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LINEARIZATION OF HOLOMORPHIC MAPPINGS
ON INFINITE DIMENSIONAL SPACES

Jorge Mujica

Abstract. After giving a survey of the main results concerning lin-
earization of bounded holomorphic mappings on Banach spaces, these re-
sults are applied to the study of interpolating sequences. The connection

with the classical Hardy spaces, in the case of the open unit disc, is estab-
lished.

Introduction

Several authors have obtained linearization theorems for various classes
of holomorphic mappings. It seems that the first general result of this kind
is due to Mazet [6], who obtained a linearization theorem for holomorphic
mappings on locally convex spaces, thus improving previous results of Schot-
tenloher [13] and Ryan [12]. In a recent paper Nachbin and the author [10]
gave a new proof and several applications of the Mazet linearization theo-
rem. Very recently Dineen, Galindo, Garcia and Maestre [1] solved two of
the problems left open in [10].

By specializing to smaller classes of mappings, the author [8] obtained a
linearization theorem for bounded holomorphic mappings, whereas Galindo,
Garcia and Maestre [2] obtained a linearization theorem for holomorphic
mappings of bounded type. In a very recent paper the author [9] showed
that the last two classes of mappings are intimately connected.

In this lecture we begin with a survey of the main results concerning
linearization of bounded holomorphic mappings on Banach spaces, taken
mainly from [8]. We next apply these results to the study of interpolating
sequences. At the end we restrict our attention to the case of the open unit
disc and show the connection of the preceding results with the classical



Hardy spaces.

I wish to thank the organizers of the X Latin American School of
Mathematics for their kind invitation and financial support to attend and
deliver this lecture.

1. Notation and Terminology

The letters £ and F always represent complex Banach spaces, and
L(E; F) denotes the vector space of all continuous linear operators from E
into F'. Unless stated otherwise, L(E; F) is endowed with its natural norm
topology. We write E’ instead of L(E;@) for the dual of E.

Let U be a nonvoid open subset of E. A mapping f : U — F is said to
be holomorphic if f is continuous and the function A — %o f(a+ Ab) is holo-
morphic on an open neigborhood of the origin in @ for every a € U,b € F
and ¢ € F'. Let H(U; F) denote the vector space of all holomorphic map-
pings from U into F', and let H*°(U; F') denotes the subspace of all bounded
members of H(U; F'). Unless stated otherwise, H*(U; F') is equipped with
the sup norm topology. When F =@ we write H(U) instead of H(U;(),
and H*(U) instead of H*(U;@). We refer to the author’s book [7] for the
properties of holomorphic mappings on Banach spaces.

2. Linearization of Bounded Holomorphic Mappings
The following linearization theorem is taken from [8].

2.1. Theorem [8]. Let U be an open subset of a Banach space E.
Then there are a Banach space G®(U) and a mapping by € H*(U; G=(U))
with the following universal property: For each Banach space F and each
mapping f € H*(U; F'), there is a unique operator Ty € L(G®(U); F) such
that Ty o by = f. The mapping

fe H®(U; F) — Ty € L(G®(U); F)

is an isometric isomorphism. These properties characterize G®(U) uniquely
up to an isometric isomorphism.




The following proposition shows the connection between E and G (U).

2.2. Proposition [8]. Let U be a bounded open subset of a Banach
space E. Then E is topologically isomorphic to a complemented subspace of
G>=(U).

The following proposition shows the connection between properties of
a mapping f € H®(U; F) and properties of the corresponding operator
Ty € L(G=(U); F).

2.3. Proposition [8]. Let E and F be a Banach spaces, and let U be
an open subset of E.

(a) The range of a mapping f € H®(U; F) is contained in a finite
dimensional subspace of F if and only if the corresponding operator Ty €
L(G*=(U); F) has finite rank.

(b) The range of a mapping f € H®(U;F) is relatively compact
(resp. relatively weakly compact) if and only if the corresponding opera-
tor Ty € L(G=(U); F) is compact (resp. weakly compact).

We denote by HZE(U; F) (resp. HZx(U;F)) the subspace of all
f € H*®(U; F) which have a relatively compact range (resp. relatively
weakly compact range).

3. Another Topology on H®(U; F)

Theorem 2.1 tells us that the mapping
fe H®(U;F) - T; € L(G®(U); F)

is an isometric isomorphism. If 7. denotes the compact-open topology,
then it is very useful to consider the unique locally convex topology .,
on H*®(U; F) such that the mapping

f e (H*U; F),my) = Ty € (L(GZ(V); F), 7c)

is a topological isomorphism. The following theorem furnishes an explicit
description of 7, in terms of seminorms.



3.1. Theorem [8]. Let E and F be Banach spaces, and let U be
an open subset of E. Then 7., is the locally convez topology on H*(U; F)
generated by all the seminorms of the form

p(f) = sup aj{|f(=;)ll,
i
with (z;) C U and (o;) € ¢, a; > 0.
With the aid of Theorem 3.1 we can describe G*°(U) as follows.

3.2. Theorem [8/[9]. Let U be an open subset of a Banach space E.
Then G*=(U) consists of all linear functionals u € H*(U)' of the form

M= Zﬂjézp

g=1

with (z;) C U and (B;) € I*. Moreover,
llull = inf Y185l
i=1
where the infimum is taken over all such representations of u.

4. The Approximation Property

We recall that a Banach space F is said to have the approzimation
property, introduced by Grothendieck [4], if the identity operator on E lies
in the 7.-closure of ' ® E in L(E; E). The following results give several
characterizations of the approximation property in terms of bounded holo-
morphic mappings.

4.1. Theorem [8]. Let U be a balanced, bounded, open subset of a
Banach space E. Then the following conditions are equivalent:

(a) E has the approzimation property.

(b) For each Banach space F, H®(U) @ F is 7,-dense in H*(U; F).

(¢) The inclusion mapping U — E lies in the 7.,-closure of H*(U)@ E
in H*(U; E).




(d) The mapping éy lies in the 7,-closure of H®(U) @ G=(U) in
B (U, G=(U)).

(e) G=(U) has the approzimation property.

(f) For each Banach space F and each open set V C F, H*(V)® E
is Ty-dense in H*(V; E).

(9) For each Banach space F and each open set V C F, H*(V)® E
s norm-dense in HP(V; E).

4.2. Proposition [8]. Let U be an open subset of a Banach space
E. Then H*®(U) has the approzimation property if and only if, for each
Banach space F, H*(U) ® F is norm-dense in HZ(U; F).

Since it is still unknown whether H*°(A) has the approximation prop-
erty, where A denotes the open unit disc, Proposition 4.2 may be of some
use in this connection.

5. Interpolating Sequences

Let B(X) denote the Banach algebra of all bounded complex-valued
functions on a nonvoid set X, with the sup norm. We will need the following
result from the book of Garnett [3, Theorem VII.2.2].

5.1. Theorem [3]. Let A be a subalgebra of B(X) which contains the
constants and separates the points of X. Let zy,...,z, be dislinct points of
X and let '

M = 'slmp m{ AT EA, 2z = focr k=1,7"n}.
lInlleo <1

Then for each € > 0 there are fy,..., fn € A such that fi(zx) = & for
hk=1...,n and
sup ) |fi(z)| < M? +e.
zeX =1
Let U be an open subset of a Banach space E. A sequence (z;) C U is

said to be an interpolating sequence if the mapping f € H*(U) — (f(zx)) €
I* is surjective. The following theorem gives several characterizations of in-



terpolating sequences.

5.2. Theorem. Let U be an open subset of a Banach space E. For a
sequence (zx) C U the following conditions are equivalent:
(a) The mapping

Q:fe H?(U) - (f(z)) €I

is surjective.

(b) There ezists P € L(I1*°; H*(U)) such that Q o Pn = n for every
n€l™.

(c) There exists P € L(co; H®(U)) such that Q o Pp = 5 for every
N € C.

(d) The mapping

S:(&) el - fjfkéz,, € G=(U)
k=1

is an embedding.
(e) There exists T € L(G*®(U);") such that T o S§¢ = £ for every
Eel.
(f) There ezists ¢ € H®(U; ') such that p(z;) = e, for every k € IN.
(9) For each Banach space F, the mapping

Qr: f € H*(U; F) — (f(zx)) € I”(F)
18 surjective.

(h) For each Banach space F, there ezists Pr € L(I*°(F); H*(U; F))
such that Qp o Pry = y for every y € I*°(F).

Proof. (a) = (f): By the open mapping theorem, @ is open and
therefore induces a topological isomorphism

R: H®(U)/KerQ — I*.
If M = ||R7"||, then
M = sup inf{||f|l: f € H(U), f(zx) = n« for every k € IN}.
lInlle <1



By Theorem 5.1, for each n € IN there are functions @n,. .., ¢ € H*(U)
such that ¢,;(zx) = ;; for j,k=1,...,n, and

= 1
sup 3 lpny(2)] < M* 4+ .

zel ;1 n

Then a compactness argument yields a sequence (y;) in H*?(U) such that
wji(zx) = ;i for all j,k € IN and

oo
wup 52 los(a)| < M2
zeU =1

If we define ¢(z) = (p;(z)) for z € U, then ¢ verifies (f).

(f) = (e): By (f) there exists ¢ € H®(U;{") such that p(zx) = e
for every k € IN. By Theorem 2.1 there exists T € L(G*(U); ") such that
T o by = ¢. Whence T verifies (e).

(e) = (d): This is obvious.

(d) = (a): Since we can readily verify that S’ = @, the desired con-
clusion follows at once (see [14, Theorem 4.7 - A]).

Thus we have shown that conditions (d), (e) and (f) are equivalent to
(a).

(e) = (b): Since T'0S¢ = ¢ for every £ € I, it follows that S'oT"n =g
for every n € I*°. We already know that S’ = Q. If we define P = T", then
P verifies (b).

(b) = (c): This is obvious.

(c) = (e): By (c) there exists P € L(cp; H*®(U)) such that Pn(zx) =
for every n = (nx) € ¢, and every k € IN. Whence it follows that P'é,, = e;
for every k € IN. If we define T = P'|G*°U, then T verifies (e).

Thus we have shown that conditions (b) and (c) are also equivalent to
(a).



(f) = (h): By (f) there exists (¢;) C H*®(U) such that ¢;(zx) = 6
for all j,k € IN and sup D |p;(z)| < co. Given y = (y;) € I*(F), let
zel

Ppy € H®(U; F) be defined by Pry(z) = Y ¢;(z)y; for z € U. Then Pr
Jj

verifies (h).
Since the implications (h) = (g) and (g) = (f) are obvious, the proof
of the theorem is complete.

6. Connection between G*(A) and L'(9A)/Hy(A).

For 1 < p < oo let H?(A) denote the Banach space of all f € H(A)

such that ol
Al = }ing(g/ |f(rei®)|PdO)? < oo.

Let 1 < p < oo and let f € H?(A). By a theorem of Fatou, the radial limits
f(e) = lirrll f(re') exist almost everywhere and

" ¢if
£ =5 [ L a0

—11—26

for every z € A. The same conclusion is true for p = 1, by a theorem of F.
and M. Riesz. Thus for 1 < p < co we may identify HP(A) with a closed
subspace of LP(9A), namely

HP(A) = {f € 17(3): [ f(e*)e™dd =0 forn =1,2,3,...}.
If we set Hy(A) = {f € H'(A): f(0) = 0}, then
H)(A) = {f € L'(8A): 3 f(e®)e™dd = 0forn =0,1,2,...}.

Whence it follows that the canonical isometric isomorphism between
L>(dA) and the dual of L'(JA) induces an isometric isomorphism between
H>(A) and the dual of L'(8A)/Hj(A). All this is well known and can be
found in the book of Hoffman [5].

Since L'(dA)/ Hy(A) is the unique predual of H>(A), up to an iso-
metric isomorphism (see [3, Theorem V.5.4]), it follows that G*®(A) is iso-
metrically isomorphic to L'(9A)/Hy(A). But it is illustrative to give a

8



direct proof of this fact.

6.1 .Theorem. The spaces G®(A) and L'(8A)/Hy(A) are isometri-
cally isomorphic.

Proof. For every f € H*(A) and zeA we have that

1 _pr o fle’)

(61) f(z) = e 4o -1‘—:-'2—8-'_—’—8‘(10

Let g : z € A — g, € L'(BA) be defined by g.(e) = (1 — ze™¥)!,
and let 7 : L'(0A) — L'(0A)/H}(A) denote the quotient mapping. If we
identify H*°(A) with the dual of L'(8A)/H}(A), then (6.1) tells us that
(f,xg:) = f(z) for every f € H*(A) and z € A. By using (7, Theorem
8.12] we easily see that r 0 g € H*(A; L*(0A)/Hy(A)). Then by Theorem
2.1 there exists T € L(G*®(A); L'(0A)/Hy(A)) such that Té, = ng, for
every z € A. Since we can readily verify that the dual mapping 7" is the
identity on H*(A), we can conclude that T is an isometric isomorphism,
as we wanted. -

Since the sﬁac;e L'(dA)/H}(A) is weakly sequentially complete and
has the Dunford-Pettis property (see [3, Theorem V.5.2] and [11, Corollary
8.1]), it is natural to pose the following problems.

6.2. Problem. Let U be a bounded open subset of a weakly sequen-
tially complete Banach space E. Is G®°(U) weakly sequentially complete?

6.3. Problem. Let U be a bounded open subset of a Banach space
E with the Dunford-Pettis property. Does G*®(U) have the Dunford-Pettis
property?

Observe that in each of these problems the hypotheses on E are nec-
essary, in view of Proposition 2.2.



References

1]

[2]

3]

[4]

[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

S. Dineen, P. Galindo, D. Garcia and M. Maestre, Lineariza-
tion of holomorphic mappings on fully nuclear spaces with a basis. To
appear.

P. Galindo, D. Garcia and M. Maestre, Holomorphic mappings of
bounded type. J. Math. Anal. Appl., to appear.

J. Garnett, Bounded Analytic Functions. Academic Press, New York,
1981.

A. Grothendieck, Produits Tensoriels Topologiques et Espaces Nu-
cleaires. Memoirs American Mathematical Society N© 16, 1955.

K. Hoffman, Banach Spaces of Analytic Functions. Dover, New York,
1988.

P. Mazet, Analytic Sets in Locally Conver Spaces. North-Holland
Mathematics Studies, vol. 89, North-Holland, Amsterdam, 1984.

J. Mujica, Complez Analysis in Banach Spaces. North-Holland Math-
ematics Studies, vol. 120, North-Holland, Amsterdam, 1986.

J. Mujica, Linearization of bounded holomorphic mappings on Banach
spaces. Trans. Amer. Math. Soc. 324 (1991), 867-887.

J. Mujica, Linearization of holomorphic mappings of bounded type.
In: Progress in Functional Analysis. North-Holland, Amsterdam, to
appear.

J. Mujica and L. Nachbin, Linearization of holomorphic mappings
on locally convexr spaces. J. Math. Pures Appl., to appear.

A. Pelczynski, Banach Spaces of Analytic Mappings and Absolutely
Summing Operators. Regional Conference Series in Mathematics N2
30, American Mathematical Society, 1977.

R. Ryan, Applications of topological tensor products to infinite dimen-
stonal holomorphy. Ph.D. thesis, Trinity College Dublin, 1980.

10



[13] M. Schottenloher, e-products and continuation of analytic mappings.
In: Analyse Fonctionnelle et Applications, edité par L. Nachbin, pp.
261-270. Hermann, Paris, 1975.

[14] A. Taylor, Introduction to Functional Analysis. John Wiley, New
York, 1958.

Instituto de Matematica
Universidade Estadual de Campinas
Caixa Postal 6065

13081 Campinas, SP, Brazil

11



01/91
02/91
03/91
04/91
05/91
06/91
07/91

08/91
09/91

10/91

11/91
12/91

13/91
14/91
15/91
16/91
17/91

18/91

RELATORIOS TECNICOS — 1991

Um Método Numérico para Resolver Equacoes de Silvester e de Ricatti —
Vera Lucia da Rocha Lopes and José Vitdrio Zago.

“Regge-Like” Relations for (Non-Evaporating) Black Holes and Cosmolog-
ical Models — Vilson Tonin-Zanchin and Erasmo Recami.

The Exponential of the Generators of the Lorentz Group and the Solution
of the Lorentz Force Equation — J. R. Zeni and Waldyr A. Rodrigues Jr.

Tensornorm Techniques for the (DF)-Space Problem — Andreas Defant and
Klaus Floret.

Nonreversibility of Subsemigroups of Semi-Simple Lie Groups — Luiz San
Martin.

Towards a General Theory of Convolutive Sets (With Applications to Frac-
tals) — Jayme Vaz Jr.

Linearization of Holomorphic Mappings of Bounded Type — Jorge
Mujica.
Topological Equivalence of Diffeomorphisms and Curves — M. A. Teizeira.

Applications of Finite Automata Representing Large Vocabularies — Cldudio
L. Lucchesi and Tomasz Kowaltowski.

Torsion, Superconductivity and Massive Electrodinamics
Cartan’s Torsion Vector and Spin—0 Fields — L. C. Garcia de Andrade.

On The Continuity of Fuzzy Integrals — G. H. Greco and R. C. Bassanezi.

Optimal Chemical Control of Populations Developing Drug Resistance —
M. I. S. Costa, J. L. Boldrini and R. C. Bassanezi.

Strict Monotonicity of Eigenvalues and Unique Continuation — Djairo G. de
Figueiredo and Jean-Pierre Gossez.

Continuity of Tensor Product Operators Between Spaces of Bochner Inte-
grable Functions — Andreas Defant and Klaus Floret.

Some Remarks on the Join of Spheres and their Particular Triangulations
— Davide C. Demaria and J. Carlos S. Kiihl.

Sobre a Equacdo do Telégrafo e o Método de Riemann — L. Prado Jr. and
E. Capelas de Oliveira.

Positive Solutions of Semilinear Elliptic Systems — Ph. Clément, D. G. de
Figueiredo and E. Mitidiere.

The Strong Coupling Constant: Its Theoretical Derivation from a Geomet-
ric Approach to Hadron Structure — Erasmo Recami and Vilson Tonin-Zanchin.

12




19/91

20/91

21/91

22/91
23/91

24/91
25/91

26/91
27/91

28/91
20/91
30/91
31/91

32/91
33/91

34/91
35/91

36/91
37/91

38/91

39/91
40/91

41/91

Time Analysis of Tunnelling Processes, and Possible Applications in Nu-
clear Physics — Vladislavi S. Olkhovsiky and Erasmo Recami.

Procedimento, Funciao, Objeto ou Légica? — M. Cecilia Calani Baranauskas.
The Relation Between 2-Spinors and Rotations — W. A. Rodrighes Jr. and J.
R. Zeni.

Boundaries for Algebras of Analytic Functions on Infinite Dimensional Ba-
nach Spaces — R. M. Aron, Y. S. Choi, M. L. Lourengo and O. W. Paques.
Factorization of Uniformly Holomorphic Functions — Luiza A. Moraes, Otilia
W. Pagues and M. Carmelina F. Zaine.

Métrica de Prohorov e Robustez — Marieo Anlonio Gneri.

Cdlculo de Fungoes de Green para a Equacao de Schrédinger pelo Método
de Expansao Tipo Sturm-Liouville — L. Prado Jr. and E. Capelas de Oliveira.
On the Weierstirass-Stone Theorem — Jedo B. Prolla.

Sull’Equazione di Laplace nell’Universo di De Sitter — E. Capelas de Oliveira
and G. Arcidiacono.

The Generalized Laplace Equation in Special Projective Relativity
— E. Capelas de Oliveira and G. Arcidiacono.

The Projective D’Alembert Equation — E. Capelas de Oliveira and
G. Arcidiacono.

The Generalized D’Alembert Equation in Special Projective Relativity
— E. Capelas de Oliveira and G. Arcidiacono.

A General Algorithm for Finding the Minimal Angle between Subspaces —
Alvaro R. De Pierro and Alfredo N. Iusem.

Scalar Curvature on Fibre Bundles — Maria Alice B. Grou.

Sur la Dimension des Algébres Symétriques — Rachid Chibloun, Artibano Micali
et Jean Pierre Olivier.

An Inverse Column-Updating Method for Solving Large-Scale Nonlinear
Systems of Equations — José M. Martinez em Mdrio C. Zambald:.

Parallel Implementations of Broyden’s Method — Francisco A. M. Gomes and
José M. Martinez.

Equivaléncia Elementar entre Feixes — A. M. Sette and X. Caicedo.

Unique Ergodicity for Degenerate Diffusions and the Accessibility Property
of Control Systems — Luiz San Martin.

Unobservability of the Sign Change of Spinors Under a 2x Rotation in
Neutron Interferometric Experiments — J. E. Maiorino, J. R. R. Zeni and W.
A. Rodrigues Jr.

Disappearance of the Numerically irrelevant Solutions (NIS) in Non-Linear
Elliptic Eigenvalue problems — Pedro C. Espinoza.

Positive Ordered Solutions of a Analogue of Non-Linear Elliptic Eigenvalue
Problems — Pedro C. Espinoza. '

On von Neumann’s Variation of the Weierstrass—Stone Theorem — Joao B.
Prolla.

13



42/91
43/91

44/91
45/91

46/91
47/91
48/91
49/91

50/91
51/91
52/91
53/91

Representable Operators and the Dunford-Pettis Theorem — Klaus Floret.

Simultaneous Approximation and Interpolation for Vector-Valued Contin-
uous Functions — Jodo B. Prolla.

On Applied General Equilibrium Analysis — José A. Scaramucci.

Global Solutions to the Equations for the Motion of Stratified Incompress-
ible Fluids — Jos€ Luiz Boldrini and Marko Antonio Rojas-Medar.

A characterization of the set of fixed points of some smoothed operators —
Alfredo N. Iusem and Alvaro R. De Pierro.

Lyapunov Graphs and Flows on Surfaces — K. A. de Rezende and R. D.

Franzosa.

On the Multiplicative Generators of Semi-Free Circle Actions — J. Carlos
S. Kiihl and Claudina Izepe Rodrigues.

A Priori Estimate and Existence of Positive Solutions of Nonlinear Coop-
erative Elliptic Equations Systems — Marco Aurelio S. Souto.

On a Class of Theories of Mechanics — Part I — Jayme Vaz Jr.
Complexification of Operators Between L,-Spaces — Klaus Floret.
Function Spaces and Tensor Product — Raymundo Alencar.

The Weierstrass-Stone Theorem in Absolute Valued Division Rings — Jodo
B. Prolla.

14



	Página 1
	Página 2
	Página 3
	Página 4
	Página 5
	Página 6
	Página 7
	Página 8
	Página 9
	Página 10
	Página 11
	Página 12
	Página 13
	Página 14
	Página 15

