, 3.
The T,-operators, representing the “spatial translations”, are defined by

Luu'= RT, = b6z 'f*a%)
and we obtain &
T, = %(R8, +22.,) (3.6)

where p=1,2 Jand v =0, 1, 2, 3.



Introducing the V, operatora which are related to the center of mass inertia
momentum, given by

; : i i
Loy =2V, = _;ﬁ_( E E“"'EEG)
.|"
we have "
]"';l = '_;{I’Uaﬁl _Iﬂﬂﬂ} {3.?}

where =1, 2, 3.
Finally, we introduce Ly-operators, representing the spatial rotations, defined
by

b= b = -in(e - 6.2

and we obtain
Ly = —hl{z,8, — z,.8.) (3.8}

where p, », A =1, 2, 3 and in the above expressions i and ¢ have the usual meAnings,
Now, we can write the two invariant operators of the Fantappié-de Sitter group
(Casimir operators) using Ty, T, V, and L, as follow

P ] s
I = (T* ;1-;;}4. H—?{Li V¥ = M (3.9a)

and y 4
o=(L TV~ (T L +& T x V)’ i’,ﬂi VP = N2 (3.9b)

where M? and N? are coustants.
We note that, in the limit B == oo we obtain

Iy — m? and Iy — mia{a + 1)

where m and s ave, respectively, the rest mass and the spin which caracterize the repre-
sentations of the Poinearéd Groupl! Then, the representations of the Fantappié-de Sitter
group are labeled by eigenvalues of 7y and [, which generalizes the usual mass and spin.

©t, a particle in a Fantappié-de Sitter universe has not a well defined mass and a 5pin
but eigenvalues of the 7, and I, invariant aperators.

4. COMUTATION RELATIONS AND CASIMIR OPERATORS

In this section we introduce a spherical coordinate sistem (r, #, ) and we
obtain the explicit comutation relations and the explicit forny of Casimir operators, n
lhf‘.ﬂ‘: T{H’Idilla'ﬂ;ﬂ- Thiﬂ I‘r:Fl:lt. iﬂ ilIIJ_H:Il'L:l.HT. r:l::lr !'h_q"- f“u;mi"E ]rﬂlj.“ﬂ“.:l"'}l



The relativistic spherical coordinates are given by 1 = ¢, z3 = roosd,
z3 = rsinfsing and x; = rsinfoos ¢, and we obtain ten differential operators in the

exphat forms given by

e (e )25 2
L = -% {r’ifi']mnﬂm-Pﬂr+——( ;—E—"—%%)+ﬂﬁnﬂnn¢%
T = —% {F+ﬂ-}mﬂm¢—+—( E _*EH;'L)JH,“H“%]
L= o[+ Brese]  Fnel +ﬂmgﬁl
W = %:‘iﬂiﬂﬂm'igr+:mamﬂ%—%ga—i rﬁnﬂm%]
v = g}rmnﬂsinﬁ;r+icmam%+1i:;1) rsindsing 2
W = %:t{msﬂa = Esha%j—rma%
L = ih(-sing —cotOcosd )
a6 e
Ly = ‘iﬁl:—mmp.iﬂ +{'ﬂtﬁsi.u¢%]
= *'ﬁ_,%,

Now, considenng a ciclic permutation of the index p, » and A we obtain the

following commtation relations for the differential operators,

s ; :
1] 11
T Tl = - ::i-j Ly M Vo]l = —tEﬁp-Ii:I [TH L. = ihT,
11
Ve Vil = 51 [Ly, V.] = —iRV, (B L) = —ikEy

where p, v, A= 1, 2, 3.



Finally, we obtain the explicit forms for the Casimir operators, introducing the
differential operators given above in eq. (3.9a) and (3.90).
The Casimmr operator of second order is given by

Iy = ,ﬁ-r",-"l,'*{(l + ;;);; - 2rt ;Fm ( LS ?){.i' ci}’

2/ N AD 1,
+7 (’*F)ar*&?ﬁ*rnﬁ}

where we have put ¢ — ief and the £? operator is

&% a 1 R
2
L E]El + col E{H R PE YL

We note that when K — oo the above eguation reduces to, the IV Alembert
wave operator, 1.e,,

1 &°

I L—.n=h=( S o)

fmas R & o

where A is the Laplacian operators writen in spherical coordinates.
For the fourth order Casimir differential operator we have

ETY.
L= 4‘:‘&}; £

where

Pr( B2 — 7).

T
2_11___
'H—I:rE + (R® - ] 5

E:? (2 — Hﬂ}g—r — 2t(R* — :’}%

and £% ix Eiwm ahove,
5. COMMENTS

In this paper we have discussed an alternative way to obtain the Casimir invariant op
erators of the Fantappié de Sitter Group which s isomorphic to 5 dimensional paeudo
rotation group.

It is clear the dependence in the two Casimir invariant operators in both spatial
and temporal parts, given by the Ty, T, V, and L, operators, In consequence, a particle
in a Fantappic-de Sitter universe has not a well defined mass and a spin but has constant
eigenvalues of the I; and I, Casimir invariant operators.

The next point is solve the generalized Klein Gordon wave equation for the
acalar field(h 123 ghipined from the second order Casimir invariant operator and the



equation obtained [rom the fourth order Casimir invariant operator, which must general-
izes the concept of mass and spin'™ ") These topics arc presented in another paper.
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APENDICE

The de Sitter space can be represented as the surface of a four-dimensional
psendosphere (of a hyperbolic character in one direction ) embedded in a five dimensional
space. It is describied by five coordinates &, &, &, &, & connected by the relation of
normalization condition

G+8+68+4-8=F/
K being the rading of the “sphere”,

To see how to pass from the five dimensional formnlation Lo the four-dimensional
orthogonal coordinates z,(p = 0, 1, 2, 3) we consider the Beltrami representation
(geodesic representations) as in the figure:

E,

-i o s

L
£ s o

where

£

r, = H-"
4 &

Introducing p* = 2%z, = - (20)" + (£,)* + (72)* 4 (£,)* and using normalization

condition we can write
K
L b
(1 + g2/ B
Then, the relations to pass from the pentadimensional formulation to the four-
dimensional formulation are given by

R x
'f-lzr{ I.I'H'l E.u’__‘f

where A? = | + p*R?
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