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EMBEDDINGS OF FRECHET SPACES
IN UNIFORM FRECHET ALGEBRAS

by Jorge Mujica

Abstract

It is shown that every Fréchet space is topologically isomorphic to
a complemented subspace of a uniform Fréchet algebra.

Introduction

A well known result of Milne [10] asserts that every Banach space is
isometrically isomorphic to a complemented subspace of a uniform Ba-
nach algebra. Since Enflo [6] has constructed a Banach space without
the approximation property, Milne’s theorem implies the existence of a
uniform Banach algebra without the approximation property.

In this note we first present Milne’s proof from the point of view of
infinite dimensional holomorphy, and next follow the same approach to
extend Milne’s theorem to the realm of Fréchet spaces.

I am grateful to Aleksander Pelczynski for observing that Milne’s
theorem is closely connected with a result in [13]. That observation ul-
timately led to the proof of Milne’s theorem presented here. I am also
grateful to Joao B. Prolla for some helpful comments.

1. Notation and Terminology

Throughout this note C(X') denotes the locally multiplicatively con-



vex algebra of all complex-valued continuous functions on a topological
space X, with the compact-open topology. A uniform Banach algebra
(resp. uniform Fréchet algebra) is a closed subalgebra of C(X) which
contains the constants and separates the points of X, for a compact
Hausdorff space X (resp. hemicompact k-space X).

If U is an open subset of a complex locally convex space E, then
H(U) denotes the locally multiplicatively convex algebra of all complex-
valued holomorphic functious on U, with the compact-open topology,
whereas H*(U) denotes the Banach algebra of all bounded members of
H(U), with the sup norm.

If E is a real topological vector space, then the Cartesian product
E x E, with the operations

(z,9) + (s,t) = (z + s,y +1),

(a + Bi)(z,y) = (az — By, ay + Bz),

is a complex topological vector space, called the complexification of E,
and denoted by Eg¢. If E is a real Banach space, then Eg is a complex
Banach space for the norm

Iz, )|l = sgp max{||z cos @ — ysin b, ||y cos & + zsinb||}.

Furthermore, the mapping z — (z,0) embeds E isometrically into Eg,
and the projection (z,y) — (z,0) has norm one.

We refer to [9] of [14] for the terminology from topological vector
spaces, to 7] for the terminology from topological algebras, and to [5] or
[12] for the terminology from infinite dimensional complex analysis.

2. Embeddings of Banach Spaces in Uniform Banach Algebras

2.1 Milne’s Theorem [10]. Every Banach space is isometrically iso-
morphic to a 1-complemented subspace of a uniform Banach algebra.



Proof. Consider first the case of a complex Banach space E. If Ugs
denotes the open umit ball of the dual E’, then the bidual E” is isomet-
rically isomorphic to a 1-complemented subspace of H®(Ug:). Indeed,
if S : E” — H>®(Ug) is the inclusion mapping, and I' : H°(Ug:) — E”
is defined by T'f = Df(0) for every f € H®(Ug), then ToS(z") = z"
for every z” € E”, S is an isometry and ||T’|| = 1. If A is the subalgebra
of H*(Ug ) generated by S(E), then Tf € E for every f € A. Indeed,
N

eacthAcmbewﬁttenmasumf=Ef_,wbete
m=0

’ jm ’
fm(@") = 3 cmi(2'(zmi))™,
=1
with ¢; € € and z,,; € E. Since Df(0) = f,, it follows that Tf € E,
as asserted. Whence it follows that T f € E for every f € A, the closure
of Ain H®(Ug:). Thus we have a commutative diagram

B oo iy H>(Ug) = B
T T T
E e A e E

and E is isometrically isomorphic to a 1-complemented subspace of A.
Since A may be regarded also as a closed subalgebra of C(Ug:, o(E', E)),
the proof is complete in the case of a complex Banach space E.

Finally, if E is a real Banach space, then E is isometrically isomor-
phic to 1-complemented subspace of its complexification Eg. Thus the
desired conclusion follows from the first part of the proof.

3. Embeddings of Frechet Spaces in Uniform Frechet Algebras

3.1 Theorem. Every Fréchet space E is topologically isomorphic to a
complemented subspace of a uniform Fréchet algebra A. If E is, in addi-
tion. Montel, Schwartz or nuclear, then we can take an A with the same

property.



Proof. Consider first the case of a complex Fréchet space E, and let
E; denote the dual of E, with the topology of uniform convergence on
the compact subsets of E. Then E is a hemicompact k-space (see [11]),
and H(E?) is a uniform Fréchet algebra. Since (E(), = E, the method of
proof of Theorem 2.1 shows that E' is topologically isomorphic to a com-
plemented subspace of H(E.) (see [1] or [5]). If E is a Fréchet-Montel
space, then H(E!) is a Fréchet—Montel space as well, by a result of Dineen
[4]. If E is a Fréchet-Schwartz space, then H(E]) is a Fréchet-Schwartz
space as well, by a result of Colombeau and Perrot [3]. And if F is a
Fréchet—nuclear space, then H(E!) is a Fréchet—nuclear space as well, by
a result of Boland [2]. This completes the proof in the case of a complex
Fréchet space E.

Finally, if E is a real Fréchet space, then E is topologically isomor-
phic to a complemented subspace of its complexification E¢. Thus the
desired conclusions follow easily from the first part of the proof.

Since Hogbe-Nlend [8] has constructed a Fréchet-Schwartz space
without the approximation property, Theorem 3.1 implies the existence
of a uniform Fréchet-Schwartz algebra without the approximation prop-
erty.



References

[1] R- ARON and M. SCHOTTENLOHER, Compact holomorphic

mappings on Banach spaces and the approximation property. J.
Funct. Anal. 21 (1976), 7-30.

[2] P. BOLAND, Holomorphic functions on nuclear spaces. Trans.
Amer. Math. Soc. 209 (1975), 275-281.

[3] J. F. COLOMBEAU and B. PERROT, Reflexivity and kernels in in-
finite dimensional holomorphy. Portugal. Math. 36(1977), 291-300.

[4] S. DINEEN, Holomorphic functions on strong duals of Fréchet-
Montel spaces. In: Infinite Dimensional Holomorphy and Applica-
tions, pp. 147-166. North-Holland Mathematics Studies, vol. 12.
North-Holland, Amsterdam, 1977.

[5] S. DINEEN, Complex Analysis in Locally Convex Spaces. North-
Holland Mathematics Studies, vol. 57. North-Holland, Amsterdam
1981.

[6] P. ENFLO, A counterexample to the approximation property in Ba-
nach spaces. Acta Math. 130 (1973), 309-317.

[7) H. GOLDMANN, Uniform Fréchet algebras. North-Holland Math-
ematics Studies, vol. 162. North—Holland, Amsterdam, 1990.

[8] H. HOGBE-NLEND, Les spaces de Fréchet-Schwartz et la proprieté
d’approximation. C. R. Acad. Sci. Paris 275 (1972), 1073-1075.

[9] J. HORVATH, Topological Vector Spaces and Distributions, vol. I,
Addison-Wesley, Reading, Massachusetts, 1966.

[10] H. MILNE, Banach space properties of uniform algebras. Bull. Lon-
don Math. Soc. 4(1972), 323-326.

[11] J. MUJICA, Domains of holomorphy in (DFC)-spaces. In: Func-
tional Analysis, Holomorphy and Aproximation Theory, pp. 500-533.
Lecture Notes in Mathematics, vol. 843. Springer, Berlin, 1981.

5



[12] J. MUJICA, Complex Analysis in Banach Spaces. North-Holland
Mathematics Studies, vol. 120. North-Holland, Amsterdam, 1986.

[13] J. MUJICA, Linearization of bounded holomorphic mappings on
Banach spaces. Trans. Amer. Math. Soc.; to appear.

[14] H. SCHAEFER, Topological Vector Spaces. Graduate Texts in
Mathematics, vol. 3. Springer, New York, 1971.

Instituto de Matematica
Universidade Estadual de Campinas
Caixa Postal 6065

13081 Campinas, SP, Brazil



01/90

02/90
03/90

04/90

05/90

06/90

07/90
08/90

09/90

10/90

11/90
12/90
13/90

14/90

15/90

16/90

17/90
18/90

RELATORIOS TECNICOS — 1990

Harmonic Mape Into Periodic Flag Manifolds and Into Loop Groups —
Caio J. C. Negreiros.

On Jacobi Expansions — E. Capelas de Oliveira.

On a Superlinear Sturm-Liouville Equation and a Related Bouncing
Problem — D. G. Figueiredo and B. Ruf.

F- Quotients and Envelope of F-Holomorphy — Luiza A. Moraes, Otilia
W. Pagues and M. Carmelina F. Zaine.

S-Rationally Convex Domains and The Approximation of Silva-
Holomorphic Functions by S—Rational Fanctions — Otilia W. Pagues and
M. Carmelina F. Zaine.

Linearization of Holomorphic Mappings On Locally Convex Spaces —
Jorge Mujica and Leopoldo Nachbin.

On Kummer Expansions — E. Capelas de Oliveira.

On the Convergence of SOR and JOR Type Methods for Convex Linear
Complementarity Problems — Alvaro R. De Pierro and Alfredo N. lusem.

A Curvilinear Search Using Tridiagonal Secant Updates for Uncon-
strained Optimization — J. E. Dennis Jr., N. Echebest, M. T. Guardarucci,
J. M. Martinez, H. D. Scolnik and C. Vacchino.

The Hypebolic Model of the Mean x Standard Deviation “Plane” —
Sueli I. R. Costa and Sandra A. Santos.

A Condition for Positivity of Curvature — A. Derdzinski and A. Rigas.

On Generating Functions — E. Capelas de Oliveira.

An Introduction to the Conceptual Difficulties in the Foundations of
Quantum Mechanics a Personal View — V. Buonomano.

Quasi-Invariance of product measures Under Lie Group Perturbations:
Fisher Information And L’-Differentiability — Mauro S. de F. Marques and
Luiz San Martin.

On Cyclic Quartic Extensions with Normal Basis — Miguel Ferrero,
Antonio Paques and Andrzej Solecki.

Semilinear Elliptic Equations with the Primitive of the Nonlinearity
Away from the Spectrum — Djairo G. de Figueiredo and Olimpio H. Miya-
gaks.

On a Conjugate Orbit of Gg — Lucas M. Chaves and A. Rigas.
Convergence Properties of Iterative Methods for ?ymmetric Positive
Semidefinite Linear Complementarity Problems — Alvaro R. de Pierro and
Alfredo N. Iusem.



19/90
20/90
21/90
22/90
23/90
24/90
25/90

26/90
27/90

28/90

29/90
30/90

31/90

The Status of the Principle of Relativity — W. A. Rodrigues Jr. and Q. A.
Gomes de Souza. ;

Geraciao de Gerenciadores de Sistemas Reativos — Antowio G. Figueiredo
Filho e Hans K. E. Liesenbery.

Um Modelo Linear Geral Multivariado Nao- Paramétrico — Belmer Garcis
Negrillo.

A Method to Solve Matricial Equations of the Type 31 | A;XB; =C —
Vera Licia Rocha Lopes and José Vitdrio Zago. x

X,-Fixed Sets of Stationary Point Free X4 —Actions — Cloudina [zepe
Rodrigues.

The m-Ordered Real Free Pro-2-Group Cohomological Characteriza-
tions — Antonio José Engler.

On Open Arrays and Variable Number of Parameters — Claudio Sergio
Da Rés de Carvalho and Tomasz Kowaltowsk:.

Bordism Ring of Complex Involutions — J. Carlos S. Kishl.

Approximation of Continuous Convex—Cone-Valued Functions by
Monotone Operators — Jodo B. Prolla.

On Complete Digraphs Which Are Associated to Spheres — Davide C.
Demaria and J. Carlos 5. Kiihl.

Deriving Ampére’s Law from Weber’s Law — A. K. T. Assis.

Fatores Nao Paramétricos para Experimentos Completamente Casuali-
zados para Trés Fatores, com Interacao — Belmer Garcia Negrillo.

On the Velocity which appears in Lorentz Force Law: An Illuminating
Puzzie — A. K. T. Asss.



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9

