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PERIODIC ORBITS NEAR THE BOUNDARY
OF A J-DIMENSIONAL MANIFOLD

J.. SOTOMAYOR and M. A. TEIXEIRA

1- INTRODUCTION

In this paper we study one parameter families of vector flelds
x1 depending on a real parameter A, on a J-dimensional _s-noth
manifold M, with boundary S = M. Our main interest is to describe
the orbit structure of the family, for parameter values near 0, on

a small neighborhood of a periodic orbit 7, of Xo. tangent to S.
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Figure 1 - The family XA
This paper continues the study performed in [ST], where the
orbit structure near a point at which S and the fami l.y of singular

points of the family meet in general position, was described.



We assume that the Intersectlon between the manifold S and
the surface of periedic orbits of the family ‘A is transversal and
occurs at a point of quadratic contact (i.e. fold point) between

S and the hyperbolic periodic m-*ia of ihe wvector {leld xo.

There are three essentially different generic cases to
consider, according-to the relative position of the spectrum of
the Polncaré map of the periedic orbit 7, and the unitary
circle, assuming that the eigenspaces and the tangent space to the
feld curve in S meet transversally.

a) The eigenvaluwes are real, distinct from each other and
different from 1 in absolute value, and the corresponding
eigenspaces are lransversal to S.

b) The eigenvalues are complex conjugate; we assume further that
the arguments 36 of the eigenvalues satisfy: n@ = km , for n, k ¢
N.

c) The eigenvalues are real, equal, negative and different from 1,
but the linear part is not diagonalizable. Furthermore, the
eigenspace is transversal to the fold line.

Concerning the above case a), there are tree subcases to
consider:
sIJ The eigenvalues im absolute value are both larger or smaller
than 1.

‘2) Both eigenvalues are negative amd in absolute value one of
them is larger while the other is smaller than onme.
‘3) The diffeomorphism is of saddle type but It js- disjoint of

case lz.



Denote by xr the space of all ¢ vector flelds tangent to M,
endowed with the C topology, where r is big enough and finite. In
this paper we alfti to déscribe the qualltative changes
(bifurcations) that occur near a periodic orbit 7, of a vector
fleld xo under the conditions described above. For this purpose we
will assume that M is compact and regard the family X, as a curve

in the space xr.

1.1 Definition: Denote by Q(T) the space of.' vector flelds in
zr such that:
i) all of its eritical points are hyperbolic and contained in the
interior of M;
1i) all the points of tangency of the vector field with S are
folds or cusps (to be defined below);
i11) all of its periodic orbits of period less than or equal to T
are hyperbolic and contained in the interior of M.
iv) the stable and unstable manifolds of the vector fleld meet
transversally;
v) all stable and unstable manifolds of the vector fleld meet the

boundary, transversally.

1.2 Proposition: The set Q(T) is residual in'z .

Proof.- Similar to that of Kupka -Smale Theorem lll"l.

Let pcS and f:M,S = R,0 be a c® local implicit representation



of S at p with df(p) = 0.

1.3 Definition. Me say that p € S is an S-singular (resp.
S-regular) point of X € x ar Xrip) = O (resp. Xfip) = 0). We

denote bysx the set of all S-singular polnts of X

1.4 Definition. Ve say that p € S 1s a fold (resp. cusp)
peint of X if If Xf(p) = 0 and xzrtpi = 0 (resp. Xf(p) = xzf(p) =

0 and (di‘(p).d(xﬂp)).d(xzﬂp))} are linearly independent).

1.5 Definition: Let X € %, 7 be a periodic orbit of X
tangent to a 2-dimensional subamnifold S of M and Y be In a small
neighborhood of X in y'. The vector fields X and Y are said to
be S-equivalent at 11.1"thwvmane!ghborhood"ufrlnnand
a homeomorphism h mapping W to itself, preserving S, and sending

orbits of X onto orbits of Y.

2- Statement of results

Denote by Q,(T) the set of vector fields in 3 which verify
conditions i, 11, iv and v, but wviolate 1ii, inm the sense that
exatly one of the hyperbolic periodic orbits assumed to be less
than T, is tangent to M at a single point of gquadratic contact.

We consider the following subsets of Ql('l')t Qlﬂ'.al) '
Q!{T.b). ta‘l'.c) which verify the conditions a,, b and c , for
i=1, 2, 3, defined in Section 1 respectively.
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Theorem 1: The set Q,(T) is » submanifold of class ! and
codimension one in 1'-. Each subclass QI(T.Q!). i =1,2,3 as well
as the subclass Q,‘('I.bl. is an. open submanifold of Q‘(T). The
subclass l:lz(‘l',e) is a submanifold of codimension two of 1’. Also,
the union Q“l'!') = 01(‘!.11) U 01(T.b) ] Qzlt.c) is still a

codimension one submemifold of 1r.

Theorem 2: Along each one of the manifolds QI(T.I‘).
QI(T"ZJ' 01('1'.5) and Q.u('l') the topological Lypo_cf the wvector

fields is locally constant (according to Definitien 1.5).

Theorem 3: The submanifold Q1(T.l3) is further foliated by
codimension Ilﬂ submanifolds (defined by the levels of the
quotient between the logarithms of the absolute values of the
eigenvalues), along which the topological type is locally

constant.

Denote by Z' the space of all C' mappings &: [-c,c] = 1°.
endowed with the C' topology. We say that ¢, and Zare C°
equivalent If there is a homeomorphism h : [-e,e] = Homeo. (M) such
that h() is an S-equivalence between ¢ (A) and C,(A) (1n the
sense of definitlon 1.5).

Theorem 3: Consider X in 01('!') and 7, 1ts periodic orbit of
period less than T, tangent to the boundary S = M. The one
parameter family in z".d;u)=xr A € (-c, c) is locally

structurally stable around T, provided that :



1) Ll-c , e) s QM U Q.l('l'.l.l) U Q’(T..z) U Qlf'l'.b) U szT.Cl-
11) £ 1s transversal! to 01‘1'.1) U 9,(T.a;) ] Q,(T.b) ] 9, (T,c).

111) Z(-c) and {(c) are in Q(T).

2.1- Remark: If Instead of the boundary of M we consider S to
be a distinguished 2-dimensional submanifold of M, we obtaln 2
different results for the submanifolds Q‘(T.na). QlfT,bl. and
02(1',1:) defined analogously to those considered im the statement
of _Theom 1 (we use the same notatlons for both situations). In
fact, we have the following proposition.

2.2 Proposition: Let M be a compact C° 3-dimensional manifold
and let S be a compact 2-dimensional submanifold of M.
1= Q(T,b) is a codimension one and open submanifold of 1
foliated by codimension one submanifolds corresponding to the
value of the argument of the eigenvalue . If the argument of the
eigenvalue is rational then the topological type 1is locally
constant along the leaves.
= QI(T.aal is a codimension one and open submanifold of ;(r
foliated by codimension one submanifolds corresponding to the
quotient between the logarithms of the absolute values of the
elgenvalues.
= On Q(T.a,) u Q,(T,c) the topological type 1s not locally

constant; however on QI(T.n]) it is so.

2.3 Rewark: A simllar slituation has been found In [53]

concerning regularity properties of the Bifurcation Set.



3- Poincare Mapping

In this seciion we deal with the simultaneous behavior of a
couple diffeomorphism-curve in the plane. All results of this

section will be umed In the sequel.

let X ¢ Qil'l'). 7 be the periodic orbit of X tangent to &M ,
p:Rz.O - R2.0 be the lth return mapping associated to X and y and
L be the curve in Rz.o representing the singular set of X ; this
means that 'the orbit of X passing through anmy point of L is
tangent to 8M (of course, R°,0 represents a 2-dimensional
submanifold transverse to X around a peint of ¥y ). The study is
reduced to the analysis of a pair (p,a) where p 1s a
planar diffeomorphism and a:R,0 + R>,0 1s a C” imbedding

with Im.a = L (see Figure 2).

Figure 2 - The Poincare mapping



We have to introduce the followlng concepts.
Denote by I_ the space of C” imbedding «:R.0 = R° and D the
space of Cr—dlﬂ'm-phlm 9 Ra.n - nz,o both endowed with

the C1~ ~topology.

3.1 Definitiom: We say that two pairs (’o.cn) and (¢,a) in
Go= D x Iom conjugate if there 1s a Ca—cmm h:ﬂz.o -RZ.D

between ¢° and ¢ and such that h(l-(fol) c Im(g).

In what follows we consider I, as being the space of i
imbedding « € Io such that a(0)=0. Observe that l.‘.1 =D x I1
is a codimension one submanifold of GD.
3.2 Proposition : The pair (‘o"o) is structurally stable in
Gl provided that :i)the eigenvalue )‘I'A2 of ¢°'m are real
and distinct ; ii)the eigenspaces of oo'lo) are transverse to
In(no) at O.

Proof: Denote by 111(!,1) the set of all (¢,a) € G, satisfying the

1
above conditions 1) and ii). Of course !lttl) is open in G!'

Let “u"o) - 21(.-1) and L° = tn.co. Assume for Instance that

m1%<1

We show the stabillity of (Qo.ao) in G‘.

Let Do be a very small fundasental domain of 00. bounded by

the curves C° and ootco) u‘:° is a closed curve s 1t 1s shown in

3



the Figure below).

Figure 3 - Nodal singularity

We consider D, D, = ¢ (D)), D, = ¢ (D), ..... .
P AT PR

=% -n
Ly=# (LpD)cco, L =9, ™wLpD)...

Hehnhlcnofwmi;mLimmT.ﬁnmrz
1sthee1mof¢°'(0) associated to 12

For any small perturbation (¢,a} of lio.uol in G, we get

-
similar objects
l1.' J‘2" Tl" TZ.' Dn" !'n"
We shall construct a conjugacy between the pairs above by
proceeding in the following way:
We define the required homomorphism by firstly sending DO
in Bo' in such a way that antol.n'. The extemsion of the

conjugacy to a full neighborhood of 0 is immediate. g

The following result is related with the condition a,.
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given in the Introduction.

3.3 Lemma: Let (ﬂo.ca) € G,. Assume that the eigenvalues of

1
0;(0] are real and distinct and that there Is one elgenspace
associated to"o which is tangent to the curve L.-!a.co at 0. Then

(Oo.t:o) is not structurally stable in Gl

Preof- it is enough to observe that arbitrarily close to (oo.uo)
there is in l.'.'l an element (¢,a) such that elther

i{)the curve L = Im.a meets the strong invariant manifold of ¢

twice ( see Figure 4), or
ii) the saturates of Lo and L , by ¢° and ¢ respectively have

distinct topological portraits ( as showm in Figure 5).g

~n
F

Figure 4 - Degenerate node: case 1).
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\
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?{‘ol "

Figure 5 - Degenerate node: case ii).

3.4- Remark: Let (¢ ,a ) € G,. Assume that the eigenvalues of ¢
are real and equal. Then (¢ .a ) is never structurally stable in
G,. We bave Jjust to observe that $, can be approximated by
diffeomorphisms which are of focus type and to l-ool at the

saturate of Lo by ¢.

F o

an(LJ

Figure 6 - Degenerate node.

The following result is proved in [MP], [P] and [Tzl and is
concerning with the conditions Izl and 5.3) of the Introduction.

3.5 Propositiom: Let (¢,a) and (v,a) be in Gl such that:i)the
eigenvaiue of ¢ (0) and v’ (0) satisfy Iaikkual and Iul|<l<!uzl
respectivelly:;11) the eigenspaces of ¢'(0) and ¢°(0) are
transverse to L=Im.a at 0. Then ($,«) and (v,a) are C°-conjugated

if and only If loglA,1/loglA,l = logik,|/logluyl.

12



3.6.a Corollary: Let (Oo.co) € Gl. Assume that the eigenvalue
of QG‘{OI satisfy ll\lt L “2" Then [‘o.col is never

structurally stable In c

S
Eaas

Figure 7 - Saddle singularity.

Denote by tl(az.aa) the set of all (¢,a) in (:l satisfying

the conditions 1) and 1i) of Proposition 3.5..

3.6.b-Corollary: The set zl"?"a) is foliated by codimension
one submanifolds {defined by the levels of the guotient between
the logarithms of the absolute values of the eigenvalues), along

which the topological type is locally constant.

3.7 Proposition: The pair f‘o.uo) is structurally stable in
Go if and only 1if :
a) 0 is a hyperbolic fixed point of ’o -
b) O ¢ Lo-l-'.'o ;
c) etther the eigenvalues of ¢'(0) are distinct from each other
or they are equal but ¢’ (0) is diagonallzable.In the last case we
impose that Lo is transverse to the assoclated elgenspace.
d) H‘Ollofm(htypethml.o is transverse to the strong

invariant manifold of ¢;

13



e) if ¢ is of saddle type then Lo is transverse to the invariant
manifold of ¢.

Proof: The proef of the necessary condition 1is trivial. We
concentrate on the sufficlent condition.

Given a pair (¢°.¢°] in (;o satisfying a), b), c, d and e} we
prove its stability by exhibiting a fundamental domain in each

case. We consider the following situations:

1) Node case:

Assume for instance that the eigenvaiues of ¢°‘(0) satisfy
0<:\1< lzcl.; the other cases are treated in a sin-na.r way.

We choose a fundamental domain D bounded by a closed curve C
(surrounding 0) and ¢°(C). such that L is completely contained in

D, as shown in the figure below.

 ——

Figure 8 - Fundamental domain of a node - regular case.
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Figure 9 - Fundamental domain of a node - degenerated case.

If the eingenvalues are equal to A (i.e. a degenerate node) we
may choose a fundamental domain in a similar way as above. We must
Just observe that singularities of focal type or non degenerate
nodal type exist arbitrarily close to this singularity.
h)Saddle case:

Assume first that the eigenvalues of ¢_'(0) satisfy
mnlclc;\.z and let TI'TZ’ be the respective eigenspaces. We may,and do,
restrict the a.n_nlysis to a region (quadrant) determined by the

invariant manifelds of ¢°. We consider without lost of generality

that ‘o is a linear diffeomorphism.

Consider the following objects:

AT RG-Sy - IO L’ = 0,

N e e L SRS L= "0,
Aa*-r.nx.l', A =LaL T,y =T aL xo-'-'rznl.

Yy L; n rl. x1 = Ll- n ‘1‘2. ..... = i Ln. n T!. Xl Ln_ n ‘Iz
Bl = l..; n LI-.

15




}:.lgure 10 - Saddle singularity: a fundamental domain
For a pair (¢,a) arbitrarily close to “u"o, In G we have
similar objects:
+ - + -

Lk P N SR v LR

A’ o N y'° L 3 x'n. y'n T2 B'l.

We construct a C° egquivalence between “o"a) and (¢,a) as
follows:
1- Define some how a homomorphism from the arc of L : uo’ Al to
the arc of L':IA'°+AO_] and extend 1t to: from [A " B] onto (A’ ~

Bl'] in ¢(L) and #(L’) respectively.

2- Draw "lines” (more precisely, smooth family of curves Cv .0 €
[0,1]) transverse to the stable invariant manifoldof L with C_ =
(A, .y,1) Joining A" to Iy, y,] and &~ to [x_.%,]. ¥e do the
same for [¢.¢)mdthemqu1radcolilw-xstmtm
objects. In this way the equivalence is also extended to the arcs
[x, x,] and [y_ y,] of the invariant manifolds.

3-Now we extend the equivalence to a full neighborhood of 0O in a

straighforwvard and natural way.

i11)Focal case:

In this case the construction of the fundamental domalin is similar



to that obtained in the Nodal case.

— -

Figure 11 - Focal singularity- a fundamental domain.

The above arguments allow us to finish the present proof without

any difficulty.g

3.7.a Remark:Denote by 20 the collection of all elements in
Go which are structurally stable in Go' Of course this set is

characterized by the last proposition and is open and dense in Go.

3.8 Propositiom: Let Ho.u ) be in G, such that the

[¢] 1
eigenvalues of ¢°' (0) are = a # i{b with b 2 0 . Then : i) the
rotation angle associated to ¢° is a topological invariant for the
structural stability in G,;
ii)assume that the rotation angle B is rational and the contact
between L-!-.:o and the invartant foliation of do is parabolic.
Then any small perturbation (¢,a) of “o"o) in l:! is conjugate to
(¢°,¢°);ruﬂdad that the rotation angle of the ©both
diffeomorphisms coincide.

Proof:Part i) is obvious.
Let us prove part I1).

17



Consider. via Stenberg Theorem that, the diffeomorphism in

question in its normal form
fotx.y) = (ax + by.-bx + ay)
and L = 1."'5 as being the graphic of a smooth mapping y = f{x)

with f(0) = f'(0) = 0 and "°'(0) = O (note that f°(0) = 0 is

not a restriction).

Let (¢.2) be a small perturbation of “o.to) in G!.

In polar coordinates, we have oo(z) = pewz: assume for
instance that 0<p<1.

Let 8 € Q with & = p/q.

For n = kq, we get

Oon(z) = pnelmz

In this way we have don[pnz) = 0 if and only if (pny - £(p™)) = 0.

So y = flp x)/p"

Since £ix) » sx*ho.t Mitha 50, wget y oot v o olx).

Now we are able to choose in a natural way a fundamental domain

for a conjugacy between (Oo,co) and (¢,a), as follows.
Let D be a fundamental domain for the mapping 40' , bounded

by C

&g
k. and C‘ ¢ ICol (see Flgure 12).

ng
€all Cn-j_ (cu).
mwnnmm-mwcnmcmr Ln -Lnnn

e
and K =¢ T (L) for n=0,1.2,....



Observe that LAC = {a) Utb} K, Nk =e for gml ,
K nC,=ta) U{bn). vith (a )= p and (b) »p, . 85

is shown in Figure 13.

We restrict our attention te the following objects TR

and ¢ 'l'LO). for j =0,1,...,q-1.
i -1 k i 3 k
As before , let c° = ¢ (Col. - Lo =L n Bo and l° =

.-l.

i [LO'J where D * is the region bounded by ¢’ and c,™! with

k=0,1,.....q-2.

Observe that X * ) L_° contains at most k points.

So n°° is a fundawental domain for (¢ .« ) . recalling that
,Lo" and all points in :o' L’ must be distinguished in the
process of construction of the present conjugacy.s

PHLo) by

9:1‘ (Loj

Figure 12 - Focus - rational case.
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Figure 13 - Focal fundamental domain.

-

Call Zlfb) the set in G.1 constituted by the elements (¢,a) which

satisfy the hypothesis of Proposition 3.8.

3.8.a Corollary:The set Zl(b] is foliated by codimension one
submanifolds (corresponding to the value of the argument of the
eigenvalues]. The topological type along each leaf that

corresponds to a rational angle is locally constant.

3.9 Remark: It is not hard to see in Proposition 3.8 that, the
hypothesis on the contact between Lo and the invariant follation
is essential. To 1llustrate this situation we give the following

result:

3.10Proposltjamlntpohlnnﬂ :omdtbelnl Assume

.
further that

1)00 i1s a linear diffeomorphism with eigenvalue A satisfying
AP1, A= jafe’™" | ¢ being irrational;

11) L° = Im. « is a straight line trought the origin.



}1) L = Im. a is a curve In R°,0 with non zero curvature in the
origin.

Then (Oo.col and (¢°.¢) are not C° conjugate.

Proof:First of all observe that ¢ "(L ) L, = (0} for n®0. Since
40"(1,) ,is getting more and more straight, thete. sryr iatorenctions
of $ "(L) and L for suitable n (namely those n with n,T near zero
mod(1), arbitrarily near (but different from) the origin .This
implies that (¢ . ) and (4 .a) are not c® conjugated. Moreover,
If B is a diffeomorfism of K°,0 such that B(L) € L we deduce

-1

immediately that (¢°.¢°] and (B o ¢. o B .col are not C°

conjugate. s

3.11 Remark: Concerning the investigation of the dynamics of
vector fields defined on a manifold with boundary by means the
analysis of the elements of Go, we observe the following :
a) For an element X € le it corresponds a couple (¢,a) in Gl'
So that L = Im.a divides the plane K*,0 in two regions R and
RZ' MRlﬂtsthm‘b‘iud‘xﬂucbiﬂll not return to the
plams.!:ilR1 it does not make sense to consider the image
6(!11]- On the other hand, Rz meets the orbits that will return to
the sectlion.
b)In the case that X e Q(T,Iz.), any orbit of the vector field
will exit M after at most two returms.
c)in the case that X € Q(T,b) and X € qzl'r.c).-w orbit will
axit M after finitely many returns.

in conclusion, the above considerations together with the

results of this section lead us to characterize immedlately the

21



qualitative behavior of a vector field in QI(T) near the boundary

of a manifold . We have the followling result.

3.12 Corollary: Let (¢°.d € ‘1 such that 4° satisfies ome
of the conditions 2. b, ¢, glven In Section 1. Then there is =a
positive and finlte number k such that ¢klp) and i-qu) are in R,

for every p, q in RZ.O.

4- Codimension ome singularities
Denote by &  the space of C' mappings C : J=G, ., withJ=
[~e,e] endowed with the ct topology. We say that A € J is an
ordinary point of ¢ € ¢' If there is a neighborhood N of A, such
that &(a ) is c® conjugate to Z{A) for every A € N; if A, is not

an ordinary value of ¢, it is c¢called a bifurcation valuve of .

4.1 Definition: Ve say that &, and C, in 3" are conjugate if
there is a homeomorphism h:J =» Homeo.(M) such that h(A) is a
conjugacy between CI(A) and %Ihn)) .With this concept, the

structural stability in @ is defined in an obvious way.

Let us denote by s . the collection of the elements { «
& such that :
1y UM < 8° v:,‘(n!l.
2) £ is transversal w Il(-n’).
3) ¢{a) and L(b) are in :o.

We have the following result:



4.2 Proposition: Any € A 1s Structurally Stable in @' .
Proof: The proof follows immedlately from Propositions 3.2 and

3.7.a

Denote by rz the foliation of !lllz.a._’) described 1in

Corollary 3.6.b.

4.3 Proposition: Let ¢ € ¢ be transversal to 21(5.&3) with
r
CD(GI € 21132.33) and n‘;l be a small perturbation of g, in & .Then
Co and ‘1 are conjugate provided that t;o(ol and C1(0) are in
the same leaf of Fz.
Proof: The proof follows from Propositions 3.6 and 3.7.m

Denote by F, the foliation of Elib) described in Corollary
3.8.a.

4.4 Proposition: Let ¢_ € ¢" with C(0) € Z,(b). Assume that ¢
is transverse to Eitb) and let ‘1 be a small perturbation of (o
in ¢ .Then g, and &, are conjugate provided that Z (0) and g, (1)
are in the same leaf of !'3 and this leaf must correspond to a
rational argument of the eigenvalues.

Proof: The proof follows from Propositions 3.7 and 3.8.m

5~ The manifold Q‘(‘r,b) (the irrational case)

Let (¢,a) be in Iitbl such that the argument of the

2



elgenvalues of ¢°(0) is irrational. Assume that ¢ is llnear and in
polar coordinates (r,8),the curve L = Im.a 1s given~ by the graphic
of a C” mapping:

r = a sin(8) + hltsln(BIJ
with a=0 and hl being the higher order terms of the mapping.
Let ¢ (r.8) = (gr , p + 09) with D<p<1 and p being

irrational.

5.1 Proposition : Assume that h‘ = 0 and let B be a small

pertubation of @ in I, in a way that L' = Im.B is given by 8 = b

1
sin(r). We have that (¢,a) and (¢,8) are conjugate in Gl'
Proof: First of all, observe that

¢"tr.0) = (p"r . nu+0)

The points in ¢'(L)  ¢"(L) , n € I, are defined by the
values of @ , which satisfy:

p"-' sin(@ - nu) = sin(e - mu).

In this way, ndateﬂlm:ueqmmeamlnr-OIMsoa
sequence x o in L), which does not depend on the particular value
of a.

Consider now the curve C = {(r,8) : r = ro}. with r, small.

The points in C py ¢"(L) are defined by the expression

T (are. sin. {r° /a pn)) + np.

Consider the curve C° = {(r,8) : r = rl} where ry satisfles
r, = (b / m)r_. Obvserve that the points In C' p ¢"(L°) are
defined by the same expressien given above, where L' = Im. 8.

Now we may choose a fundamental domaln for (¢,a) on which

uemnblctoéomtrwtth.requlndeom. ]



5.2 Remark: We observe that the assumption "$ is linear” is not
a restriction due to Stenberg Theorem and the condition "a = 0"
means that the contact between L and the invariant foliation of ¢,
in cartesian coordinates, is parabolic. The l;lst result remains

true in the case |p| = 1.

6~ Proof of results

6.1- Proof of Theorem 1.

Let X, € QIET), and 7, be the periodic trajectory of xa
tangent to S = M at a peint p.

We choose coor‘dlgates in M around p such that the manifold S
8M is locally represented by the mapping f(x,y,2z) = z , and 5 is
" parametrized by an imbedding a : (-£, €) = H given by
a () = (0,t.t%) + hoo.t..

The correspondence Y o, is C' where Y is a vector field in
a neighborhood of X  in 7, a is a " parametrization of the
periodic orbit 7y of Y close to 7, { we observe that such Ty
can be off M).

Let ¥ be a small neighborhood of X in 2 .

Define F : Vx (- , €) » R given by
F(Y,t) = (x’m)(t) where (x’w,) 1s the third compoment of the
mapping a.

We have Ft(xo.o) =0, F“(xn.m = 0 (say >0). In this way

there exists a map t = t(Y) defined in a neighborhood of xo



satIsfying Ft(Y.t(YH = 0.

Define C(Y) = F{¥Y,t(Y}). It satisfles :

1) If G(Y) > O then there exist t‘ 3 Lzlnnmlghhorhoodvofo
with t, < t{¥) < t, satisfylng F(Y.t ) = FlY.t,) = 0.

11} F(Y,t) = 0 only If t = t(Y).

111) If GLY) < O then F(Y,t) < O for every t in U.

m_vaerve that, m(x°) is surjective.

It is obvious that Q,(T.a,), as well as Q(T.B) , 1 = 1,2.3.
are open sets of Ql' Moreover, the proof of the regularity of
Qu(‘r] is completely similar to the proof of the  main result in
{Sa.l. Basically, the proof that Qz('l’.c) is a codimension two
submanifold of x  is containmed in [T,].

Now the conclusion of the theorem is lmmedlate.m

6.2- Proof of Theorem 2

This proof follows from 3.2, 3.3, 3.11 and 3.12.®

6.3~ Proof of Theorem 3
This proof follows from 31.5.s
6.4~ Proof of Theorem 4

This proof follows from 3.8, 3.8.a, 3.10, 3.11, 3.12 and 4. 2.»

6.5~ Proof of Proposition 2.2

This proof follows from 3.2, 3.3, 3.5, 3.8, and 3.B.a.®
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