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In [1] we discussed iterative algorithms of the form:

e R, (1)
1 = T(z"), (2)

with T : IR® — IR" of the form:
T(z) = SQ(=) (3)

where § € IR™" is symmetric, stochastic (meaning nonnegative and with
n

entries s;; such that Z s;; = 1 for all 7) and without zeroes in the diagonal,
=1
and @ : IR" — IR™ is continuous and satisfies:

i) 11Q() - QW)I| < I|z -yl for all z, y € B"
i) [1Q(z) - QI = ||z — yl] implies:

2) Q) - Qy) = = — v,

b) (= — ¥, Q(y) — y) = 0.
iii) the function ¢(z) = ||z — SQ(z)|| attains its minimum in IR".

We proved that under such condition the sequence {z*} generated by
(1) — (2) converges for all z° € IR". Clearly, the limit of {z*} is a fixed
point of T', but we did not provide in [1] a reasonable characterization of
such fixed points. We present here such a characterization. We start with
the following elementary observation:
Proposition 1. Take H € IR**" nonsingular and symmetric and g : R —
IR differentiable. Define R : R* — R" as R(z) = H(z — Vg(z)). Then
the set of fixed points of R is the set of the zeroes of the gradient Vh of h

definnd s hfs) kel & %IT(H-l ~ P,
Proof. z = R(z) if 0 =z — Hz + HVg(z) iff 0 = (H™! — I)z + Vg(z) =
Vh(z).

O

We will apply Proposition 1 to the following case. Let C,,...,Cm be
closed convex sets in JR" and P; be the orthogonal projection onto C;. Take

positive scalars A; (1 < i < m)suchthat ) X; =1 and a € (0, 2). Define:

i=1

P(z) = (1 - )z + a3 A:Pi(2) (®)

=1



It has been shown in [1] that P, as defined by (4), satisfies conditions
i) and ii) above, and that condition iii) is also satisfied under some additional

hypothesis on the sets C; (for instance when (")C; is nonempty, or when at

i=1
least one of the C;’s is bounded, or when they are polyhedra). Consider the
operator T : IR* — IR" defined by:

T(z) = SP(z) (5)

where P is as in (4) and S € IR™" is symmetric, stochastic and positive
definite.

Theorem 1 The set of fixed points of T as defined by (5) is the set of
minimizers of f : IR® — IR defined by:

f(z) = lelw— ()l + xT(S‘ — Dz (6)

=1

Proof: Let g;(z) be defined as g;(z) = -;— [|z— Pi(z)||?. It is well known that
g is differentiable and Vg;(z) = z — P;(z). It follows that P(z) = z —a(z —
™ AiP(2)) = s—a T, A(a—Pi(2) = 2—a T, AVei() = 2-Vg(a)
with g(z) = a}¥ ™, Aigi(z). Applying Proposition 1 with H =S, R=T
we conclude that the fixed points of T are the zeroes of the gradient of h,
1
defined as h(z) = g(z)+ 5.151’(5_l —DNz = gf(.r), i. e., the zeroes of V f(z).
The eigenvalues of S are real by symmetry, positive by positive definiteness
and less than or equal to one by stochasticity. So S~' — I is symmetric
positive semidefinite and the quadratic z7(S~! — I)z is convex. Since the
g;’s are clearly convex, it follows that f is convex, so that the the zeroes of
its gradient are its minimizers.
O
The iterative scheme (1) —(2) with T as in (5) arises in Computerized
Tomogra.phy (e.g. [2]). In this case, the objective is to find a point z € C' =
™ , Ci, but some degree of “smoothness” of z, which represents an image,
is also required. The purpose of S, as explained in [1], is to attain such
“smoothing”. When S is irreducible in the sense of Markov chains, as is
usually the case when smoothing images, then Sz = z iff all comporients of
z are equal, i. e., z is perfectly “smooth”. Note that for nonempty C the
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first term in the right hand side of (6) is minimized by the points in C' and
the second one by the points z such that Sz = z. So, by minimizing f one
achieves a trade-off between belonging to C' and being smooth, a sensible
goal in the applications.

We complete the analysis of the relation between algorithm (1) - (2)
(with T as in (5)) and f by showing that the algorithm not only minimizes
f but does so monotonically.

Proposition 2. Take T, f as in Theorem 1. Then, for all z € IR™:

HT@) < f(2) - (=) IT(@) - oI ()
Proof. By definition of P;:

IPA(T()) = T(2)II* < lI1P:(z) = T(@)II* = |1P(=) = =II* + [IT(2) - =II* -
2(Pi(z) — =, T(z) - 2) (8)

Multiplying (8) by A; and summing on i:

2—-a

44

DNNRT(@)-T@)I < Zf\i||ﬂ(-1—')—3“=+||T(3)—-"-'”2—'2‘(75(3)—3- T(z)-z), (9)

i=t i=1

since iA;(P;(;r) —z)= (in:/\,-P.-(a:)) —z=

=1 =1

From (9):

(P(z) - z) by (4)

&=

JT@) £ J@)+ TS ~ 1) T(2) - (5™ - D)a]
+ 1) 2l + (e, T(2) ~ 2) - (P(z), T(a) ~ )
= (@)~ = (T(x) - =)' (5™ = ) (T(a) - )
~ 20657 - 1) (T() - 2) +IT(=) - oI

+ 2z, T(s) ~2)  2(P(a), SS(T(z) - 2)

< J@)+ 2T@)(S™ - 1) (T(=) ~ 2) + IT(&) ~ =i
+ 2z, T()~2) - (SP(2), S (T(@) -2)  (10)
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using positive semidefiniteness of S~! — I and symmetry of S in the last
inequality.
From (10):
2
f(T(z)) £ f(=)+ ;T(==)T(5—1 - I) (T(z) - 2)
2 2
+ |IT() —=|* + Sl T(2) —2) - ;T(I)TS“(T(&') — z)

= f(@) - 2(T(2), T(a) - 2) +IIT() - 2]

+ e, T(a)-2)
= fl&) - =0T () - P (1)

]
Corollary. If {z*} is the sequence defined by (1) - (2) ( with T as in (5))
then f(z*1) < f(a*) — (22)[|sk*1 — o[
Proof. Immediate from Proposition 2.

O

Another specific example of @ satisfying i) - iii) which was dis-

cussed in [1] is the sequential relaxed projections operator P defined as
P = P2o...0 P§ o Pf where P?(z) = (1 — a)z + aPi(z). We remark
that the operator T with P substituting for P in (5) is not amenable
to this analysis. For instance, in the case of hyperplanes, i.e., when
C; = {z € R, (d', z) = b} with ¢’ € R", b € IR™ and without re-
laxation (a = 1), we get z — P(z) = AT(EAz — b) where A is the m x n
matrix with rows a' and E~' is the lower triangular part of AA”. Since E
is not symmetric, z — P(z) cannot be the gradient of any function g.
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