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Abstract. Using the index of a simple Lie subalgebra we show that two
exceptional orbits, with the same cell decomposition, of the Adjoint ac-
tion of G; are not homotopy equivalent. Moreover the conjugate orbit
corresponding to the exponential image of one of the above is a minimal
embedding of 5% in Go, that generates 7sGy = Zs.
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On a conjugate orbit of G,

Lucas M. Chaves™ and A. Rigas®™®

Introduction

A study of the topology of the adjoint action orbits of a compact Lie group.
was done by R. Bott in [B-2]. The orbits are homotopy equivalent to C'WW-
complexes with even dimensional cells. The dimension and the number of cells
is obtained from the infinitesimal diagram of the group. Since all maximal tori
of a compact Lie group are conjugate, all regular orbits are mutually diffeomor
phic. For the singular orbits this is not true in general. In this note we exibt an
example of two singular orbits of the exeptional Lie group G; with the same cell
decomposition that are not homotopy equivalent.

In section two, we project one of these two orbits by the exponential map
onto an orbit of the conjugate action and using the property of triality we show
that this orbit is a minimal embedding of S® ~ G;/SU(3) in G,, that generates
the homotopy group ng(Gjy) >~ Zs. This fact is interesting when compared to the
following elementary theorem of Elie Cartan [C-E, p. 77].

“If the Lie groups (G, H) form a symetric pair then G/H has a canonical
embedding in G as a totally geodesic submanifold.”

In our example, although (G, SU(3)) is not a symmetric pair, S ~ G,/SU(3)
inherits, by submersion from (G, Killing), a symmetric metric [B-1].

We would like to thank J. Rawnsley and F. E. Burstall for helpfull discus-
sions and for making available to us their unpublished notes [B-R]. The second
author is greatful to E. Musso and Renato Pedrosa for helpful conversations.

§1 Distinction of Adjoint orbits

Let G; = {A € SO(8), A(zy) = A(z)A(y) Vz,y € C, ~ IR®}, where C, is the
algebra of Cayley numbers. The root diagram of the 14 dimensional, compact,
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simple Lie group G, is as follows [P].
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We want to look at the Adjoint action (: zAz™") of G, on'its Lie algebra G,. By
Bott’s theorem [B-2], regular orbits are homotopy equivalent to a C'W-complex
with one cell of dimension zero. one of dimension 12, and two cells in each one of
the dimensions 2, 4, 6, 8 and 10. Singular orbits have one cell in dimension 0, 2,
4, 6, 8 and 10. Let H,, Hy in G'g be elements corresponding to roots of different
norms. If peovirsia B

O(H;) = {sHz' €6}, i=1,2, ..
I(H)- = {= €G,, zH; = Hiz}, i=1{:2

we have

O(H;) ~GyfI(H;), 1i=1,2

To exhibit the difference between Go/[(H,) and G2/I(H,) we will use the sym-
metric pair (Ga, SO(4)). An inclusion of SO(4) in G; is defined by the following
homomorphism of Spin(4) ~ Sp(1) x Sp(1). ¢oofb s To noidneideidl |

& : Sp(1) x Sp(1) — G,
e (2

where (‘;) is a representation of a Cayley number by two: quawtmi;,né with
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a\fc ac — db ;
( b) ( d) g ( gl bE) defining the Cayley product [W].
Since rank G,."'.._= rank SO(4) = 2, we can get a basis of G, as follows:

g ~1°909 56 3" 8
e e 000 O
e 40 al" e 08 &
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then . s 3 :
1] € g
i[o 00 6y
10 8 1 0
k10 =1 0
it T
f 1 00 0
g 0 9 960
2 0 00 0]
and
_ijkefgh
sih0 .0 -9 ™
710 0 -1 0
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: g %9 8" =0
g 0 & 00 i«
h| 0 0 1

If (A, B) = ! trace (AB") A,B € Gy, then [|By|* = [|B|]* = 2 and
(Bh Bg) = -1.

Therefore (see the infinitesimal diagram) H, = B, + B; and H, = B, — B,
are elements in distinct singular orbits.



Infinitesimal diagram of

o H -orbit ® Hz-orbit

Both isotropy subgroups I(H;) and /(H;) are isomorphic to U(2) : Note
first that demI(H;) =4 1 =1, 2 (by orbit dimension) and
U(2) =~ 6(S* x Sp(1)) C I(Hy), U(2) ~ 6(Sp(1) x S*) C I(H,), where
St=dz4iy; 2,y R, 22+ =1}1C Sp(1).

The concept of index introduced by Dynkyn in [D] and related to the homo-
topy group 73 in [AHS] will allow us to distinguish between O(H;) and O(H,).
Let G, be a simple subalgebra of a simple algebra G. There is in (G only one
scalar product, up to homothety, such that all automorphisms of G are orthogo-
nal transformations. Fix the scalar product, denoted by (, )5, such that if o is
the largest root then (a, a); = 2. Define (, )&, analogously and observe that
there is a k € IR* such that

Theorem ([D], [AHS]): k as in interger, called the index of G, in é and
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7!'3(G/G]) = Zk.
To calculate the index of I(H,) and I(H,) we note that if

Sp(1) x {1} -2 G,

a a
= () (o)

i} xSpi1) 2 g

= ()= (5]

then 8,(Sp(1) x {1}) C I(Hy) and 85({1} x Sp(1))  I(Hy).

As 0.(by + by) = Hy and 0.(b, — by) = H, we have H, € 8.(Sp(1)x{1}),

Hy € 0.({1}xSp(1)), ||Hy]|* = 2 and [|Ha[? = 6

(note that [|(b; + &,)||* = [|(by — b,)|* = 2) wich implies that index I(H,) = |
and index I(H,) = 3, so that m3(O(H,)) = {0} and 73(O(H3)) C Z5.

Remark: These two singular orbits appear also in (S p. 163-164) without men-
tion of their not being homotopy equivalent.

§2. A conjugate orbit

Now we project by the exponential to conjugate orbits of ;. It is easy to sec
that O(H,) projects on to G,/SO(4), the symmetric totally geodesic conjugate
orbit, with fiber €P'. To investigate the geometry of the other conjugate orbit,

let
2 00 9
Aa T ¥ 0L :=exp(i—3—)
; 0 0 2

be in the center of SU(3) and A = exp(A) is in the subspace generated by
Hy + 2H, [P, p. 260]. Therefore the orbit O(A) = {zAz"!, z € G,} is the
exponential of the singular orbit O(H,). By a straightforward calculation. we see
that SU(3) = I(A) and therefore we have

O(A) ~ G3/I(A) > G,/SU(3) ~ S



Proposition. The map
Y:8%~G,y/SU(3) — G,
[z] » zAz™?
is a generator of the homotopy group 7e(G3) ~ Zs.

Proof. We will use the property of triality [C]:
“V A € SO(8) 3B,C € SO(8) such that A(zy) = B(z)C(y), Vz,y € C, ~ R*”
(where the products are Cayley multiplication).

Recall that
Spin(7) := {B € SO(8),A(zy) = B(z)C(y) ¥ z,y € IR® and A € SO(T)}, is a
Lie subgroup of SO(8) [W].

The linear transformation g,(z) = eaz@ a,z € R® ||a|* =1, isin SO(7),
because g,(1) = 1. By a Moufang type identity [T-S-Y]| we have

9a(2y) = a(zy)@ = (aza®)((@)"ya)
Therefore f, with f,(z) = aza® is in Spin(7) and the map

f:8" — Spin(7)

ab——-&fa

generates 7;Spin(7) ~ Z, since a + g, generates 7;S0(7) ~ Z [T-S-Y].

Ifa € S”and a® = 1 then o® = @ and f,(zy) = a(zy)a? = (aza®)(@®ya?) =
(aza?)(a'ya?) = (aza?)(aza?) = f,(z)f.(y); therefore f, € G;. Every unitary
Cayley number is of the form a = cos(t) + Jsin(t), where J is pure imagi-
nary and a® = 1 if and only if t = _2_35_ Now, [ restricted to the equator
5% = {cos(t) + Jsin(t), t = %} defines a map

f] ISG —— Gg
a — f,
Let e’ C S7 be a seven-dimentional cell defined by
e’ = {cos(t) + Jsin(t), ¥ <t <}

It follows easily that the restriction f of f to € is injetive and as
de” = 8% flaer = fi- By the well know fibration



(1) Gs o SpnlT) 2 5

we have 7of:el — &7, xof: e’ — 9’ — S7 - {(1, 0,...,0)} is bijetive,
o f(de") = (1, 0,...,0) anﬂ—ihqgiogfqga{gf, 0e™) — S7 is a generator of
(ST~ Z. B it

Asxo f: 5" — S"is a map of degree 3 and 7¢(Spin(7)) = {0}, by the exact
homotopy sequence of (1), we have

Tv(SP!ﬂ(T)) f‘t"h:L~f#(S7) i3 |—|'1"'—Ah"""—b g ‘:.I‘(GQY "'-‘—’G‘ H.#

Ty (el

~ o .'Bl

*H(Spin(7), Gs)

1) m.([1]) = [3], therefore 7¢(G>) = Z- -
ii) A(1) = [1], therefore f, : $® — G, is not homotopicaly trivial and so it is a
generator of 74(G,). o % )

Ly

Remark: i) was proved by Mimura in .[M]'using‘_the :fa(it';;that _?rs(Ss)hz- Zys.
The above approach furnishes also an elementary proof that ng(SU(4)) ~ Zs and
that 7¢(S5%) = Zi3, using the exact homotopy ladder of the principal fibrations

over S7 with total spaces Spin(5), Spin(6) and Spin(7) ([Y]).

It remains to prove that the image of f; is the conjugate orbit ¥» of A:

Observe that if t = 331 and a = cos(t) + isin(?) then f,(7) = i and therefore
fu € SU(3) = Ga. , | e -
We claim that f, = A and for this we must show that faA = Af, for,all A in
SU@3) : Afa(z) = A(aza®) = A(a) A(z) A*a) = a A(z) a® = f,(A(z)). since
A(a) = a by the fact that A(i)=d:" ... + . i H
Now, we have that for' B in-G, BAB™! = BfsB™'(z) = B(aB ™ a)a?) =
B(a)zB*(a) = fp(a)(z), therefore f,(S®) C ¥(S%). As f; and ¥ are embeddings
the'two sets are'equal. '+ = 2 {quiomod s BRI B LAV
By the Cartan polyhedron of G, we have that O(A) is an isolated ‘orbit and

. ' Fa
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therefore a minimal submanifold [H-L}.
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