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§1. Introduction and examples

Let (E, 7) be a topological ring with unit element. This means that
E is a ring with a multiplicative identity 1 such that 1 # 0, and 7 is a
topology on E such that the operations (z, y) — z + y and (z, y) — zy
are continuous from E x E to E, where E x E has the cartesian product
topology, and furthermore, £ — —z is continuous from E to E. We shall
consider only topological rings satisfying the following properties:

(i) there ezists a fundamental system B of neighborhoods of 0 which are
open (and hence closed) additive subgroups;

(ii) there exists a subset B C E such that 1 € B, 1-BC B, B+ B C
B, BB C B and BV and VB are contained in V, for each V € B.

When properties (i) and (ii) are verified we say that (E, 7) is a non-
Archimedean topological ring.

Remark 1. A subset K of a topological ring (E, 7) is said to be bounded
if, for every neighborhood V' of 0, there is a neighborhood W of 0 such that
KW and WK are contained in V. Every compact subset of E is bounded.
By (ii), the set B is bounded.

Example 1. Let (E, 7) be a topological ring having a fundamental system
B of neighborhoods of 0 which are open (and hence closed) two-sided ideals.
Since any ideal is an additive subgroup, if we take B = E then EV and VE
are contained in V for each V € B. Thus (i) and (ii) above are satisfied.
In [4, theorem 32] Kaplansky proved a Weierstrass-Stone theorem for such
topological rings.

Example 2. A ring ultraseminorm on a ring E with unit element is a
real-valued function z € £ — ||z|| such that

(1) [l=ll > 0,

(2) ll=ll = Il - =lI,

(3) ll= + yll < max(|l=]l, [lyl]),
(4) llzyll < [lell - [lv]l,



() llofl =0, i =1,
for all z, y € E. I, moreover,
(6) ||z|| = 0 implies z = 0,
for any = € E, then it is called a ring ultranorm. For each ¢ > 0, define
V.={z € E; ||zll < e};

the collection B = {V,; 0 < ¢ < 1} is a fundamental system of of open
neighborhoods of 0 for a locally bounded topology 7~ on E. Each element of
B is an open (and hence closed) subring of £, and if B = {z € E; ||z|| < 1}
and 7 = 7y, then (i) and (ii) above are satisfied.

For example, if p and ¢ are two prime numbers, and |z|, and |z|, denote
respectively the p-adic and the ¢g-adic absolute value of z, for each rational
number z, then

l|lz|| = max(|zl,, |zl,)
is a non-trivial ring ultranorm on Q.
More generally, if p;, p,...,pn are prime numbers, then

llzl = max(|elp,, [lps, - -5 |2]p)

is a non-trivial ring ultranorm on @. In [2] Dieudonné proved the
Weierstrass-Stone theorem for the field of p-adic numbers @,, the com-

pletion of (@, |- |p)-
Notice that

d(z, y) = |lz - yll, z,y € E,

is a ultrasemimetric (resp. ultrametric) on E:
d(z,y) < max{d(z, z), d(z, y)}

for all z, y, z € E, when || - || is a ultraseminorm (resp. ultranorm) on E.
Example 3. Let G be an abelian lattice ordered group, denoted addi-

tively. Let us adjoin to G a new element, denoted by oo, and denote by
G the set G U {oo}. We extend addition to the set G, by declaring
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a+ 00 =00+a= oo, for all a € G, and 0o + 00 = 0o. We also extend
the ordering < of G to a lattice ordering of G, by declaring a < oo, for all
a€QG.

If E is ring with identity, a function v : E — G is a valuation of E
with values in G, if for all z, y € E one has:

(Vi) v(zy) = v(z) + v(y),

(Va) v(z +y) 2 inf {v(z), v(y)},
(Va) v(1) =0 and v(0) = oo,
(Va) v(z) = v(—x).

When G = IR and we choose 0 < r < 1, then
izl =), z € E,

defines a ring ultraseminorm on E.

For each ¢ > 0 in G, let V, = {z € E; v(z) > €}. The collection
B of all such V, is a fundamental system of neighborhoods of 0 for a ring
topology 7, on E, and V, is an open (and hence closed) additive subgroup
for 7,. We say that the topology 7 of a topological ring (E, 7) is given by a
valuation if there exists a valuation v of E such that 7 = 7,. Let us define
B = {z € E; v(z) 2 0}. Then, by (V3) the elements 0 and 1 belong to B.
By property (V;) we have BB C B, and by (V,) we have B+ B C B. Let
now z € B. Then, by (V3) and (V}),

v(l —z) > inf {v(1),v(—2z)} =inf {0, v(z)} =0

Hence 1 — z belongs to B, and so 1 — B C B. Finally, notice that BV, and
V.B are contained in V., for each € > 0 in G. Indeed, if z € B and y € V,,
then by (V) one has

v(zy) 2 v(z) +v(y) 2 0+ v(y) = v(y) >¢,

and so BV, C V.. Similarly, V.B C V..

In [5] Kaplansky proved the Weierstrass-Stone theorem for the special
case in which E is a division ring and G is a subgroup of the real numbers
and v satisfies v(z) = oo if and only if z = 0, and v(zy) = v(z)+ v(y) for all
z, y € E, besides (V;) — (V4). In this case v is called a Krull valuation of
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rank one. When G is an arbitrary totally ordered abelian group and v sat-
isfies (V;) — (V3), with equality in (V}), then v is called a Krull valuation.
In this case (V) follows from (V;), and v(z) = oo if, and only if, z = 0. In
[1) Chernoff, Rasala and Waterhouse proved the Weierstrass-Stone theorem
for fields (i.e. commutative division rings) with an arbitrary Krull valua-
tion. They also proved it for fields with an Archimedean absolute value
other than the complex field. Our approach covers only the case of Krull
valuations. It should be remarked that [1] presents no unified approach: the
cases of a Krull valuation and of an Archimedean absolute value are treated
separately. In [6] the author proved a Weierstrass-Stone theorem for vector
subspaces W C C(S; E), where E is a vector space over a division ring F
equipped with a non-Archimedean absolute value. Such vector subspaces
W were assumed to be A-modules where A is a subalgebra of C(S; F).
More recently, the author proved a Weierstrass-Stone theorem for arbitrary
subsets of C(S; E), where E is a normed space over F. (See [7]).

In the present paper we shall extend the methods of [7] to topological
rings satisfying (i) and (ii) above, in particular to fields with arbitrary Krull
valuations. But no result of [7] will be used.

§2. The Weierstrass-Stone Theorem

Let S be a compact space which in 0-dimensional, i.e. S has a basis of
open sets which are simultaneously open and closed. Let C(S; E) be the
ring of all continuous functions from S into E, equipped with the topology
of uniform convergence on S. This topology has a fundamental system of
neighborhoods of 0 which are open (and hence closed) additive subgroups,
namely the collection B* of all subsets of the form

V* = {f e C(S; E); f(S)cV}

when V ranges over the basis B of neighborhoods of 0 in E. On the other
hand if we define

B* ={f € C(S; E); f(S)C B} =C(S; B),
then B* and B* satisfy (i) and (ii) above.



Definition 1. A non-empty subset M C C(S; B) is said to have property
V if the following properties hold:

(1) if ¢ € M, then 1 — ¢ belongs to M;
(2) if ¢ and 9 belong to M, then @y belongs to M.

Definition 2. Let W C C(S; E) be a non-empty subset. A function
@ € C(S; B) is called a multiplier of W if, for every pair of functions f
and g belonging to W, then the function ¢f + (1 — ¢)g belongs to W.

Clearly, if M denotes the set of all multipliers of W, then M satisfies
condition (1) of Definition 1. The identity

(P¥)f + (1 — pv)g = [$f + (1 - ¥)g] + (1 - )9
shows that M satisfies condition (2) as well. Hence M has property V.

Definition 3. A subset M C C(S; E) is said to be strongly separating
over S, if given any ordered pair (s, t) € S x S, with s # t, there exists a
function ¢ € M such that ¢(s) = 1, ¢(t) =0, and ¢(z) € B, for all z € S.

Definition 4. A subset A C C(S; E) is said to be separating over S

if, given any pair, s and ¢, of distinct elements of S, there exists a function
@ € A such that ¢(s) # ¢(t).

Lemma 1. Let (E, 7) be a non-Archimedean topological ring. Let
M c C(S; B) be a non-empty subset with property V and containing the
constant function 1. Assume that M is strongly separating over S. Let N
be a clopen subset of S. For each neighborhood V of 0 in E, belonging to
B, there is ¢ € M such that

(1) 1 — ¢(t) belongs to V, for allt € N,

(2) p(t) belongs to V, for allt € N.

Proof. If N = S, the function ¢(t) = 1 for all t € S, satisfies (1) and (2).
Assume that K = S\N is non-empty. Fixz € S, z € N. Foreach t € N,
there is ¢, € M such that ,(t) = 0, ¢,(z) = 1 and @,(s) € B for all s € S.
By continuity there exists a neighborhood W (t) of t such that p,(s) € V
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for all s € W(t). By compactness of N, there are t,,...,t, € N such that
NcCcW(t,)u...u W(t,). Consider

Pz =1—pn Pt e Pra:

Then ¢, € M and p.(z) = 0, while 1 — ¢.(¢) belongs to V, for all t € N.
Indeed, if t € N, then t € W(t;) for some i = 1,...,n. Hence

(3) 1—@:(t) = @u(t) put) ... @u(t) ... @ (t)
£ ByB... V0BTV

By continuity, since @,(z) = 0, there exists a neighborhood W(z) of z
such that ¢,(s) € V for all s € W(z). By compactness of K, there are
Z1,...,Zm € K such that K C W(z,)U...UW(z,). Let

P =1z Pay * »or " Pay,-
Clearly, ¢ € M. We claim that foreach k=1, 2,...,m

(4) 1 = @z, () @z, (t) .. 5, (t) belongsto V

for all t € N. Clearly (1) follows from (4) by taking £ = m. We prove (4)
by induction. For k = 1, (4) is clear, since by (3), 1 — ¢.(t) belongs to V
for allt € N and z € K. Assume now that (4) has been proved for k. To
simplify notation we write p; = @,, for all1 < < m. Then, foreacht € N,

L=@1(t) oo @rpa(t) = 1 — pra(t) + o (t) —pr(t) - - o (t) =
=1—@ra(t) + (1 —r(2) - ... - o)) prsa(t)
eEV+V-BCV+VCYV,

since 1 — 41(t) belongs to V, and by the induction hypothesis 1 — ¢ (t) -
...~ @k(t) belongs to V. Hence (4) is true for k + 1.

It remains to prove (2), i.e., p(t) € V for all t € K. Now, if t € K, then
t € W(z;) for some i = 1,...,m. Hence ;(t) € V, while ¢;(t) € B for all
j # i. therefore ¢(t) € V and (2) is proved.a

We are now ready to state and prove our Weierstrass-Stone theorem for
arbitrary subsets of C(S; E).



Theorem 1. Let (E; 7) be a non-Archimedean topological ring and let B
be a fundamental system of neighborhoods of 0 in E satisfying (i) and (ii).
Let W be a non-empty subset of C(S; E), let M be a set of multipliers
of W which has property V, contains the constant function 1 and strongly
separates the points of S. Let f € C(S; E) and let V € B be given. The
following are equivalent:

(1) there is some g € W such that f(s) — g(s) belongs to V, for all s € S;
(2) for each = € S, there is some g, € W such that f(z) — g.(z) belongs to
V.

Proof. Clearly, (1) = (2). Conversely, assume that (2) is true. For each
z € S, let N(z) be the clopen neighborhood of z in S defined by

N(z)={t€S; f(t) - g:(t) € V}.

Select a point z; € S arbitrarily. Let K = S\N(z;). By compactness of
K, there are z;,...,z,, in K such that KX C N(z;) U...U N(z,). Let
K; = (f — ¢:)(S), where we have written g; = g,, forall: =1, 2,...,m.
Since K,, K,,...,K,, are compact subsets of E (see Remark 1), we can
find a neighborhood U of 0 in E belonging to B such that K;U and UK; are
contained in V, for all i = 1, 2,...,m. By Lemma 1 applied to M, N(z;)
and U, there are ¢,,...,p, € M such that

(1) 1 — pi(t) belongs to U, for all t € N(z;),
(2) wi(t) € U, for all t & N(z;),

for each 1 = 2,...,m. Define

Y2 =2
%3 = (1 — p2)ps

¥m = (1—92)(1 —p3)...(1 — Pm-1)Pm-
Clearly, ¢; € M for all i = 2,...,m, Now

it Hoy =l = @g)(l — ) .. (L ~pa)y k=2,...,m,
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can be easily verified by induction. Define
Y1=(1-p2)(1=p3)...(1 — om).

Then ¢, € M and ¥, + Y2+ ... + ¥, = 1. Notice that

(3) Yi(t) e U forall t¢ N(zi), i=1,2,...,m.

Indeed, if i > 2, then 1 —p;(t) € 1-BC B (j <i),and ¢;(t) € B-B-...-
B-U C U, since by (2) @;(t) e U, foralli > 2. Ifi =1, and t € N(z,),
then ¢t € K. Hence t € N(z;) for some j = 2,...,m. By (1), 1 — p;(?)
belongs to U and so

hi(t) = (1—eat)) ... (1 =@i(t) - -..- (1 —@m(?))
6 (A8 evcor (Lol S Lt By v ool S )
G, B B B,

Let g = %191 + %292 + ... + ¥mgm. Notice that
9 = pag2+(1—92)[paga+(1—p3)[pagat. . . +(1=Pm-1)[Pmgm+(1—¢m)a] . . ]].
Hence g € W. Let z € S be given. Define
I={1<i<m; z€N(z:)}
J={1<i<m; z¢N(z)}
Then
£(2) - o(2) = 3 $(2)f(2) - 9u(2)

=1

= Y %i(z)(f(2) — gi(2)) + 3 vi(z)(f(z) — gi(=))-

i€l i€J
Now i € I implies f(z) — gi(z) € V and 9; € B. Hence
(4) Y viz)(f(z)—gi(z)) €BV+...+ BVCV+...4VCV.

iel
On the other hand, if : € J, then (3) implies that ¥;(z) € U.Hence



(5) L ¥i(z)(f(z) — gi(=)) € YUK, C YV C V.

i€J ieJ i€J
From (4) and (5) we get f(z) —g(z) e V+V CV,forallz€ S. o

§3. Some applications

Corollary 1. Let A be a subring of C(S; E) which is strongly separating
over S and such that for every s € S and every v € E, there is some
g € A such that g(s) =v. Then A is uniformly dense in C(S;E).

Proof. The functions ¢ € A such that ¢(S) C B are multipliers of A.
Hence the set of all multipliers of A is strongly separating over S. Given
f € C(S;E) and a neighborhood U of the origin in E, choose V € B
such that V C U. For each z € S, choose g, € A such that g.(z) = f(z).
Hence f(z) — gz(z) = 0 € V. By Theorem 1, there exists ¢ € A such
that f(t) —g(t) € V C U for all t € S. Hence A is uniformly dense in
C(S;E). o

Corollary 2. Let A be a subring of C(S; E), admitting left-multiplication
by the constant functions and which is strongly separating over S. Assume
that for every s € S there is some g € A such that g(s) = 1. Then A is
uniformly dense in C(S; E).

Proof. Given s € S and v € E, there is some h € A such that A(s) = L.

Then g = vh belongs to A and g(s) = v. It remains to apply Corollary
l. o

Theorem 2. Let A be the subring of C(S;E) consisting of all those
functions g € C(S; E) of the form

glz) = Zv,-(p,-(z) , TES,
=1
where n =1,2,3,...; v, € E; and pi(z) =1 forall z € K; and pi(z) =0
for all z & K;, where K; is some clopen subset of S,1 <i<n. Then A
is uniformly dense in C(S; E).
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Proof. Since S is 0-dimensional, A is a subring of C(S; E) satisfying the
hypothesis of Corollary 2. ¢

Theorem 3. Let (E,7) and B be as in Theorem 1. Let M be a subset of
C(S; B) such that

(a) ¥+ (1 — ) € M, for all p,9,n € M,

(b) M contains the constants,

(c) M strongly separates the points of S.
Then M is uniformly dense in C(S; B).

Proof. By (a) and (b), M has property V, and every element if M is a
multiplier of M. Let f € C(S;B) and V € B be given. For each z € S,
let A be the constant function whose value is f(z). Since f(z) € B, it fol-
lows by (b) that A € M. Hence f(z)— A(z) =0 € V. Since M is strongly
separating, we can apply Theorem 1 to W = M and by the equivalence
(1) & (2), there is some g € M such that f(s) —g(s) € V, for all s € S.
Hence f belongs to the uniform closure of M. g

Remark 2. Under the hypothesis of Theorem 3 suppose that M C
C(S; B) satisfies (a’), (b) and (c), where:

(a”) M has property V and M+ M C M.
Then M is uniformly dense in C(S;B). To see this just notice that
(a’) implies (a). This is the non-Archimedean analogue of von Neu-
mann’s Weierstrass-Stone theorem for functions with values in the interval

[0,1] C R. (See Jewett [3].)

Definition 5. An ideal J C C(S; E) is free if, for any z € S there exists
f € J such that f(z) = 1; otherwise J is called fixed.

Theorem 4. Let (E,7) be as in Theorem 1. Every proper closed left (or
right) ideal in C(S; E) is fized.

Proof. Let J C C(S; E) be a proper closed ideal in C(S; E). To fix ideas
let us suppose J is a left ideal, i.e., fg € J forall f € C(S;E) and g € J.
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Notice that all characteristic functions of clopen subsets of S are multipli-
ers of J. Hence the set of all multipliers of J is strongly separating over S.
Let us assume that J is free. Let f € C(S;E) and z € S be given. There
exists ¢ € J such that g(z) = 1. Hence h = fg € J and h(z) = f(z).
By Theorem 1, J is uniformly dense in C(S; E). Hence J = C(S;E), a
contradiction. This shows that J is fixed. g

Let us apply Theorem 1 to the problem of simultaneous approximation
and interpolation.

Definition 6. A non-empty subset A of C(S; E) is called an interpolat-
ing family for C(S; E) if, for every f € C(S; E) and every finite subset
F C S, there exists g € A such that f(z) = g(z) for all z € F.

Theorem 5. Let A be an interpolating family for C(S; E) such that the set
of all multipliers of A strongly separates the points of S. Then, for every
f € C(S;E), every V € B and every finite subset F C S, there ezists g € A
such that

(a) f(s) — g(s) belongs to V, for all s € S,
(b) f(z) = g(z), for all z € F.

Proof. Let W = {g € A; f(z) = g(z) for all z € F}. Since A is an
interpolating family, W # 0. It is easy to verify that each multiplier of A
is a multiplier of W. Hence the set of multipliers of W strongly separates
the points of S. Let z € S be given. Consider the finite set U {z}. By
hypothesis there exists g, € A such that f(t) = g.(¢) for all t € F U {z}.
Hence g, € W and f(z) — g.(z) = 0 € V. By Theorem 1, there exists
g € W such that f(s) — g(s) belongs to V, for all s € S, and (a) is verified.
On the other hand, g € W implies (b). o

In the special case of a ultranormed ring (E,|| - ||) (see Example 2)
we define the distance of an element f € C(S; E) from a non-empty subset
W C C(S;E) as

dist(f; W) = inf{||f —gl| ; g € W}
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where |||| = sup{||k(z)|| ; = € S}, for all h € C(S; E).

Theorem 6. Let (E,||-||) be a ultmnoméd ring. Let W be a non-emply
subset of C(S;E) such that the set M of all multipliers of W strongly
separates the points of S. For each f € C(S;E), there ezxists z € S such
that

dist(f; W) = dist(f(z); W(z))-

Proof. If dist(f; W) = 0, then dist(f(z); W(z)) = 0 for every z € S.
Suppose now that dist(f; W) = d > 0. By contradiction, assume that
dist(f(z); W(z)) < d, for every z € S. Hence, for each z € S, there
is some g, € W such that ||f(z) — gz(z)|| < d. Consequently, f and
V ={v e E; |]v|| <d} satisfy condition (2) of Theorem 1. By Theorem
1, there exists ¢ € W such that ||f(z) — g(z)|| < d for all z € S. By com-
pactness of S, ||f — g|| < d, a contradiction, since d = dist(f; W). o

§4. The case of a Krull valuation

In the usual versions of the Weierstrass-Stone theorem the subring A
of C(S;E) is assumed to be only separating over S. To prove in this case
the analogues of Corollaries 1 and 2 we need a suplementary device, namely
Kaplansky’s Lemma. It is available in the special case (E,7) is a topo-
logical division ring whose topology is defined by a Krull valuation. It was
established by Kaplansky in the case of a valuation of rank one (Lemma 1,
Kaplansky [5]) and by Chernoff, Rasala and Waterhouse in the case of an
arbitrary value group G (see Lemma 2, [1]). It reads as follows.

Lemma 2. Let (E,7) be a topological division ring whose topology is de-
termined by a Krull valuation v, and let B = {z € E ; v(z) = 0} be its
valuation ring. Let K be a compact subset of E and let a be any nonzero
element of E. Then there ezists a polynomial p with coefficients in E sat-
isfying

(1) p(0) =0
(2) p(a) =1
(3) p(K) C B.

Proof. See Lemma 2, [1, p. 235]. o
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With the help of Lemma 2 it is easy to prove that any separating uni-
tary subalgebra is in fact strongly separating.

Proposition 1. Let (E,7) be as in Lemma 2. If A is a unitary subalgebra
of C(S; E) which is separating over S, then A is strongly separating over
S.

Proof. Let s # t be given in S. Since a subalgebra is a subring which
is also a vector subspace, A is a vector subspace containing the constants.
Hence there is a € A such that a(s) = 1 and a(t) = 0. Since a is con-
tinuous, K = a(S) is a compact subset of E. By Lemma 2, there is a
polynomial p : E — E such that p(1) = 1, p(0) = 0, and p(z) € B,
for all z € K. Then ¢(y) = p(a(y)), y € S, belongs to A, and satisfies
p(s) =1, p(f) =0 and ¢(y) € B for all y € S. Hence A strongly
separates the points of S. o

Theorem 7. Let (E,7) be a topological division ring whose topology is de-
termined by a Krull valuation v. Let A be a unitary subalgebra of C(S; E)
which is separating over S. Then A is uniformly dense in C(S;E).

Proof. Notice that every element ¢ € A such that ¢(z) € B, for all
z € S, is a multiplier of A. By Proposition 1, the set M of all mul-
tipliers of A is strongly separating over S. Let f € C(S;E) and let
€ > 0 be given in the value group G. Let z € S be given. Since A
contains the constants there is some g, € A such that g.(z) = f(=z).
Hence f(z)— g-(z) =0 belongs to V, = {t € E ; v(t) > €}. By Theorem
1, there is some g € A such that f(s) — g(s) belongs to V, for all s € S,
ie. f—geV'={heC(S;E); h(S) C V.}. Since ¢ > 0 was arbitrary,
this shows that A is uniformly dense in C(S;E). o

Corollary 4. (Weierstrass Theorem) Let (E,7) be as in Theorem 6 and
let S be a compact subset of E. Then the polynomials are uniformly dense
in C(S; E).

Proof. The compact set S is 0-dimensional, and if we take A to be the
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restriction to S of all polynomials with coefficients in E, then A is a
unitary separating subalgebra. It remains to apply Theorem 7. g
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