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Abstract

In this note we establish a theorem for multipliers of Mihlin-Hérmander
type in weighted Orlicz spaces.

1. Introduction

Let m(z) be a bounded function on /" and consider, for f in the Schwartz
class S(IR"), the multiplier operator T,, defined by (T f)(z) = (7 * f)(z), where
#i(t) = m(—t) and 7 is the Fourier transform of m. We say that the multiplier
m satisfies the Mihlin-Hormander condition if, for a real number s greater than or
equal to 1, a positive integer k and a multi-index 7 = {71, - - »7n) of non negative
integers v; with || = ;. we have

sup( A+ /MM |Dm(z)|dz)* < +o0
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for all |y| < k.

In 1960 L. Hormander [6], proved that T, is |after extension) bounded from
LP(IR") into LP(IR"Vfor all 1 < p < +oo withs=2and k > n/2.

Afterwards, Hormander's theorem has been generalized by several authors. For
nstance in [5], H. Triebel gives a vectorial version for these operators by considering,
e.g.. the space LP({7}.

In [2], D.S. Kurtz-R.L. Wheeden proved the following theorem, for the weighted
L7-space L7, = {f : (g |f(z)PPrr)dz)? < +oc):

1.1 Theorem. Let s and k‘malnumbensuchthul<os2andn/a<ksn.

(i) Hnfk < p < +oc and w € Apiym
or
(i) if 1 < p< (nfkV and w0V g 4, ..,

then 7., is bounded from L{,, into L],,.
Moreover,

(iit) if w™* € A,. then T, is of w-weak type (1,1), i.e.,
w({zc R" : |Tf(z)]>A}) <c-A7' - Hfl[,“a-., A9,

A vectorial version of this theorem was given by D. L. Fernandez in [1], consid-
ering the weighted space L, (£%).

In this note we consider the problem of obtaining a theorem of Kurtz—Wheeden
type for weighted Orlicz spaces LE(R*) = {f : [ ®(|f(z)iw(z))dz < +oo} (the
precise definition is given bellow).

Our result depends essentially on an interpolation result for weighted Orlicz
spaces and generalizes parts (i) and {ii) of theorem 1.1.

2. Preliminary definitions

A real continuous convex function ® defined on the interval [0, +o00) is called a
N-function if lim_o ®(1)/t = 0 and lim,— .. ¥(t)/2 = +oo.
Given a N-function ®, we can associate its conjugate function denoted by ®*
and defined by
®°(t) = max(st — #(s)),

for all t > 0.
Hereafter, we shall always consider a N-function @ satisfying a A,—condition



(® € A,), i.e., we shall suppose that there exists a number a > 1 such that
b(2t) < ad(t)

for all t > 0. -
Given a N-function @, the Orlicz space L*(JR", R) = L* consists of all Lebesgue
measurable functions f on ™ such that

AL9) = [ #(1f(2)dr < +oo.
The space [? is complete when endowed with the norm {called Orlicz’s norm)
1flle = sup{ [ If(x)-g(x)ldz = pig.®7) <1}.

Let w be a positive function on R". The weighted Orlicz space L (R", R) = L?
is the space of all functions f such that f.w belongs to L®. The L2-norm of f is
given by .

flle = sup{ [_1f(z)-o()ids : plo.w™,8) <1}.
In this note we shall need to consider the numbers

a= lim[- log(sup &7'(2)/97(s.1))/ log 5]

and

f= lim [~log(sup &7 (1)/@7"(s.t))/ log 5],

called Boyd's indices(see[4]) associated to the N-function @, where ®~! is the inverse
of ®.
For more details on Orlicz spaces we refer to Krasnosel'skii-Rutickii’s book [7].
We shall denote by L?(IR") the space of all measurable functions f such that

Il = ([ 1f(2)-10(z)Pdz) P < +oo.

We remember that a positive and locally integrable function w is a weight in
the Muckenhoupt class A, (w € A,), 1 < p < +o0, if for all cubes @ on ", the
inequality

-1 -1 =1/{p—1)
(1Qr [ w(x)d=)IQI™ [ wia) ey < +oo
holds, where |Q| stands for the Lebesgue measure of Q.
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3. The muitiplier theorem
We shall need the following interpolation theorem:

3.1. Theorem. Let ® be a N-function which satisfies, as well as its conjugate. the
Ay-condition. Let a and 8 be the Boyvd indices and let pe = 3! and g¢ = a™'. Let
ry and r, be real numbers such that, | < r; < gg and ps < 73 < +0c. Let T be a
quasi-linear operator on L]} (IR") + L72(IR") such that

(1) HzeR : [To(z)w(z)l > A} < (clf\")jn_ lg(z)wiz)["dz

7 =1,2. Then T i5 well defined on L% and there exists a finite constant C such that
(2) T fllow < Clifllon

for all f € L?.

Proof. Let f ¢ LY and let A > 0. We decompose f as f = f, + f, where
fi= fxawn r=7—f and Ax(f) = { z € R" : |f(z)w(z)| > A }. Since by
hypothesis r; < g and ® € A, we obtain (" < ¢, A" ®()/®(A), for all ¢ > A and
for some constant ¢,. Therefore,

L. htane(@)l dz < @07 /8() [ S(f()elz)Ddz
and whence f; € L7:.

On the other hand. since ps < r2 < +00 and ® € A,, there exists constant ¢;

such that t™ < A= ®(t)/®()) for all t < A. Therefore,

[ Fatzme(@)l™ de < (3 /0) [ (1 (hwiz)l)dz

and whence f; € L7,
Then we have that L? is contained in L]} + L7, ie. T is well defined on L?.
Let us prove 3.1{2). From the quasi-linearity of the operator T. with constant
C, and condition 3.1(1) we get

(3) [ @UTs @) wl@)dz = [ ANAMTS)iax
< [ eMAvaeTaIar + [~ o Asac(Tfa)ldr
< atr) [, f@a@r ([ AN

Fatrs) /a il PO e
=L + I



where ¢ is the density functionof ®and B = {r € R" : [f(z)| > 0}.
Since ® € A, and 1) < gg, there exists a constant ¢’ > 1 such that
(4) ' 7 olt) < € plst)

for all s > 1 and t > 0. Also, since ps < r; < +oc. there exists a constant ¢” > |
. such that
(5) . plst) < 77 )

forall0<s<landt>0.

From 3.1(4) we obtain
®

Flx)wix)
{: A (AN < O S\ f ()l 2 ()-w2)]

and whence,
h < Clr) [ ¥ (z)wiz)i)ds.

Analogously, from 3.1(5) we get
I < Cry) [ ®(1f(z)wtz)dz.
Inserting the estimates obtained for /; and /; in 3.1(3) we obtain

[ TS w2z < € [ o(1f(z)wiz)dz

The norm inequality 3.1{2) follows from the fact that T is positively homoge-
neous, 1.e., [T'(A-u)l = |A||T(u)| for all scalar A, and the equivalence of Orlicz’s norm
and Luxemburg’s norm. namely

1@y = inf {k - jn_ (| f(z))-wiz)/k)dz <1}

The proof is complete.
Now we are in condition to prove the following multiplier theorem

3.2. Theorem. Let T,, be the multiplier operator as given in section 1 with m
satisfying the Mihlin-Hérmander condition for 1 < s < 2 andnfs < k <n. Let
be a N-function satisfving the A,-condition jointly with its conjugate function $~.
Let pg, g and pe-. g~ the Bovd's exponents with respect to & and @~ respectively.

(1) Hn/k < go < +00 and w™ € Agyijn,
or



(n)if 1 < pp < (nfk) and w™™*" € Aqgyetjn
then T, is bounded from I? into L2.
Proof (i).

Step 1: There exists py satisfying n/k < pg < ge such that w?* € A, xm. Since
gs < po it follows that py < ps and consequently w™ € A, ijn. From the Kurtz-
Wheeden theorem 1.1, we have that T,, is bounded from L?® into L?.

Step 2: From the weight theory we have that if w? £ A, i/n. there exists € > 0
such that w”* € d__ ,/.. Let py = pp + . Then w™ € A, 4. and consequently
wP € Ay i/n since g¢ < py- The Kurtz-Wheeden theorem 1.1 implies that T, is
bounded from L? into L?.

Step 3: The boundedness of T,, on L%;, j=0.1. implies condition 3.1{1). Moreover,
we have that 1 < py < g¢ < pp < p1 < +oc. Then by the interpolation theorem we
obtain that T, is bounded from L2 into L2.

Proof (ii). We have that

() WTnfllew = sp{ [ [Tnfiz)s(z)ldz :plox.0) <1}
= sup{ [ |f2)Tgia)lds :plgw™,87) <1}
< sup{liflien-lITagllo o = plge™.87) <1}

where T is the adjoint operator of T,,.
Taking into account that 1/ps + 1/ge- = 1 and pe < (n/k)’, it follows that
ge- > n/k. Since w™P*" € A, i/n by hypotesis (i) we obtain

IT7glles w—r < cllgllem amr-
Inserting in 3.2(1) we get the desired result.
Remark 1. Theorem 3.2 generalizes Kurtz—Wheeden theorem. In fact, if we take

®(t) = t*. in the above theorem, we have that ps = g¢ = p and pe. = ge- = p’ with
1/p+1/p' =1



Remark 2. As consequence of theorem 3.2. the muitiplier operator T, is bounded,
e.g.. on the weighted Orlicz space (L?(1 + log* L)), for p and w in the conditions
of our theorem. where f € (L?(1 + log* L)).. if

[, (17 )hot2)P(1 + log(1 (2 etz < +oo.

- Remark 3. A vectorial version of theorem 3.2 can be obtained, considering the
weighted Orlicz spaces LE(IR™, 9).
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