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A condition for positivity of curvature

A. Derdzinski™ and A. Rigas™

In this note we describe a condition , necessary and sufficient, in order that a proce-
dure of the type described in [D — R| yields metrics of positive sectional curvature
in the total space of a principal fiber bundle.

Alan Weinstein has replaced the term "Unflat” used here by the term "Fat”
(see{W3]).

The note was written in 1979 as an addendum to [D— R] and was never submit-
ted for publication. Due to some revival of interest in the existence of metrics of non-
pegative sectional curvatare on vector bundles in recent years ([G],[S — W1,[W]),
we thought its publication might be of some help.

Let x : P — M be a principlal G - buntﬂe(Gammpadhem)ma
compact manifold M of dimension n > 2. Given a connection form w in P and a
metric h on M, and a bi-invariant metric Q in G, one can define a family of metrics
gmP, t>0,by

#(X, ¥) = h(dx(X),dx(Y)) +1Q(AX),w(¥)).

One can ask when there are metrics of positive sectional curvature among the g,.
By obvious reasons (c.f. [D — R]), it is necessary that the curvature form is unflat,
(M, k) is positively curved and so is (G,Q) unless G = 5. Thus, we have G = §'
or G = S or G = S0(3), Q beng in the latter two cases a multiple of the Killing
form.

Given a conneclion in a principal G - bundle P over 2 Riemannian manifold
M and a bi - invariant metric in G, the curvature form § canfbe viewed as a 2-form
on M valued in the adjoint bundle AdP = P X 44 G, where G is the Lie algebra of
G, the latter having a natural fiber metric compatible with a patural connection.
Therefore expressions like {(VxQ)(Y, Z),u) make sense for X,Y,Z tangent to M
and u € AdP.
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We can now formulate the condition for positivity of sectional curvatares of
8.1 close to zero. For the case of ‘?’—bundle:. this condition was communicated to
us by L. Bérard Bergery.

Theorem: Let P — AM be a principal G-bundle with a connection w over a compact
manifold M,dimM = n > 2, where G = 5% or G = 50(3). Fix a Riemmanian
metric h in M and a bi-invariant metric @ in GG. Then the following conditions are
equivalent: (i) g, bas positive sectional curvature for all sufficiently small t > 0.
. (ii) The connection « is {1}-unfat and for any pomt z € M, mutually orthogonal
unit vectors X,Y € T. M and any non—zero element u of AdP over z, we have

1) ROGY.X.0) 3 (0 0K, X)) 2 (ua (V2R X, V),
=1

-, X, being an arbitrary orthonormal basis of T. M, while}tdmtuﬁthccur—
vature tensor of (M. k).
Proof. First, we need

LEMMA. Civen real parameters a, #,7,4,,(, 9,0, ), with § > 0, define the family
of fumctions ¢, - ' — KRt > 0) by
alA, B,C, D) = aA’C? +t(8AC? + yA’CD + SAC*B
+ eABCD % AB’D’)+ 1*(6D*A* + 9B*C® + (ABCD).

Then the following conditions are equivalent:
(i) There exists a positive real mniaa‘ 1y, depending continuously on
a,B,7,6,£,(,n,0,) and such that

(2) A, B,C,D)>0
whenever 0 <t < t, and :
(3) AR =1=C"3:+ D

[a>0,150,050,7>0,
@ { ~

4abd > 77, dom > &,
Proof of Lemma . Assume (i). Then (ii) follows immediately by setting in (2)

fist B=D=1, A=C=0,next A=1, B=0and, finally, C=1, D=0.
Assume pow (ii). Simee (4) and (3) together with BD = 0 imply (2) for every small
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> 0, we may consider only the case BD # 0. Dividing ¢(A, B,C, D) by B?D?
and then setting z = A/B,y = C/D, we see that our assertion is equivalent to

(5) 2’[(@ 4 tBW" + tyy + 0] + T(86y® + tey + PLy) 4+ th + Py® > 0

for all real z,y, provided that { > 0is small enough. The expression (a+{f)y? +1yy+
1?8 is positive for small ¢ > 0 and all real y, since a + ¢8> 0 and the discriminant
(with respect to y), t*(y* — 4af — 4¢80) < 0 for ¢ close to zero. Therefore, for ¢ > 0
small enough the left hand side of (5) can be viewed as a binomial in the variable z
with positive leading coefficient. Condition (5) is then equivalent to the negativity
of the corresponding discriminant, i. e, to

(6) ¥V (& — 4am — 4¢Bg) + y(26e + 26¢t — 46y) + (€ + (T)? — 4120y
<1[(-?+£3)J‘+4-n+4to}. :
The left—hand side of (6) is a family of functions Fi(y) of the variable y, depending on

the small parameter t > 0, satisfying F,(0) = 0, EF(Y)ly=o =0, Hﬁ_ﬂnﬂ(!) =00

and uniformly bounded in a fixed neighborhood of y = 0 (Fig. 1). For ¢ small
umugb,ﬂiadmindepadmtdt.OnthedhaM&cﬁghhhmdsideo{
(6) is equal to

fo .8 e

A5 +4ﬁ7!(r+2(u+,ﬂ))'+(h+w)’(4d 7" + 419}
Mi.mhm,)a‘wmpﬁzm The-minimum -of

s LM ey 2 e e e oy
G, taken at ""'—_‘2{&+tﬁ) is equal to n+‘1ﬁ{M 7 + 4156). The graphs

of G, form a l-parameter family of parabolas, for which the curve of vertices
trs L(t) = (my, Gy(my)) satishes L(0) = (0,0) and L'(0) = (=%, 2(4ad — 1))
with second component > 0 in view of (4). Therefore, L is not tangent to the hor-
izontal axis at (0,0). The parabolas G, behave now as in Fig. 1, which completes
the proof. : ;



: Fig. 1
Proof of Theorem. Fix an open subset U C M with a field e,,... ¢, of i— or-
thmmﬂ’&muhﬂnddo«eaQ—oﬂhmmdhliuhm,noﬁheﬁed@bn
G of G. From now on we assume that i, 7,k,1 € {1,...,a}, o, 8,7 € {1,2,3). More-
over, for a vector field X on M and u € G we denote by X the horizontal lift of X and

by u the fundamental vector field in P corresponding to . Fnallg,‘t?ndit(m.

Wand Broe Tt Frini o thi conaiiant o st T s tumin-of
(P,g:) (resp. of (M,h) or (G,Q)). The frame field &,...,%;, ul, w3, uj satisfies

now the relations g%, &) = &, g(&, ul) = 0, gful,uj) = u..,qéa—e-,:
A t i i

(Ve €) = ;R (e, &), V5 vl =V a"%‘;%?h Ve 43 =(Va, ug),
where @ = dw + [, «] is the curvature form and @ (&, &) = ¥ A7, u,. Using
mth:m l‘hjﬁk (G2 5 v, iﬂﬂ'&(ﬁs%%ﬂ*v“h
1 1 ] & 1
Risu=Risu +tAipiy Rijre = tBijuwy Ricjg= Cinip +§"¥n§9€»ﬂw=



Wil ¥ -r'}:(n' @ - 0 A = b Ky =t R

where Aju, Bijie. C_,gmeartunexptmwdl. It is impor-
hnthohlu'vethatC..,g 4+ Cioig = 0 and Bgae = H(V.fe;, &), ua) —
H(Ve, M) e, e ua), u,bangmwad(nsn—c_:nlw)umdcmt
of AdP. Consider now a 2-plane tangent to P. It is easy to venf\ that it always
has a g,—orthonormal basis of the form X = A€ + Buw], =Ce¢ + Duy
withi #j,affand A2 + B* = C* + D* = 1 nm:he.bmfor.

mulas, we bave R (X,Y,X,Y) = @ (A,B,C,D), p being defined as in the
Lemma with & = Rz B = Agin 7 = Wi § = Bigw ¢ = Cioi,
(= E(—n' AR R AR B -):(n:—.)' ' = -ztn‘)’ 5 s
memfohmmaﬁwdyﬁmthelm
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