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MAXIMUM PRINCIPLES FOR COOPERATIVE ELLIPTIC
SYSTEMS

Djairo G. de Figueiredo and Enzo Mitidieri

Résumé - Dans cette note, nous éstablissons des principes du maximum pour des
systémes cllipticﬁujes faiblement couplés, de la forme (1) ci-dessous. Ces principes du
maximum sont liés A l'existence dune sorte de fonction barritre pour le systéme
homogéne. Dans 1¢ cas oi A a des coefficients constants et les opérateurs différentiels
sont tous &gaux A un opérareur auto-adjoint, alors une condition nécessaire et suffisante
pour quun principe du maximum ait lieu, est donné en terme des polynomes
caracterisques des mineurs principaux de A.

Abstract - In this note we establish maximum principles for weakly coupled elliptic
systems of the form (1) below. The maximum principles here relate to the existence of
sort of barrier function for the homogeneous system. In the case when A has constant
entries and the differential operators are all equal to a same self adjoint operator then a
necessary and sufficient conditon for a maximum principle to hold relate to the
characteristic polynomials of all principal minors of A.

Version francaise abrégée - Considérons n opérateurs elliptiques du
second ordre i coefficients réals sur un ouvert bomé Q de RN:

LD)=- 5 b5DiDj+3 b @D, k=l,.,n
ij :

Nous supposonsquelzscoefﬁcientsbﬁctbf sont tels que chacun de ces

opérateurs satisfait séparément le principe du maximum (cf. [3], [4]). Soit
A(x) = (ajj(x)) une matrice nxn coopérative (c.A.d. aj(x) 2 0 dans Q pour
i # j). Nous considérons le systéme

)] J

{Lk(D) uk= 3 ajuk + fy dans Q
ug =0surdQ ka=1,.n



ol (fj(x)) = F(x) est une fonction vectorielle réelle sur £2. En notations
abrégées:

{J:(D)U-_A(x)u+1=(x) dans Q
U=0 sur o

ol U(x) = (ui(x)) représente une solution, supposée exister et appartenir 3
CO(D}) N C2(Q). On dit que le systtme (1) satisfait le principe du
maximum si F20 (c.d.d. fi(x) 2 0 dans Q pour tout k implique U20.1
est bien connu que le svstdme coopératif (1) satisfait ce principe du
maximum si, pour chaque k=1, ..., n,

3] ak(x) = 3 axj(x) <0 dans Q

(cf. [4]. Remarquons qjue ce résultat, dans le cas d'une seule équation, est
plus restrictif que le principe de maximum classique (od, avec des
notations évidentes, on suppose seulement a(x) < £ < Ay, A étant la
premiére valeur propre de l'opérateur différential, supposée positive).

Dans cette Note nous donnons des extensions du principe du
maximum pour le systéme (1), extensions qui, dans le cas dune seule
équation, contiennent le principe du maximum classique.

Nous dirons que (L, A) verifie la propritté (y) sl existe une
fonction vectorielle y(x) = (yx(x)) sur {} telle que

6] Yi(x)>0 dans Q pour tout k,
(ii) LD)y2Ay dans Q.

Théoréme 1. Supposons que (£, A) vérifie la propridté (y) et qu'il
existe une constante C > 0 et des nombres O <ap<1 tels que

wi(x) 2C [dist (x, 0Q)]* pourx e Q.
Alors le systéme (1) satisfait le principe du maximum pour toute solution
U qui est Lipschitzienne sur {2.

Théoréme 2. Supposons que (L, A) vérifie la propriété (y) et que Q
joint de la propriété de la sphire intéricure. Alors le systdme (1) satisfait



le principe du maximum pour toute solution U qui est Lipschitzienne sur
Q.

Remarquons que si chaque wy; est> 0 dans {3, alors il n'est pas
nécessaire de supposer dans les théordmes précédents U Lipschitzien sur
{1 ou la propriété de la sphere intérieure.

Théoréme 3. Supposons la matrice coopérative A constante (c.d.d.
ajj(x) = ajj) et chacun des opérateurs Li(D) self-adjoint, avec une premitre
valeur A} positive. Alors le systtme (1) satisfait le principe du maximum

si tous les déterminants des mineurs principaux de la matrice A - A sont
positifs, ol A représente la matrice diagonale [ ?\.% s ﬂ 3

Maximum principles. Consider the following set of second order
elliptic operators with real coefficients defined in some bounded domain
Qin RN

a- %bil}l Dj+Ebi D k=l,..n
1 1

No regularity on the coefficients is assumed. However we require
the conditions that will provide a maximum principle for each Li

separately, cf. [3], [4]. Let A(x) := (ajj(x)) be a nxn cooperative matrix,
that is, aj(x) 2 0 in Q fori =}
In this note we establish maximum principles for the system

Lx(D) = %akjuj-!-fk inR - kal} . Ln
(1)

ey =0 on 90
or, in a short notation

IMU=AU+F, U=0 on 9Q

where U(x) = (uj(x), ..., ug(x)) is a solution of (1) in the classical sense,
ie. ux e COD) N C2(Q), and F(x) = (f1(x), ..., fa(x)) is a given vector
whose components are real vaiued functions in Q.



By a maximum principle we mean the statement that F 20 (i.e.,
fie(x) 2 0 in Q for all k) implies U 2 0.

It is well known that the cooperative system (1) satisfies a maximum
inciple if

@ ax(x) = }‘,a.,(x)so in Q

for all k. cf. [4). Observe that such a result does not yield the classical
maximum principle for a single equation, L u = A(x) u + f, which requires
only that a(x) € X < A1(Q), where A1(Q) denotes the first eigenvalue of
Lo=AadomnQ, ¢=0o0ndQ, which is supposed to be positive.

We say that (L, A) satisfies Property () if there exists a vector
function Y(X) = (Wi(x), ..., Yn(X)) with wx € CO(LY)  C2(Q) such that
@) wx) > 0in Q (ie. yi(x) > 0, for all k), and (i) LMD) w2 A yin Q.
Observe that we are not assuming that each yy(x) >0on 3 Q.

Theorem 1. Suppose that (L, A) satisfies Property () and that there
exist o constant C > 0 and numbers o, with 0 < o < 1 for all k, such that

(&) Wi(x) 2 C [dist (x, Q)%

for all x € Q. Then (1) has a maximum principle for all solutions which
are Lipschitz continuous in {3, and correspond to F > 0 in Q. [If
Z(D)> A v then one could take any F 20 in Q).

Sketch of the proof. We reduce our system (with the hypotheses of
the present theorem) to a system satisfying condition (2) for the variables

V(x) defined by vy = Uy . Y -

Remark 1. If some is positive y(x) is positive in the whole of {3, then
(3) is trivially satisfied for that k, and in this case the corresponding ux
does not have to be assumed Lipschitz continuous in {3. Observe that such
an assumption is made only to guarantee that vy is continuous up to the
boundary in the case where W vanishes there. In case of y> 0 in {3 we



have the following strengthening of Theorem 1: system (1) has 2
maximum principle for all F 20 and all solutions V (not necessarily
Lipschitz continuous).

Remark 2, Li(D) = ... = Lg(D) = L(D) where L(D) is self-adjoint
with positive first eigenvalue A1(Q), and ax(x) (defined above) is an L=
function defined in a open set Q' > 2, with

4) ax(x) < £ < 2lQ) forall x € Q,

where X is a constant, then (I, A) satisfies Property () with yy(x) > 0
in DD

So in this case, under hypothesis (4) a maximum principle holds for
system (1). The proof consists simply in taking ¥ = (9, ..., ) where ¢ > 0
in Q" is a first eigenfunction for the eigenvalue problem L(D) ¢ =4 ¢ in
Q" o=0o0nd ", where Q' > Q" > Q is chosen in such a way that
A0 < M),

Theorem 2. Suppose that (L, A) satisfies Property (), and that the
domain (Q satisfies the interior sphere condition. Then (1) has a maximum
principle for all solutions which are Lipschitz continuous in &, and
correspondto F20and F # 0in Q.

Sketch of the proof. It follows from the fact that A is cooperative and
from Lemmsa | in [5] that there exists a constant C > 0 such that

wi(x) 2 C dist (x, d Q) for all x in Q.
Let us denote by

Pe=Min {pe R:ux+p yx(x)>0in Q}

with the provisal that we take py = 0 if ug 2 0. If there is some ug which is
negative somewhere in £, then the correponding px is positive. We may
assume without loss of generality that p1 2 pu2 2 ... 2 ip. And let us
suppose, by contradiction, that ij > 0. Let M be the diagonal matrix

(K1, H2, ... Hn). Then the vector V = U + M y has nonnegative components
and it satisfies the system of inequalities



LV2AV+F+(MA-AM)y.
Writing down explicitely the first one we have

Livi2 T ajvi+fy + Z (11 - 1Y) ayj
] j

which implies v; ® 0. Then it follows Lj vy 2 ay) vy, which gives via the
strong maximum principle that vy > 0in Q. By Lemma 1 in [5] we see that
there is € > 0 s.t. v1 - € W3 2 0, which contradicts the minimality of p;.

Theorem 3. Suppose that the cooperative matrix A has constant entries,
and that the operators Ly (D) are selfadjoint with a positive first

eigenvalue A,Ik. Then (1) has a maximum principle provided the
principal minors of the matrix A - A have positive determinants, where
A is the diagonal matrix {}\.«'}. = JL'{ ]

Remark 3. The matrix A - A is of a type well smdied in the literature
[1], the so-called M-matrices. In view of known results, one has only to
assume that the n first principal minors of A - A have positive
determinants, cf. [1].

Remark 4. Suppose that the differential operators Li(D) are all equal to
the same operator L(D), whose first cigenvalue A; is positive. In this case,
2 maximum principle holds for (1) provided pj(A1)>0j=1,..,n where
pj(A) is the characteristic polynomial of the. first jxj principal of A. As a
matter of fact, in this case those conditions are not only sufficient but they
are also necessary provided f; >0 and f; ® 0 in Q, of [2].

Sketch of the proof. The case n = 2 is proved readily by inverting
Lg-agk, k=1,2,and rewriting (1) as

ni-ar2Biuw=B1fi
-a21 B2ui+m=B2fy

where Bk is the inverse of Ly - ayx under Dirichlet boundary conditions,
which is a positive operator. Then



ur = (1- a2 a21 By B2 )"} By f1 + a12 By B f2).

From our assumption the norm of the operator a2 a2] By B3 is strictly
less than one. So the result follows. The rest of the proof goes by
induction.
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