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ADBSTRACT. We study the asymplotic behavior of some iterative
methods used in image reconstruction from projections. These methods
combine in each step n major iteration of a standard series expausion
algorithm like ART followed by the application of a smoothing matrix.
We prove convergence for a whole family of these methods when the
matrix is symmetric and we give counterexamples for other cases.

§1. INTRODUCTION

Let us consider the problem of computing a function from its known
line integrals, i.e.. the mathematical model associated with X -ray trans-
mission computed tomography. Given

j,_fdu. (1.1)

for every line L in the plane, or, to be more realistic, for a finite but very
large number of lines, we want to approximate f, a real valued function
with compact support in the plane. Two main approaches are know in
the literature for
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solving this problem. The first, currently being used in commercial tomography,
consists in computing an approximation to the inverse of the Radon transform,
the operator defined by (1.1). Methods of this kind are known as transform
methods (see [11]).

The second approach, in which we are interested now, consists in discre-
tizing the problem at an early stage giving rise to a linear system of equations
of the form

Az = b, (1.2)

where A = {a;;} is an m x n real matrix, b = {b;} the m-dimensional projec-
tion data (integral values) and z = {z;} the n dimensional image vector; z;
represents the average value of the function f inside the pixel (picture element)
J; the left hand side of each equation in (1.2) is a discrete approximation of
(1.1), so a;; will be in general (but not always) the length of the intersection of
pixel j and the i-th line. ‘Because of several drawbacks like lack of continuity of
the Radon transform, noise, and others, the model represented by (1.2) is so-
metimes replaced by inequalities in ordér to avoid inconsistency. So we obtain
the new problem: compute r € R™ such that

e ] (1.3)

where ¢ is a perturbation m-vector containing bounds on measurement errors.
Taking into account that now (1.3) will not generally have a unique solution,
an optimization approach may be used, reducing the problem to

optimize ¢q(z), (1.4)
¥ 8 zeC

where ¢ is either a quadratic or an entropy function. C is defined by (1.3)

and some other inequalities containing information about the solution, like

nonnegativity.

Methods for solving (1.2) - (1.4) are known as series expansion methods
and they are iterative algorithms built to deal with very large and sparse
problems. Typical sizes are m = 10%, n = 10° and no more than 1% non
zero entries of A. Up-dated reviews of this type of methods are [2], [3] and
[4]. In [4]) a complete discussion of the advantages and disadvantages of series
expansion methods is presented.

As pointed out in [8], it has been found in practice that the efficiency of
series expansion methods for image reconstruction can often by improved by
applying between iterative steps certain processes lo the image vectors. These
processes have been referred to as “tricks” in the literature.

More precisely, suppose that the k-th iterative step of some series expan-
sion method is defined by the function Q; and the “trick” by ¢, both mapping
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. n-dimensional vectors into n-dimensional vectors; then, the method combined
with the sequence of tricks produces a new sequence defined by

41 _ k
e (1.5).
! = pg(i.*').
The main purpose of the transform ¢, is to incorporate a priori knowledge
about desirable properties of the image vectors. One of these is reasonable
smoothncss and the corresponding “trick” in (1.5) is commonly known as se-
lective smoothing, defined as follows (see [8] and [9] for a complete discussion
about “tricks”).
Let u; denote the density in a pixel and uj,...,us the densities in its
neighbors as shown in the diagram (1.6).

L] uy

ug
T R WE T (1.6)

ug | us | we

Let 1, w,,w,, and w3 be nonnegative real numbers called the threshold level
and smoothing weights, respectively. Then the new value for u, is

Wiy +wy 30, hjuj + w3 T)_g hju;
W+ wy Yoo 4wy g by

(1.7)

1 if Ju; —uy <t
h; = ¢ = ;
’ { 0 otherwise i

H the pixel is in the boundary and so u; is undefined for some j’s, we can set
h; = 0 for the corresponding j’s or other alternatives that will be discussed
later.

It is also possible to comsider larger neighborhoods, but of course, this
would increase the computational effort. In any case, it is easy to see that
selective smoothing on a given image vector z is equivalent to compute Sz,
where S is a stochastic matrix (nonnegative and with row sums equal to one)
with row clements determined by the normalized weights. In the neighborhood
pattern defined by (1.6) for instance, if i is the pixel being considered, take:

W = wefw, for £=1,2,3, (1.9)
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5 9
w=wy+w; ) hj+wy ) hj (1.10)
i=2 j=6
and then define s;; = Wy, s;; = wq il j is the up, down, right or left ncighbor
of pixel i (like pixels 2-5 with respect to pixel 1 in (1.6)), 8;; = w3 il j is a
diagonal neighbor of pixel i (like pixels 6-9 with respect to pixel 1 in (1.6)) and
si; = 0 il j is not a neighbor of pixel i.
In any case, the sequence in (1.5) becomes

{ 41 — Qt(ft)
zEHl — gpk+l

In this paper, we analyze the asymptotic behavior of (1.11) by considering
reasonable hypothesis on S for Q; defined so that it contains as particular cases
a major iteration of several methods commonly used in image reconstruction,
such as ART, ART for incqualities and others (see [8]).

Two main remarks have Lo be done regarding S. “The first one is that for a
finite value of t, S will depend on z*; in this case we present examples for which
the sequence (1.11) diverges; moreover, the limit points may be not fixed points
of the algorithm. The second remark is that if t = co, S will be constant for
every iteration and (1.11) convergent if S is symmetric with a positive diagonal.
If S is nonsymmetric or with some zero diagonal elements, we give examples
where the method diverges. This suggests that preserving symmetry of S by
means of an appropriate choice of the boundary values (other than zero will
give more stable results.

Finally, taking into account that if we choose .S being the identity matrix,
we obtain the method defined by @&, our presentation gives a unifying conver-
gence approach for several series expansion iterative methods.

From now on (-, -) will denote the standard sealar produet, || || the in-
duced square norm, [ the identity matrix and ¢ the vector with ones.

(1.11)

§2. PRELIMINARY RESULTS

Definition 1 Let 7; be the met of coulianves fictions Q- ™ o R™ satis:

fyimg:
L IQ=) - Qi <llz—4ll Vz,y€eR"
2. I{lQ(=) — QI = ll= — yll, then:
a) Qz)-Qy)=z-y
b) (z— v Q) —v) =0
The set F; contains all the projection operators used in the iterative algo-
rithms developed below. We establish two properties of F,, for future reference.
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Proposition 1. F, is closed under composition
Proof: Let Qy,Q2 € F1, Q = Q20Q,. Using condition 1. for Q; and Qy:

19(z) — QI = 1Qx(Q1(2)) — QAQ: (W < |Qx(=z) — Qu(W)l| < [l "-(.';lll)

So condition 1. holds for Q. §
o e g ok T, iy bl g
2.1), so:

QuQi(=) - Qi) = Qi(z) - ) =2 - (2:2)
using condition 2.a for Q; and Q,. It follows that Q(z) — Q(y) = z — y. For
2.b: .

(z—3.Q) —y) = (z - 1, Q2(Qi(¥) - Qi () + (= — ¥, Qu(y) - v)

The second term vanishes beeause of condition 2.h for Qy, and the first one,

using (2.2) can be rewritten as {Qy(r) — Qu(y), Q2(C1(¥)) — Qi(y)) which nlso
vanishes, because of condition 2.b for Q2. So, (z — ¥, Q(¥) —¥) =0. 1§

Proposition 2. F, is closed under strict convex combinations.

Proof: Let Q),...,Qm € Fi, A €ERyo (1 <i<m), 2, M =1,Q =
T Q.

Q=) - @ = |3 M(Qil=) — Q@) < - X 1Qi(=) — Qi(w)|
i=1 i=1
(2.3)

< QM= —vll = |z - il

i=1

using condilion 1. for the Q;’s. So condition 1. holds for Q. For condition 2.,
assume [|Q(z) — Q(¥)]| = |lz — y|l. Then equality holds throughout (2.3) and

2z XilIQi(=) — Qiw)ll = ll= - w|. Since [|Qi(z) — Qu(v)l| < ||z — yl| for each
i, and A; > 0, it follows that ||Qi(z) — Q:(¥)ll = ||z — yl| for all i. Using 2.a
and 2.b for the Q;’s:

Qiz) - Qily)=z -y (2.4)
(z-vQi(y)-y) =0 (2.5)
Multiplying (2.4) and (2.5) by A; and summing on i:

Qz)-Qy)==z-y
{(z-—v,Q)-v)=0
proving that Q satisfies condition 2. §
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Definition 2: Let F5 be the set of functions Q € 7, whu:h,naddihonl.ol.
and 2., satisfy:
3. VS € R™™™ the function g:R® — R defined by g(z) = lt—SQ(z)II

attains its global minimum.

Condition 3. will be used to establish the existence of fixed points of the
operators which define the ‘smoothed’ algorithms considered below.

Let S be a symmetric, stochastic n x n matrix with elements s;; such that
si > 0 (1 <i < n). By stochastic, we mean that 5;; > 0 (1 < i,j < n)and
I:;_‘Sij:l(lSi_(_u).

Proposition 3. Let v = ilzngs. > & Then YV € R"
- <i<n :

=l - IS=l* > 7 )iz — S=If

Proof: For any i, using the stochaslicity of 5:

%ZZ!,,‘!,}(I,‘ - r;)z = Z"’: (Zﬁat)"‘ ZM‘I(E“U)
k=1 j=1

F=3 j=1
n n
=2 ) sysazi = Z 8i;%; — (Z ‘-':"-:')’
j=1k=1’ i=1 j=1

Summing on i the first and last member of the previous chain o{equahtu
and rearranging:

Z:(E"jz’)z Zz-‘u’ ot ZE("‘J = ’*)2(23-1‘-&) =

=1 j=1 =1 j=1 J"‘. k=1 i=1

ﬂSzII < Z’z(z sij)— 5 E Z‘n‘rl("’r

i=1 j=l k=1

<=’ - Z Z’:‘t(zj - =)’

F=1l¥=1

<P =10 stz — =)

=1 =1

==’ - ) (‘j"'i’it‘tf=w—7u’-s¢‘r

=1 k=1
Tbeﬁrstmequalityresultsfwmthepmhntydthes.,s,themo-doue
from symmetry and stochasticity of S, the third one from convexity of ||-|I°
 and the next equality from stochasticity of S again. 1



“Corollary 1.
i) ISzl| < fl=l] V= € R™

i) ISzl = llel = Sz = »

Proof: Immediate from I'rop. 3. § :
The matrix S represents the smoothing procedure explained in the intro-

duction.

§3 DEFINITION OF THE GENERAL ‘SMOOTHED’
ALGORITHM AND CONVERGENCE RESULTS

We start by defining the basic ‘smoothed’ operator and establishing some of
its propertics. 2

Let @ € 75, S be a symumetric, stochastic n x n matrix withont zeroes in
the diagonal. Define T: R" — R™ by:

T(z) = SQ(x) (3.1)

Proposition 4.
i) Vz,y € R® |IT(z) - Tl < ll=— vl
i) IT(z) — Tl = lI= — vll = T(z)-T(y) = Q=)-Qy) = Sz-Sy=z—y
Proof:
i) Using Corollary 1.i and condition 1. on Q:
17°(=) - Tl = 15Q(=) — SQIl < llQ(=) - QI < ll= — vl (3-2)

i) If ||T(z) — T(y)ll = ||z — 4il, then equality holds throughout (3.2). From
Corollary 1.1 and condition 2.a:
5Q(z)-SQ() =Q(=)- Q) =z-y=Sz—-5y &
Let F = {z € R™:T(z) = z} and ¢:R™ — R defined by g¢(z) =
ll= - TP
Lemma 1. F # 4.
Proof: By condition 3. g attains its minimum. Take z such that ¢(z) < ¢(z)
for all z € R™ and let y = T(z). Then:
I7(z) — =l < IT(v) — 9ll = IT(T(2)) — T(2)l| < [IT(2) — =] (3:3)
: 7



ausing the definition of z in the first inequality and Prop. 4.i in the last one.
From (3.3), using Prop. 4.ii:

I7(e) 1= I76) il = T(0)~ T6) = 0) - Q) = =y =5 =5
S wising Coulitien 2By (30 ey ol O snh Sho il 5 -

0= (y—2Q() - 2) = (Sw—2).Q=) - ly—,2)
= y- 5,5Q() - (y—532) = (y— 2.T(x) - 2)
=TG-z’ =2TE)=:2:€F=>F#4¢1
Proposition 5. If z € F and [[T(z) — || = ||z — z|}, then z € F.
Proof: Since z € F:
IT(z) - 21l = flz - 2ll = IT(=) - Tl = I}z - =]
By Prop. 4.ii: '
z—:=Mr)-Te)=Tk)-2=z=Tz)=>zcl B
Now we define our general ‘smoothed” algorithm:
e R" (3.5)
¥ = 7(z*)
where T is as defined in (3.1).
Proposition 6. If z € F, then the sequence {||z* — 2|} is decreasing.
Proof: |z'+! - z|| = | T(z*) - T(2)|| < ||=* - z|| by Prop. 4.ii &
Corollary 2.. The sequence {z*} is bounded.
Proof: By Lemma 1, F' # ¢. Take z € F. Using recurrently Prop. 6:
VE>0 |z*-z] <[=°-z] &

Proposition 7. If 7 is the limit of a subsequence of {z*}, then T € F.
Proof: By Lemma 1, ' # ¢. Take z € F. Ammzj*b-_:i. Using Prop.
6:

|+ -z < | - < | - 2| =

=+ - 2| < |1 - 2| < |2 - 5] (3.6)

Since Q is continuous by Definition 1, T is also continuous. Taking limits in
(3.6) as k — oo:

IE— 2ll < IT@) — =l £ IE — 2l = 7@ — =1l = I]F - =1l
From Prop. 5,T€ F 1



Theorem 1. The sequence defined by (3.1), (3.5) is convergent.

Proof: By Corollary 2, there exists a convergent subsequence with limit Z.
By Prop. 7, T € F. Given € > 0 take M such that [|s/» — Z|| < ¢, and let
N = jp. For k > N, using Prop. 6:

I -zl < o =] <e.

Itfolbwsthatt'b——o R |

§4 SPECIFIC REALIZATIONS OF THE GENERAL
ALGORITHM

Let C be a closed convex set in R™ and let 7 be the orthogonal projection onto
C,ie. mR" - C, n(z) = argnéig llz — y|l. = is well defined and continuous.
' ¥

Next, we introduce relaxation. Take e € (0,2). Define #,: R® — R" as:
%a(z) = (1 — a)z + an(z) (4.1)

Proposition 8. 7, € F
Proof: By the Convex Separation Theorem [14, Th. 11.2], Vz,y € R™:

(z = x(z),x(y) — =(z)) 2 0 (4.2)
vy —n(y), x(z) — x(y)) <0 (4.3)

Adding (4.2) and (4.3):
(= — 9, %(z) — =(y)) 2 [In(=) - ()|’ (4.4)

Adding ||z — y||> —2(z — v, 7(z) — 7(y)) and multiplying by 2 on both sides of
(4.4):

2(llz — dll” — (= — v, 7(2) — 7(¥))) > 2[In(z) — x(v) — (z - I’
> a||x(z) — =(y) - (z - )|’

Expanding the last member of (4.5) and rearranging:

(@=2)[lz = ylI” + 201 — @) (z - y, 7(z) — 7)) + «llx(z) — =(W)||* <O (4.6)
9

(4.5)



Multiplying by a > 0 and adding ||z — y|I* on both sides of (4.6):

Iz = wll* > (1 - a)* llz — oll” + 2a(1 — a) (z — v, 7(z) — x(¥))
+a?|x(z) — =)’ = (1 - @)=z — ¥) + a(r(r) o)
= |Ia(2) = ma(W)II”
(47)

So, 7, satisfies condition 1. of Definition 1.

For condition 2.a, assume ||7o(z) — 7a(y)|| = Jlz — ¥]l- Then, equality
holds throughout (4.7) and therefore throughout (4.6) and (4.5). Since @ < 2,
equality in (4.5) implies ||x(z) — x(y) — (z - y)| = 0=

z—y=1(z) - (y) (48)

It follows from the definition of x, that z — y = 74(z) — 74 (y), i.e. 7, catisfies
condition 2.a.
Observe that equality in (4 5) implies equality in (4 4) and hence in (4.3).

Using (4.8):
(z—wr(y)-9) = (4.9)
Multiplying (4.9) by a:
0=(z—y,en(y)—ay) = {z - y,7a(y) —v)

and =, satisfies condition 2.b. J§

Consider now closed convex sets C),...,C,, C R™ and let P* be the
orthogonal projection onto C;. For a € R define, as before:

Pi(z)=(1-a)z +aP'(z) (4.10)
Take ay,...,am € (0,2) and define P:R" — R" by:
P=P;':_o---oP:,oP:l (4.11)

€ (0, ) d X; € R (1 <i< m)satisfying \; > 0 (1 <i < m),
=1l ne P:R" — R" by:

Take a
Tim N
P=) AP (4.12)

Proposition 9. P,P € F,

Proof: Use Prop. 1 for P and Prop. 2 for P. Pi € F, because of Prop. 8. 1

In order to establish convergence for the algorithms defined by (3.5) when
P or P substitute for Q in (3.1), we need to show that P and P belong to 7,
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i.e. that they satisly condition 3. in Definition 2. This is not true for general
convex sets. Even when S = I, the operators T(z) = SQ(z) with Q = P or
Q = P may fail to have fixed points if C = [, C; is empty. Easy examples
can be comstructed, with m = n = 2, for which the algorithms defined by
(3.1), (3.5) for such Q’s diverge from any starting point [7]. When S # I the
algorithms may diverge even when C # ¢, as shown next.

Cbuntermple 1: Take m=1,0=20C = {(z,9): 9 —-22 > 1,y > 0}

T L,
)

Multiplying by S is the same as orthogonally projecting onto the diagonal
of the first quadrant. llence T consists on sequential orthogonal projections
onto the epigraph of the hyperbola y* — z? = 1 and onto such diagonal. It is
easy 1o see that the sequence defined by (3.5) diverges.

P and P, however, satisfy condition 3, as shown below, in the linear case,
i.e. when the sets C; are hyperplanes or half spaces. This is the case of interest
in image reconstruction.

Take A € R™", b € R™. Let a* denote the rows of A. Consider the
system:

Az =4 (4.13)

Let C; be the hyperplane detined by the i-th equation in (24), i.e:

= {z e R™:{d',z) = b}

In this case:
P(z)=z- ((—“ﬁ—ﬁ) (4.14)
Similarly, consider the system:
Az <b (4.15)
and take C; = {z € R™: (a*,z) < b;} so that: :
P o "}.‘ 4.16
(z)==z- m{ T (4.16)

Observe that in the case of equalities, i.e. with P* as in (4.14), both P and
P are affine functions. In fact, it is easy to check that in_the unrelaxed case
(@1 =@a3=---=0m = 1) P(z) = Bz4d, with B = I-ATA"1A,d = ATA" "},
where A is the lower triangular part of AAT. Also, when @ = 1, P(z) = Bz +d

with B = I — ATEA, = AT Eb, where E = diag (j25.- - j257 )

11



Proposition 10. P and P, as defined by (4.11), (4.14) and (4.12), (4.14)
respectively, belong to F,.

Proof: In view of Prop. 9, only condition 3. mDeﬁmhon!uubtobe
checked. Since P and P are afline, the functions o(z) =|lz - SP(:)ﬂ 9(z) =
u:-Sl’(z)ﬂ are quadratic and bounded below (by 0). It follows that both
of them attain their global minima.

In order to prove the analogous result for the inequality case, u is con-
venient to introduce another class of functions. We call the intersection of
a finite number of closed halfspaces a polytope. We say that a function
Q:R" — R" is piece-wise affine over polytopes if there exist affine functions
Uy,...,Up:R® — R" and polytopes Ly,..., L, such that R® = [J"L; and

Jj=1

Q(z) = Uj(z) Yz € L;j. In a similar way define a function g:R" — R to
be piece-wise quadratic over polytopes. Let W be the set of piece-wise affine
functions over polytopes. .
Proposition 11, If Q,, Q3 € WV, then:

)Qi+Q:€W

i) Q20 Q1 EW
Proof: Let Ujj, Lij be the affine functions and polytopes associated with Q;
(i=1,2, 1<j<r(i)). Q1+ Q2 is equal to the affine function Uy; + Uz on
the polytope Ll, NLax. Q2 le is equal to the affine flmctlon Uz oU,; on the
polytope Up;'(Lax) N Lyj. !

Proposition 12. P and P, as defined by (4.11), (4.16) and (4.12), (4.16)
respectively, belong to W.

Proof: P’, as defined by (4.16), belongs to W. In fact there are only two
polytopes, which happen to be halfspaces. P is the identity on {z:(a’,7) < b;}
and equal to the right hand side of (4.14) on {z:(a',z) > b;}. So Pi € W,
A Pi € W. By recurrent application of Prop. 11.i, P € W. Using in a similar
way Prop. 11ii, Pe W. 1|

Proposition 13. P and P, as defined by (4.11), (4.16) and (4.12), (4 16)
respectively, belong to F;.

Proof: In view of Prop. 9, only condition 3. mDeﬁmhon?neadsto
be checked. By Prop. 12 the functions g(z) = iz — SP(z)|’, 3(z) =
lz-—SP(z)ﬂ are piece-wise quadratic over polytopes and bounded below (by
0). Applying Frank-Wolfe’s Theorem [14, Cor. 27.3.1] both g and § attain
their minima on each polytope. Since there is a finite number of polytopes,
they both attain their global minima. §

It follows from Theorem 1 and Props. 10 and 13 that the algorithms
defined by:

L eR" (4.17)

12
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withQ=Por Q= P, where P is defined by (4.11), and (4.14) or (4.16) and
P is defined by (4.12), and (4.14) or (4.16) are all convergent. We proceed
to identify their ‘unsmoothed’ versions, i.e., with § = I. (4.11), (4.14), (4.17)
is ART, which can be seen as a relaxed version of Kaczmarz's algorithm [10].
(4.12), (4.14), (4.17) is simultancous ART, or a relaxed version of Cimmino’s
algorithm [5]. (4.11), (4.16), (4.17) is ART for inequalities, equivalent to the
SOR algorithm of Agmon, Motzkin and Schoenberg (1), [12]. (4.12), (4.16),
(4.17) is the algorithm analyzed in [G]. So all these algorithms are convergent
when combined with the smoothing procedure induced by the matrix S.

§5 GENERAL REMARKS

1. In the ‘unsmoothed’ case (i.e. with S = [I) the algorithms discussed above
converge to a point in C = (=, C; if C # ¢, i.e., in the linear case, to a
solution of system (4.13) or (4.15) if the corresponding system is feasible.
This is not true in general for S # I. In fact, that will hardly happen in the
case of image reconstruction. Let z* be the limit of the sequence defined
by (4.17). For z* to be feasible for (4.13) or (4.15) it is necessary that
z* = Sz*. But if S is irreducible in the sense of Markov matrices, the only
positive solution of Sz = z is z = Ae (A € Rsg). In image reconstruction
such an z represents a uniform image which is unlikely to be feasible. In
this application irreducibility of S means that any pair of pixels can be
joined by a path of consecutive neighbors, which is quite plausible. The
matrix S defined by the neighborhood structure of (1.6), for instance, is
irreducible.

2. The convergence proof given above does not require that systems (4.13),
(4.15) be feasible. We mention that the simultaneous algorithms (i.e. with
P as in (4.12)) without ‘smoothing’ converge, in the infeasible case, to
a point which minimizes the weighted average (with weights A;) of the
squares of the distances to the convex sets (6], [7]. :

3. Observe that the approach used in section 3 provides, when S = I, a uni-
ficd framework for the convergence of succesive (i.e. with P as in (22)) and
simultaneous (i.e. with P as in (4.12)) projection algorithins for solving
systems of linear equations or inequalities, and in general for the Convex
Feasibility Problem. Another relation between these two types of algo-
rithms is given by Pierra [13], who reduces the simultaneous algorithm
to a succesive one in a different space. His results, however, cannot be
directly applied in the case of unfeasible systems.
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4. In connection with relaxation, we may consider also the case of variable
relaxation, i.e., with a¥ (depending on both the convex set C; and the index
of the |Lerat.|on) instead of a; (depending only on C;). This is difficult to
handle with our approach of operator gcnmted sequences: z*+! = T(z*).
In fact, with variable relaxation we have z¥+! = Ty (z*). When S = I, the
set F of fixed points is independent of a, so all the T}'s have the same set
of fixed points and it is possible to accomodate variable relaxation in this
framework, as done in [6]. For a general S, the set F changes with a and
our approach seems unable to cope with this case. We mention also that
the use of a different «; for each convex set C; in (4.12) amounts just to
change the weights \;. That’s why we use a common a for P.

5. The hypotheses on S (symmetry and no zeroes in the diagonal) cannot be
done without in the convergence proof, as seen in counterexamples 2 and
3 below. They are, however, reasonable in image reconstruction. When
smoothing pixel 1, its unsinoothed value must be taken into account, mea-
ning si; > 0. Regarding symmetry, the value of s;; depends on the proxi-
mity relation of pixels i and j which is generally symuetric. The exception
are the pixels on the boundary, which have fewer neighbors. Symmetry can
be preserved for such pixels if we give to its neighbors the same weights as
that of neighbors of inner pixels, adding the weights of inexistent neighbors
to the weight of the pixel itself, instead of redistributing them among the
weights of the remaining neighbors.

In the following counterexamples we use the algorithm defined by (4.11),
(4.14), (4.17) with a; = 1 (1 <i < m).
Counterexample 2: (S nonsymmetric). m = n = 2. Take € > 0 such that
2(1+¢€?) < 1. Let

L [1/5 -01] .=m s=[1- (14" 201+

. —[1+¢-'

It is easy to verify that z* = (1 4+ €?)*z°. So the sequence {z*} diverges.
Counterexample 3: (zeroes in the diagonal). m=1,n=2. A=[1,1],b=4

SO ———" B

§6 SMOOTHING WITH A THRESHOLD RULE

We consider now the implementation of a threshold rule in the smoothing
procedure. Under such a rule, when smoothing pixel i, a neighbor pixel j is

14



taken into account only if |z; — z;| < t, where t is a given threshold level.
Formally, we introduce the threshold rule in the general algorithm as follows.

Given t € R0 and a stochastic, symmetric n X n matrix S (with elements
8;5) without zeroes in the diagonal, consider the function z — S(z) (from "
to "*™). Let s(z);j be the elements of S(x). S(z) is defined by:

Next define 5(z) € R™*™ with elements #(z);; by:

Aol = el |  (52)

E::: s(z)ix
Given Q € F;, let V,T:R™ — R” be defined by:

V{z) = S(r)r : (6.3)

T(z) = V(Q()) (5.4)

We study next algorithm (3.5) with T' defined by (5.1) - (5.4).
Observe that in general S(z) is symmetric but not stochastic, while 5(z)
is stochastic but not symmetric. The algorithm (3.1), (3.5) can be seen as a
particular case of this algorithm with { = co. Note that S = S(e) = S(e).
Consider the set K = {(i,j):1 < i < j < n} and let X be the family of
subsets of K. Given J € K consider the region R; C R" defined as:

Ry ={z € R™|Q(=)i - Q)l <t if G.j)el,
Q(r) — Qz);I >t i (i,5) ¢ J)

Clearly R® = |J R;. For a fixed J, note that z,y € R; = 5(z) = S(y), i..
JEK

5(z) is constant on each non empty R;. Let S; be such constant matrix. T(z)
can be rewritten as: E
T(z)=S5;,Q(z) if z€ R, (5.5)

Though in this form the operator T looks locally similar to the operator defined
by (3.1), the algorithm defined by (3.5) with T as in (5.5) exhibits a much less
regular behavior. 3

To begin with, S(z) is not continuous in z, so T is possibly discontinuous
in the boundary of each R;. So, it may happen that the algorithm defined
by (3.5) converges to a point z* which is not a fixed point of T, as shown in
counterexample 4 below.

Additionally, since S; may be nonsymmetric, the algorithm may diverge,
even il the original matrix S is symmetric, as shown in counterexample 5 below.
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This last difficulty could be circumvented by a modification of the
threshold rule so as to preserve symmetry, in a way similar to the treatment

suggested in Remark 5 for pixels in the boundary. We can define S(z) by

= #(z)i; i i :
)i = 1-F0osolz)y if i=j (56)
i _

instead of (5.2). In this situation, a local convergence theorem could be expec-
ted, in view of (5.5), establishing convergence for z° close enough to a fixed
point of T,

Such is not the case. In counterexample 6 below, 5(z) is symmetric for all
z, so that the sequence generated by (3.5) remains bounded for all z° but T
has no fixed point and the sequence, starting at any z°, oscilates between two
regions. Parenthetically, observe that even when P as in (4.11) substitutes for
Q@ in (5.4), T is not piece-wise affine over polytopes, because the regions i;
are not closed. Their closures R; are polytopes, but then (5.5) does not hold
with Ry instead of R;.

We conclude that smoothing with a threshold { < co, if done systematically
in an iterative way, does not seem to be a sound mathematical procedure.

In the following 3 counterexamples, the sequence {z*} is defined by (3.5),
(5.1)-(5.4) with P, as defined by (4.11), (4.14), substituting for Q in (5.4) and
o;=1(1<i<m)

Counterexample 4: (convergence toz* ¢ F)m=n=2,e€(0,1),t=1

P R e e
There are two regions: Rx = {(zy,z):|si+2z2—-1] < 2}, R, =

{(z1, z2): |z|+z;—l|>2]and5x--5 S¢ = I. So S(z) is symmetric
for all z. z° € Ry and it can be easily seen that:

ot = [2(1+12-*)] ERVE = :*;:‘:[f]

But =* € R and
H—c]’e -
Counterexample 5: (divergence). m = 1,2 =3, A =[1,-1,0}, b =

=25
1 4 10
B3



In this case 2° € Ry with J = {(1,2)} and
fie g f AR 88
seuli 5 i)
which is nousymmetric. It can be casily checked that:

U+ k2
= [33+kn € R; Vi
1

The sequence {z*} diverges.
Counterexample 6: (F=¢). m=n=2t= 10

s=2ld 3] 4= 3] +-[d]

There are two regions: Ry = {(-":.za)-‘zl-’:-kn-ﬂ < 101}, R, =
{(z1,22):2)22 — 32, — 49} > 101}. Sk = S, S4 = 1. So S(z) is symmetric for

B2 Pz)
2 SP(z) # € Ry
""‘{Hs)ir zeR,
It can be easily checked that the only fixed point of P ix:

[}

.ﬂmmymmdsri-:
By v W
'—-E(E),[T]‘

But z* € Rx and Z € Ry. It follows that T has no fixed powmnt.
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