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Abstract. Two special-purpose iterative algorithms for maximization of
Burg’s entropy function subject -‘to linear inequalities are presented. Both
are “row-action” methods which use in each iteration the information con-
tained in only one constraint. One is an under-relaxed Bregman’s algorithm
which requires, at each iterative step, the solution of a system of equations.
In contrast with this, the second algorithm employs a closed-form formula for
the iterative step. Complete analyses of the convergence for both algorithms
are given.
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1. INTRODUCTION

The problem of maximizing an entropy function over linear
constraints (eguality, inequality or 1nterv91 constraints), arises
in many fields of applications. These include: transportation
planning (see, e.g., [29]), statistics (see, e.g., [14]), linear
numerical analysis (see, e.g., [16]), chemistry (see, e.g., ([17]),
geometric programming (see, e.g., [32)]), image reconstruction from
prejections (see, e.g., [5,21]), image restoration (see, e.g. [19]),
pattern recognition (see, e.g., [1]) and spectral analysis (see,
e.8., [2]). Further information on the use of. entropy maximization

in these and in other fields may be found in [20,25,27].

A large number of measures of entropy have been proposed in
different fields of applications, see [2B]. We are concerned here
with two of them. The first one, Burg’'s entropy, B(x), also kuown as
“log x-entropy”, is defined on R" the positive orthant of the

n-dimensional Euclidean space R" by:

B(x)-= E: log x}. 1)

1=1
We also refer to the "x log x-entropy”, ent x, also known as
Shannon's entropy, defined on the nonnegative orthant R, by:

n

ent 'x = - Zx}lou X . 2
i=1

where, by convention Olog 0=0.



Burg's entropy was first proposed in [2) (see alao [18, sections
5.17, 5.18] and [25]) and has .since then provoked a controversy
regarding the guestion of which entropy functional should Le used in
different situations. This question was discussed in [13,18,31,20

(Section 10.4.14)] and recently also in [26].

We are interested in "row-action” methods for maximization wof
entropy functions subject to linear constraints. These methods do
not modify the matrix of the contraints and use only one constraint
at 2 time as iterations progress. As such, they are advantagous for
handling large and sparse systems. See [4] for a discussion of "row-
action” methods and applications for which they are particularly

suitable.

For Shannon’s entropy function, two well-known “row-action”
methods are available. One is Bregman’s method [3] which applies in
fact for a larger set of objective functions, called “Bregman
functions” in [11]. The other one is MART ("Multiplicative Algebraic
Reconstruction Technique”), which has been used in the fields of
Transportation Research [29], Image Reconstruction from Projections
[4,5,30] and others. MART for inequalities has been studied in

ALAS R

Introduction of underrelaxation in Bregman’s algorithm (15] made
it possible to consider MART as an instance of Bregman’'s algorithm

with a special underrelaxation strategy, thus clarifying the



relation between the two algorithms and providing a more compre-

hensive convergence analysis for MART [6].

The advantage of MART over Bregman's mefthod is that the latter
requires in general the solution of & non-linear equation i1 one
unknown at each iteration, while MART substitutes a closed formula
for that equation (i.e., the relaxation parameters are chosen |in

such a way that the non-linear equation has an analytical solution).

In this paper we extend this approach to Burg's entropy function.
In the case of equality constraints Bregman’s  algorithm for this
function was proposed in [10] without any convergence analysis and
implemented in [24] for a problem of two-dimensional spectral
estimation. An ad-hoc covergence proof was givem in [12]. We presenti
here a version of Bregman’s method for the maximization of Burg’'s
entropy function subject to linear inegquality constraints. Besides
the nature of the constraints (equality wvs. inequality) this
algorithm differs from the method in [10,12] im that 1t includes
built-in r~laxation, as in [15], and allows more freedom in the
control strategy (i.e., the order in which the constraints are

utilized).

We present also a “MART-type”™ algorithm for maximization of
Burg’'s entropy subject to linear inequality constraints (which we
call the "hybrid algorithm™). As in the case of MART, the improve-

ment over Bregman’'s method lies in the fact that no inside
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loop of numerical solution of non-linear equations is required.

Convergence of Bregman’s algorithm for Burg’'s entropy is mnot an
immediate consequence of the convergence theorems of [15] because
Burg's entropy is not, strictly speaking, a Bregman function.
Bregman functions must be, according to [2,11,15], continuous at the
boundary of their domains. Burg’'s entropy is defined in the
interior of the nonnegative orthant of R" and is not continuous on
its boundary. A technical adjustment in the convergence proof is
therefore performed to circumvent this obstacle. This technique 1is
not exclusive for Burg’s entropy; it has been applied in [7] in
order to extend Bregman's convergence analysis to arbitrary Bregman
functions which have singularities on the boundary of their domains.

Convergence of the “hybrid algorithm™ is proved by showing that
it is obtained as a result of a particular choice of the relaxation

parameters in Bregman's algorithm.

2. BREGMAN'S ALGORITHM
Bregman's algorithm is designed to solve linearly constrained

optimization problems of the form

min f(x) (g 3]

8.t ARSH

with f: ASR™2R,  AeR™", beR™

o
n

Before statement of the algorithm and of the conditions



necessary for its convergence, some definitions are required.
Associate with f a non-empty, convex, open set SSA (called the zope
of £). S will denote the closure of 5.

Define the function D: S5xS+R by

Dixiyy = IRy ) — XNLLy). 2Py 4
where V denotes the gradient and <, > the Euclidean inner product
in R™.

Finally consider the level sets of D for reR:

L, 0.7) = {xeB 1 Dix.;rmr} |

L!(x.r) {ns | D(x.y)sr} =

The conditions on f required for convergence of the algorithm ars:
(4) f is continuously differentiable on S,

(éi) f is strictly convex and continuous on 5,

(éd) For every yeR the sets L (y.,7r), L 7x.r) are bounded, for all

yes, xel respectively,

(i) For every sequence {y"}ss. if lip rk=r.€§ then }_}a D(!‘.r1)=0.

(e) For every pair of sequences {x"}sg. {yh}is. b 5 o

lim D(x*,5*)=0, 1jp ¥*=y"eE and {x"} is bounded, then

Hg ="

Note that condition (i) implies that D(x,y)=0, D(x,y)=0 iif =x=y.

D, however, is not a distance, since in general it is not symmetric



{it is symmetric iff f is quadratic, in which case Bregmen's
algorithm reduces to Hildreth's gquadratic programming method

(22, 293).

By analogy with the case in which D is the Euclidean distance,
define the D-projection. or Bresgman projeciion P, of a point yes
onto & closed convex set CSF” such that Cﬁgﬂﬂ, as:

P {y) = arg min D(x.y) . : (6
o ~EC S

It is shown in [11] that conditions (i)-(¢) guarantee that PL is
well defined. In the case of equality constraints and pno relaxation
Bregmar’s algorithm consists of successive D-projections onto the

hyperplanes defined by the constraints. More precisely, assume that

a' are the rows of A, and let Q={x|<£,x>=q}. Consider a control

seguence {i(k)}, k=1,2,..., with i(k)e{1,2,..,m}. 4i(k) is the index
of the row used at iteration k. i(k) is almost cvelic if there
exists Mm such that for all i (1<i=m) and all k20 there exists /
such that k=¢=<k+M and i(¢)=i (i.e., every constraint is used ai
least once in every M consecutive iterations). When M=m the cuntrol

sequence is cvclic.

Bregman’'s algorithm in this case is:

xqes,
e



where {i(k)) i= an almost cyclic control sequence.

By (6), F_(y)€E for all yeS (15iSm), but since the domain of I,

.

is § rather than S, in order for (7) to make sense we introduce the
following definition: f is zZone consistent with respect to a hyper-
plane H if HN5*® and P.(y)!S for all yeS. We then add another hypo-

thesis (on both the objective function and the constraints):

{ee) f is zone consistent with respect to llt (1=1sm).

In the case of inequalities, it is reasonable to expect that dual
variables (i.e., Kuhn-Tucker multipliers) be required. In this case
the algorithm generates two sequences: {x")sR", {2")}SB™ and x*™ |is
the D-projection of x* onto a hyperplane B' (k) parallel to H.m and
lying between x* and B, Wwhose location 1is determined by the

current value of the component of the dual variable associated with

constraint i(k), i.e., S

In crder to give a formal definition, it is convenient to give a
more explicit representation of P_ for a hyperplane H={x|<& x>=bj.

It is shown in [11] that P-(y) is the unique solution x of:

Vf(x) = VI(y) + sa , (4:3]
a,x> = b , (3]
xgS . c10)

These are the Kuhn-Tucker conditions for problem (6) when C=H,

sufficient by convexity of D in its first variable. seR |»s the



Lagrang= multiplier associated with the constraint xe€B, it is
uniquely determined by (8)-(10) given H and y, and it will be

denoted by n"(r}

Since in this case x  is projected onto a hyperplane which is not
B, . we need something more than zone consistency. So we say that
f is strongly zZone consistent with respect to a hyperplane B iff,
for all ye5S, Pn_(y)es for all hyperplanes H' parallel to H lying

between ¥y and H, and replace condition (wi) by:

(vd”) £ is strongly zone consistent with respect to every H‘, 1=i=m

The unrelaxed Bregman algorithm for the problem

min f(x)

€31
o R

where f,A, and b satisfy conditions (i})-(¢ ) and (wvi’), is given by:

<) zod-’-; is artibtrary , €1

and x°eS such that vf(x°)=-8"2° , a»

where A’ is the transposed of the Matrix A .

i k- - -
“w) Given x and z , S and 2 are uniquely determined
by:
P2 (x"") = VE(x5) + c‘a"'", ST))
zh’ = zllr < ckem" . 15

with
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0
"

k
2 min {zm,.ﬂ.} = (16

k
" H" e e 17
viky

m.
n

where {i(k)} is an &lmost cyclic control segquence and =:=l i d=4, O

otherwise.

Finally we introduce under relaxation. Consider a sequence of
relaxation parameters {e, } where esc <1 for some £30 and all k0.
The underrelaxed Bregman algorithmfor problem (11), where f,A, and VL

satisfy conditions (é¢)-(¢) and («w’), is given by (12)-(16) plus:

Hik»

B, =n ) €17°>
where

e 5 L e b iy ke
H(k) = {xl<a X3z b . +(1-e )<a T, x »}. & 1:3)

and where {i(k)} is an almost cyclic control sequence and the
seguence {ak} satisfies:

0<:Sak51 A (192

Any sequence {xk} generated by the underrelaxed Bregman algorithm
(12-16), (17'), (18)-(19) converges to the solution of probl-m (11),

as proved in [15].

*1

Note that the implicit definition of x» in (14)-(17) makes it
necessary to solve two systems of non-linear equations at each

iteration. First the system of n+l equations:



1 (%)= (x" )esa" ] (207

vk = = uiked X -
<a .x)-nlb“h4(! ak)ta = c21)

has to be solved in the n+l unknowns XyowoaX 08, and /3 is the
value of 5. Next, if ck’ﬁk. the system of n egquations in the n
unknowns XoooooaX

L

v (x) =91 (x" )+ 2" <2

is sclved and its solution is x

The need to repeatedly solve
these two systems numerically may strongly reduce the practicality
of Bregman’'s algorithm. In many cases, however, the function f is
such that the system (8) can be solved explicity for x in terms of
y,a2 and s, i.e., there exists a function of 2n+1 variables h(y,a,s)
with values in R”, with an explicit analytic exm’ession; such that
x=h(y.a,s) is the solution of (8). In such a case, the solution of
(8)-(10) reduces to solving one non-linear equation. We define g:R+R
as

g(s)=<a,h(y,a,s)> 23
and (9) becomes

g(s)=b . (24>

This equation might have more than one solution but if f is a
Bregman function, zone consistent with respect to the hyperplane
{x}<a,x>=b]. then, because of the uniqueness of +the D-projection,
only one of them, say 5,. will be such that h(y;a.s.)eg. This is the
case for the "x log x-entropy” function, and also, as we show next,

for Burg’s entropy function.



3. UNDERRELAXED BREGMAN'S ALGORITHM FOR BURG'S ENTROPY
SUBJECT TO_LINEAR INEQUALITY CONSTRAINTS

Before discussing the applicability of Bregman’'s algorithm to
Burg’'s entropy function (i.e., the wvalidity of ({()j-(el ) we

specialize it for this case.

The natural zone for -B(x), as defined by (1), |is S:ﬁ:. the
interior or BJ. It follows from (1) and (8) that the appropriate

function h is given by:

y.
hJ(y.a.s) & S el 25

so that g is given by:

g(s) = )y —Ii-i— 26

The equation g(s)=b may have many solutions. In order to ensure
that P"(y)es, i.e., that h(y,a,s)>0, the solution s’ has to be in the

interval:

res” <t 27>

where

remax{1/ay, | 1<j<n, a<0} , e
and 1if aJED for all j, set r=-w, and

tmin{l/ajyj | 1=j%n, a’.>0} (2]

and 1if a.JSD for all jJ, set t=+w .



A direct proof that, for y>0, there exists ouly one l‘ satisfying
(27) can be found in [12, Proposition 2]. Combining (25)-(29) with

the algorithm (12)-(16), (17'), (18) we get:

Alzgorithm 1. Underrelaxed Bregman's alsorithm for ineauality

> 3 & A

Let {i(k)} be an almost cyclic control sequence, {ak} a segquence
of relaxation parameters satisfying, for some ¢:

O(CSak£1 ; 300

Let e'eR™ be defined as e:=1. e;=0 for i=}J

Initialization: z°eP”  arbitrary, and €31)
% —L— | 1sssm . (& o)
J T ©
(A" z ),

lterative Step: Given x*, z*:
(<) Let ﬁu be the unique solution s of:

n ttk)y k
a

_—)uk:jk_ = °'ub...‘,*(1‘°',”a“b.xk), 3
Jag l-aj xJ
for which
£y Sfly ey 3
where
r, = max {lia:.'*'x: | 1<j<n, a:‘.'"co} 3%

and if a;"’zo for all j, then r,=—w, and



1_4
wthy k

tu = min {IlaJ X, | 1=3%n, .:""m} (36>

and if a:""so for all J, then t =+o .

F 3 *
(4d) 5% min {z."h, ﬂh} : €37
n
i ki x,
(ded) | x) o ” 1=3%n . 38
b e =
] Ik
. k
(i) 2™ = g™ a0

4, CONVERGENCE ANALYSIS FOR ALGORITHM 1

A complete proof for the underrelaxed Bregman’'s algorithm for a
general Bregman objective function was given in- [15).. If the
function [-B(x)], as defined by (1), were such that conditions
(é)-(¢) hold (and A and b such that («¢’) holds), then the

convergence results of [15] would be directly applicable.

This is, however, not the case. The function ﬂx)=-B(x)=-L log X
i=i

is not continuous on the boundary of the nonnegative orthant, and in

fact px = ) froe( ) - (F)]

1=t
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is defined only on S$xS, rather than 8xS, so that conditions (&),
(«w) and (¢) do not hold. However, the convergence analysis of {183
can be modified, as we show next. First, observe that ' for
£(x)=-B(x), (i)-(¢) hold with S substituting for S (i.e., in the
interior of the positive orthant). (i) and (i) are immediate. (6ad)
is a consequence of the fact that

lim D(x,y)=+w , lim D(x,y)=+x , ca0
e v by oo

for all y, respectively all x, in IR:

Also, for every J. 3=1.2,...,n,
lim  D(x,y)=+w ,  lim D(x,y)=+= , c41d
IJ-OO !'j"':'

for all y, respectively all x, in R: :

Regarding (i) and (v), when y €5 and [x“)SS, they readily follow
from the continuity of D in both variables (consequence of (¢) and
(4)) and the already mentioned fact that, for x,yeS, D(x,y)=0 iff

X=y.

Next observe that under strong zone consistency the whole sequence
{xk} is contained im S, because xm is always the D-projection of
x* onto a hyperplane parallel to one of the H’s lying between it
and x* (the walidity of the ﬁtrong zone consistency hypothesis for

this case is considered below).
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This means that statements regarding a finite subset of the
sequences {xl} and {zk] remain valid if (i)-(¢) hold in &S rather
than &. Two such relevant statements, refered to the sequences {nh].

{z"} defined by (12)-(16), (17'), (18), are:

(a) The sequence {f(xk}+<zh.Axi-b>} is decreasing, and

(b) For all xeS such that Axsb, D(:,xk)Sf(x)-f(xk)-(zk,Axk-b>
(a) is proved in [15, Corollary 4.1] and (b) in [15, Proposition
4.6]. An immediate consequence of (a) and (b) is that for all a
feasible for (11):
Dix,x") s £(x)-£(x°) - <2°,Ax°-b> . ca2>
Calling the right hand side of (42) r.. it follows from (5) that,

when the system Axsb is feasible, then for all k and all feasible x:

e a0 s e

But (40) and (41) imply that Lz(x.r') is a bounded and closed sub-
set of 5, which contains the whole sequence {xk}. when f(x)=-B(x).

Hence all limit points of {x“} are in S.

In fact, hypotheses on the behavior of f and D on the boundary of
S are introduced, because for a general Bregman fuction, although
the sequence {xk} is contained in 5, its limit points may be on the
boundry (such is the case for instance, with the "x log x-entropy”
function). We have just seen that this cannot happen with Burg's

entropy. Once we have established that all limit points of {xk} are



S

4n S, the remainder of the convergence analysis of [15] is
mpplicable with hypotheses («), (w), (¢) holding in § (rather than
5). We still need to check («i'), which relates in addition to . T,
also to A and b.

Let ; F

{x>0 | Ax=b} ., 44>

N(A) {xeR"| Ax<0} . 45>

If follows from [11, Lemma 1] that the following conditions insure

hypothesis (ed’).

a e g Joreism ., 46>
F=e0 , 47
N(A)N uz;‘ = {0} .. 48>

Condition (46) is required in order to have hyperplanes” defined by
the constraints; (47) is just feasibility of the constraint set, an
obvious condition for convergence of Bregman's algorithm in general,
and (48) insures that all relevant hyperplanes intersect S. This
guarantees existence of the D-projections, which cannot be in the

boundary of S as a consguence of (41), so that (ei’) holds.

The previous analysis shows that the convergence results of [15]
hold indeed in this case, meaning that when A and b satisfy
(46)-(48) then the sequence {x"}, definmed by (31)-(39), converges

to the solution of:

"
max E: log x
i caod
154

s.t. Axsb, x>0 .
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This analysis can be extended to other Bregman functions which
fail to satisfy («)}-(e¢') because of singularities in the - boundary
of S. Basically, for such functions an additional hypothesis |is
required, namely, that the sets L (y,»), L,(x.,») be bounded away

from such singularities. This was worked out im [7].

5. THE HYBRID ALGORITHM

Numerical solution of (33) at each iteration of Bregman’s
algorithm is an undesirable feature. The algorithm defined in this
section avoids such a situation by dynamically choosing a seguence

of relaxation parameters {°u} (where a depends on A,b and alsc on

k
the current iterate xk) so that (33) has an explicit solution. In
general, assume that we are dealing with a function f such that a
closed formula h(y,a,s) gives the solution x of (8). Then, at

iteration k we define, as in (23):

g (s) = P L e R c50)

and ﬁk is the solution s of:

- i ik k
gi(s) = akbub+(1 ak)<a T (51>

Condition (19) means that we are looking for s such that g (s) is

in the segment between (a"b,xk> and b Since a¥(0)=<a““.xk>.

oo
when g, is continuous and monotonous near 0, we are seeking some s
between 0 and the solution s of g (s)=b . From (19) and (51) we

need an s such that for some £>0 and all k:
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tk k
L o Rk s
P | g B s2)
S _'_(atlk! xl\
kO

R =)

Therefore, if we are able to present a formula
s = ¢(a,y.b) ; (53>

such that for

ithr k
s, Seta ,x.,b, ) 54

n
"

condition (51) is satisfied, we may take ﬁ;:si and such & 7 wiil be

the one given by (17') when the coefficients o - used in {(18) “are

defined as:

ik vk -

LY 1 k
_ g lela ok B )R PR o I
k- ik k
L(k:-<’ X 2

o

where (51) guarantees that (12) holds.

)

Note that if b, =<a",x"> then the solution of (51) is =0, and

x =X e S AT xkEH“k, . then ii(k)=ﬂ“h and the D-projection of
x" is Just x*). In the case of Burg’s entropy, such a function ¢ is
available, if we impose the following additional condition on A
and b (which, by the way, implies (48)):

a:bl >0, ISism, I1<¥n . (56
The appropriate ¢ turns out to be:

A= ﬂgﬁ)t . if b0 ,

e(a,y,b) = 57
A(1- -“;-"—Z)r . if b<O ,
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where r,t are given by (2B), (29) and 0<A<l.

Algorithm 2. Hybrid algorithm for inegualityv constrained Burg's
entropy maximization.

Let {i(k)) be an almost cyclic control seguence, let e'«F”  be
defined as e:=1. e:=0 for i=j. Consider a sequence {kk} sach that

for some n

OSnSkk“_‘l . (58>

and assume that A and b satisfy (46), (47), and (56).

The algorithm is the same as (31)-(39) except that substep i) of

the iterative step is replaced by:

vtk k

<a &>
B =N [l m————— Y (59
x % b‘tlk: .
where
t, - ir b“h:'o 3
9& = (60
. AR | Lo L Lo

k)

with r .t defined as in (35), (36).

6. CONVERGENCE ANALYSIS FOR ALGORITHM 2
Convergence of Algorithm 2 to the solution of problem (49) is an
immediate consequence of the analysis of Section 4 once we establish

that (18) holds for e defined as in (55), where 8, is given (as in
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(26)) by

e T e €61
and v is given by (57).

Proposition 1. There exists £>0 such that o, . as defined by (55),

satisfies

cSakSI . (62>

Broof .
We consider in detail the case bub>0. From (55), (57) and (61):

) itk? _k
X

3
Ll e e o
T <a ix >-r~¢r"‘.‘l
where
A e e |
o = bim[l TTNCN ] 2 S
i 1k k
Since b“h>0 , (56) implies
:""zo Cpeyen 65>
From (58) and (36) we gét:
_.___1_._” - e (66>
L »
aJ thiAk
thus,
i e Ens B0 C67

Jk



which proves, in view of (63), that
o s g (68>
Also, by strong zone consistency x:>0 for &1l 3, so- that (456),
(63),(65) and (67) imply:
0 < a - (69
We have already proved that the hybrid algorithm is a specific

realization of Algorithm 1 with relaxation éaramet.ers a,  satisfying:

0 < e =31 70

The existence of € as in (62) is not reguired in the convergence
analysis of Bregman’'s algorithm [15] for establishing (a) and (b) of
Section 4, which imply (43). In fact, (43) holds if (70) is
satisfied. So we may assume that xkeLz(x,r') for some x€F. Since for
Burg’'s entropy, L!(x.r'} is a compact subset of R: (see Section 4)

there exist q,QeR such that

0<q‘_=x:£Q. 1<j<n, k20 . 71>
Define,

Pz min{la;l I Isiswm, 1S%n . a:*O} , 72

pP= u'aax{n;l | 1=i<m , 1«_=4sn} €73
and

7 m{lb‘l 1 lsisn} 2 (74>

Considering only summands of (63) for which a:ﬁio and using



(29) and (58) we conclude that:

e SE b 5
Lik lt A . nPe £ g
s LR R
because
'tJ = ux{awzk | 1=fsm , l"".\o} . c7e
" gt Se 1
From (64), (74) and (75) we get
',usé[h_nﬁ]'n' T
Also,
pa = 1<a"™,x">| < nPQ c7ed

and, therefore, from (63) and in view of (65), we obtain finally

that, for all k=0,
a 2> —BS— T

k aPQ+0
Selecting € as the right hand side of (79) completes the proof.

The case bm<o is handled in a similar way.

This proposition means that Algorithm 2 is a particular
realization of Algorithm 1. Thus, the convergence analysis of
Section 4 implies that the sequence {x"} generated by Algorithm 2

converges to the solution of problem (49).

1. _THF CASE OF EQUALITY CONSTRAINTS

If the problem to be solved is:
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max Z log x: (80>
)=

s.1t. Ax=b,
x>0, =

then Algorithms ! and 2 can be applied after transforming each
equatiorn into two inegualities. A more efficient approach is to

modify Algorithms 1 and 2 by changing the initialization step to:

TS c81)

suppressing substeps é) and &) of the iterative step and sub-
stituting B, for c in (38). As discussed in [15] the convergence
analysis performed for the inequality case remains valid. The
sequences {xk] generates by these two algorithms (which could be
called Algorithms 1' and 2°) are not the same as those generated by
Algorithms 1 and 2, respectively, after converting each equation into
two inequalities. In the case of Algorithm 1 and 1’ the sequences
{xk} are indeed the same in the unrelaxed case, i.e.,when o =1 for
all k. Algorithm 1’ is just an underrelaxed version (with almost
cyclic, rather than cyeclic, control) of the algorithm proposed in

[10] and analyzed in [12]. Algorithm 2’ is new.
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