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Slice-Products in Bivariate Approximation

Jodo B. Prolla

§1. Introduction

Suppose § and T are closed and bounded intervals in R. Let C(3), C(T) and
C(S x T) be thé corresponding spaces of continuous real-valued functions. Let {ny}
and {m;} be two sequences (finite or infinite) of non-negative interges, and consider
the linear span W of {s™ {™; k,j = 1,2,3,...}. We are interested in finding its
uniform closure W in C(S x T). In general W is not an algebra and we cannot
use the Stone- Weierstrass theorem to describe its uniform closure. However, if the
set N = {ny; k = 1,2,3,...} is such that N + N C N, then the linear span G of
fat ok } is an algebra, even though W is still not an algebra. Using a
vector-valued version of the Stone- Weierstrass Theorem (see Theorem 3 below) we
describe the uniform closure of W in C(S x T) as the set of all functions [ € C(SxT)
such that, for every pair of points (s,t) € § x T, the section z € § — f(z,t) = fi(z)
belongs to the uniform closure of G, and the other section y € T — f(s,¥) = f.(y)
belongs to the uniform closure of the linear span of {t™; k = 1.2.3,...} in C(T).
(See Theorem 2 below.)

To state an abstract version of the above bivariate polynomial approximation
problem let us first introduce some notation. Throughout this paper, whenever X is
a compact Hausdorfl space, and E is a normed space, C(X; E) denotes the normed
space of all continuous functions f : X — E equipped with the topology of uniform
convergence, given by the sup-norm

11} = sop{l|f(=)lles =€ X}

When E = R, we write C(X) = C(X; R).

Suppose now that S and T are two compact Hausdorfl spaces, and that two
non-empty subsets G C C(S) and H C C(T) are given. We are interested in the
following bivariate approximation problem:



Q. Which juncﬁoﬁc f € C(S x T) can be uniformly ;pprozimatad onSxT by
Junetions of the Jorm
w(s,t) = 3 gi(s)hi(t)
=1

where g; € G, hy € H (i =1,....n), and n € IN is arbitrary.

Let us denoteby G @ H the subset of C(S x T) of such functions w(s,t), and by
G ® H its uniform closure in C(S x T). Then our problem can be stated as follows.

Q. Characterize those f € C(S x T) that belong to G® H.

In order to answer this question, let us recall the definition of the slice-product
G=H introduced by Eifler [4]: a function f € C(S x T) belongs to G#H if, and only
if. for every pair (s,t) its sections f, and f; belong to H and G respectively, where
f+ is the mapping y € T — f(s,y), and f; is the mapping z € § — f(z,1). Clearly,
the following inclusions hold

G® HCG#Hc G#H

where G (resp. H) denotes the uniform closure of G (resp. H) in C(S) (resp. C(T)).
On the other hand, the slice-product of two closed sets is closed. Hence

G®Hc G#H.
Our objective is to find properties of G and H that will make true the equality
G®H =G#H.

If both G and H are unital subalgebras, then G ® H is a unital subalgebra of
C(S x T) and ihe classical Stone-Weierstrass theorem for subalgebras describes
GZ H, and it is easy to prove that G® H = G#H. But when G or H is not
assumed to be an algebra, then that theorem cannot be used because now G ® H is
not a subalgebra of C(S x T). However a stronger version of that theorem, namely
its vector-valued version for modules solves the problem if G or H is assumed to be
a subalgebra. Notice that in this case G & H is a vector subspace of C(S x T). We
state our solution when G is assumed 1o be a subalgebra, but of course a similar
proof establishes the same result when H is assumed to be a subalgebra (and G is -
arbitrary).

Theorem 1. If G is a subalgebra of C(S) and H is a non-empty subset of C(T),
then
G®&H =G#H.
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We will postpone the proof of Theorem 1 and will first establish some corollaries
in bivariate polynomial approximation.

Theorem 2. Let {n;} and {m,} be two sequences of non-negative integers, and
assume that ny < n3 < --- < ny < --- and N = {ne; k= 1,2,3,...} is such that
N+NCN. Let 5 and T be two closed and bounded intervals in R. The closed
linear span of the set {s™t™; k,j = 1,2,3,...} mC(S x T) is VW, where V is
the closed linear span of {s™; k = 1,2,3,...} in C(S), and W is the closed linear
span of {t™s; j = 1,2,3,...} in C[T).

Proof. Let G be the linear span of the set {s™; k = 1,2,3,...} m C(S), and let H
be the finear span of {t™; k = 1,2,3,...} in C(T). Then G® H is the linear span of
fe™ " & j =223 ) in C(S x T). The semi-group property N + N c N im-
plies that G is a subalgebra of C(S). By Theorem 1, G® H = G4 H = V#W. 0O

The strong version of the Stone- Weierstrass theorem that we will use in the proof
of Theorem 1 is the following. (See Theorem 1.26, Prolla 18])-

Theorem 3. LkacwmputchdorﬂmunndldEhnwmdm.
Let W be a vector subspace of C(X;E) which is an A-module for some subalgebra
A C C(X),ie., AW C W. Then, for each f € C(X; E), there exists some equivalence
class [z] (mod. A) such that :

dist(/;W) = dist({ [z}; W]a]).

Let us explain the notation used above. For each z € X, we denote by [z] the
equivalence class of z modulo the following equivalence relation:

=y (mod. A) & p(z) = p(y) forall pc A.

Then [z} = {y € X; ©(z) = ply) for all p € A}. Notice that |z] is closed in
X, and therefore a compact Hausdorfl space. For every function f € C(X;E), we
denote by flz] the restriction of / to |z]. Then f|z] belongs to C(|z}; E). Finally, if
W C C(X; E) then _

Wiz = {sl=}; 9€W}c C(iz); E)
and dist(f|z|; W |z]) is measured in the space C(|z]; E). Hence

dist(f{z:Wlz) = inf I1f12] ~ il =

= inf :pl;l W (w) - o(v)lie-
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When |z| is the singleton {z} one identifies f|z| with f(z) and W|z] with the sub-
space W(z) = {g(z); ge W} C E. :

Not only Theorem 3 will be used in the proof of Theorem 1, but it can be psed
to find dense subspaces of Cla, b] which are not subalgebras.

Theorem 4. Let M = {m,} be a sequence of positive integers in arithmetic progres-
sion, with myyy —my =1 (k=1,2,3,...).

(a) If r is an odd positive integer, let T = jc, d) € R.

(b) If r is an even positive integer, let T = ¢, d] C Ry or T = |c,d| C R_.
Let W be the linear span of {t™ t™ ... t™ .} in C(T). Then

(1) 0 €T, W is dense in C(T);

(2) O €T, W is dense in the set {f € C(T); f(0) = 0}, and the lincar span
of {1, t™ 1™ ... ™ .. .} is dense in C(T).

Proof. Let A be the algebra of all multipliers of W:
A={peC(T), pgcW forall ge W}.

Clearly, the function ¢ belongs to A. In both cases (a) and (b). the function "
separates the points of T. Hence, for any t € T, [t] (mod. A) is the singleton {t}.

Case (1). Then W(t) = R for allt € T and by Theorem 3, W is dense in C(T),
since dist(f(t); W(t)) =0.forallt € T.

Case (2). Then W(t) = R for all t # 0, and W(0) = 0. By Theorem 3,
dist(f; W) = |f(0)! for all f € C(T). Therefore W is dense in {f € C(T); f(0) = 0},
and the linear span of {1, ™ ,t™,...,t™ ...} is then dense in C(T). ]

Theorems 1 and 4 can be combined togeth;.r to get further bivariate or multi-
variate results. As an example we have the following.

Corollary 1. Let N = (ni) and M = (m;) be two sets of strictly increasing posi-
tive integers such that N + N C N and the m;’s are in arithmetic progression, with
Me — M =T ‘k = 1,2,3,...).

Let S =ja, bl Z R andT = |¢, d] C R be two closed bounded inlervals such that:



(a) if all the ny’s are even, then SC R, or SC R_
(b) if r is even, then T R,orTC R._.

Let G be the linear span of {1, s™, §™,...8™,...} is C(S), and let H be the
linear span of {t™ ™,...t"™,...} in C(T). Then

(1) /0 T.then GR H = C{S x'TY

(2) fOET, thn G8H = {f € C(S x T): f(8,0) = 0 for all s € S}, and
G®H,=C(SxT) where H, is the linear span S e e AR T .} inC(T).

§2. Proof of Theorem 1

Let us identify C(S x T) with C(S; C(T)) in the usual way: with each [ €
C(S x T) associate f C(S;C(T)) defined as follows: for each s € S fla) =4k,
where f, is the section of f defined by f.(t) = f(s,t) for all t € T. Now Is € €(T),

and the mapping s — J. is continuous. Moreover the mapping f — [ is a linear
isometry of C(S » T) onto C(s;c(T)).

Let W = (G & H)~. Notice that W is a G-module. Let s€ 5, and let [s] be its
equivalence class (mod. G). Notice that every element of G is constant on [s]. Hence
the same is true of every element of G the uniform closure of G.

Claim (1). § f ¢ G=H, then [ is constant on [s], end its constant value is [ which
beiongs to H.

Proof. Let z € s|. Then
Jot) = f(s,8) = fils) = filz) = f(z,1) = [ult)
for each t € T, because f, € G. Hence
I =fo=1,=f(s)
for all z € [s].

Claim (2). I all g € G vanish on s], then f[s] = 0, for ail /€ G#H.

Proof. Assume ]'[s} # 0. Since ]'[s] = /., there exists some point t € T such that
f(s,2) # 0. But f, = G and therefore Ji vanishes on [s] 100, i.e., J(s,t) = 0. This
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contradiction shows that f]s] = 0.
Claim (3). If all g € G vanish on |s|, then W|s| = {0}. Otherwise W(s| = H. .

Proof. The first part of Claim (3) follows from W C (G#H)~ and Claim (2).
Suppose now that g(s) # 0 for some function g € G. Let h € H be given. Then
/= v®h belongs to G & H, where v = (g(s)) '9. Now f|s] = h. Hence W|s| = H.

We can now finish the proof of Theorem 1. Let f € G#H. By Theorem 3,
applied to the G-module W = (G & H)™, there is some equivalence class |s| (mod.
G) such that

dist(f; W) = dist(fs}: W|s]).

Case 1. All g £ G vanish on |s].

By Claim (3), W|s] = {0}, and by Claim (2), f|s| = 0. Hence dist(f]s]; W|s]) =
0.

Case 2. For some g € G, g(s) #0.

By Claim (3), W|s| = H. On the other hand f]s] = f, belongs to H. Hence
dist([f|s|; Wis]) = 0.

In both cases we conclude that disl.(j', W) = 0, and so f belongs to the closure
of W = (G ® H)~. Since the mapping f — [ is an isometric isomorphism, f belongs
to the closure of G® H. Hence G#H C GRH. O

§3. Grothendieck’s Approximation Property

The following result shows that to find a closed vector subspace G C C(S) such
that G ® H is properly contained in G# H for some closed vector subspace H C C(T)
equivalent to find such a G without Grothendieck’s approximation property.

Theorem 5. For a closed vecior subspace G C C(S), S compact, the following are
equivalent:
(a) G has the approzimation property;
(b) for every Banach space E, the space G ® E is dense in
{f€C(S:E); pofe G, Joral pckEY);

() for every compact Hausdorf] space T and every closed vector subspace H C
C(T), (GBH) ={f€C(S:H); pof€G, Jorall p€ H™);



(d) for every compact Hausdorff space T and every closed vecior subspace H C
C(T). G® H = G#H.

For a proof see Grothendieck [5], Bierstedt {1} and Prolla [8].

Corollary 2. Every closed subalgebra G C C(S), S a compect Hausdorff space, has
the approzimation property.
-

The proof of Corollary 2 depends on Theorem 5 whose proof uses several tools
from Functional Analysis. Hence an elementary direct proof that any closed sub-
algebra G C C(S) has the approximation property is desirable. Let us recall the
definition of the metric approzimation property. Let A > 1. We say that a Banach
space E has the A-bounded approzimation property (A- b.a.p. for short) if, for every
totally bounded subset B C E and every £ > 0, there is a continuous linear operator
T : E — E of finite rank such that ||z — Tz|| < ¢, for all z € B, and ||T]| < A. We
say that E has the metric appromimation property if it has the A- b.a.p. for A = 1.

Lemma 1. Let A C C(S) be a closed subalgebra containing the consianis, and let
z € § be given. If N(z) is an open neighborhood of z| (mod. A), there emsts an
open neighborhood W (z) of [z], contained in N(z), and such that, for each0 < é < 1,
there 15 p £ A such that

(1) 0< p(s) <1, for all s € S;

(2) olt) < 6, for allt & N(z);

(3) wlt) >1-6, for allt € W(z).

Proof. Theset M = {p € A; 0< p < 1} is closed and has property V,ie, 1 —p
and p 1 belong to M, whenever p and ¢ belong to M. The result follows from
Lemma 1, Prolla [9]. O
Lemma 2. Let A be as in Lemma 1. For each z € S, let there be given an open
neighborhood N(z) of (z| (mod. A). There exists a finile set {z,,...,Zn} C S such
that, given 0 < § < 1, there are ©,,...,om € A such that

(o< <1, i=1,...,m;

2, pilz)=1,forallz e S;



(3) 0< @ilt) < b6, ift € N(zs), i=1,...,m.

Proof. Select z; € S arbitrarily. Let K = S\N(z;). For each z € K, select an
open neighborhood W (z) by Lemma 1. By compactness of K, there exists a finite
set T3,...,I, in K such that K € W(z;) U--- UW(zn.). Let 0 < é < 1 be given.
By Lemma 1, there are ¢3,...,%m in A such that 0 < y; < 1 and #;(t) < é for all
t€ N(B), and %(t) > 1~ éforall t € W(z,), i =2,.,m.

Define ©3 = ¥, 3 = (1 = wﬂ)%v---upu = (1 i *3)"'(1 - *-—l)ﬁm- Ck“h’q
i€ Aand0< p; <1lforalli=2,...,m. Since

Prtotpm =1 (1-va)(1-vs)- {1 = Ym)

can be easily verified by induction, let us define ;3 = (1 — ¥2}{1 — #¥3) -~ (1 = ¥m).
Then g € A, 0 < ¢, <1and p; + w3+ ---+ om = 1. Hence (1) and (2) are
verified. To prove (3), note that for each 1 = 2,...,m we have p;(t) < %(t) < é
for all t € N(z;). On the other hand, if t & N{z;), then t € K and for some index
j=2,...,m, we have t € W(z;). Hence ;(t) > 1 — 6 and so 1 — #;(t) < é. Thus

@ty = (1 -0 [I0-wt) <6 ©
1
Theorem 6. Let 5 be a compact Hausdorffl space and let A C C(S) be a closed
subalgebra. Then A has the 2-bounded approzimation property. If A contains the
constants, it has the metric approrimation property.

Proof. Suppose A contains the constants. Let € > 0 and B C A a totally bounded
subset be given. There is a finite set F C B such that, given f € B there is some
g = F with |f(z) — g(z)| < /3 for all z € S. For each z £ S define

N(z) = {t€ S; lg(t) — g(z)| < e/6, forall g€ F}.

Since F is finite, N(z) is open. Notice that if ¢ € |z] (mod. A), then g(t) = g(z).
Hence N{(z) is an open neighborhood of |z] (mod. A). There exists a finite set
Zy,...,Zm € S with the property stated in Lemma 2. Let M = max{||g||; ¢ € F}
and choose 0 < § < 1 sosmall that 12m M § < €. For this § there are p;,...,om € A
such that (1) - (3) of Lemma 2 are true. Define a linear operator T : A — A by
setting

(*) (TNHz) = T, wilz) f(z:)

for all f € A, z € §. Clearly, T is a finite rank operator, and by (1) and (2),
T <1



Let now f € B. There exists some 9 € F such that ||f - g]| < €/3. Hence, for
any r € §,

if(z) - (T)()] = r'};p. B ER)
< f:p (@)If(2) - ()]
< ép.-(x) 1762) = (2] + lo(2) ~ ol@)l + le{z:) ~ f(ze)
S35+ Lellele) - ol

LetI(z) = {1<i<m; z¢ N(z)} and J(z) = {1 < i< m; z ¢ N(z;)}. For
t € I(z), we haye |g(z) = 9(x:)| < /6, and therefore :

(a) Lier) vi(z) 9(z) - g(z,)| < ¢ Liers) wilz) < &.

For i € J(z), we have #i(z) < 6. and therefore

() B mlmin =) < el = flx
<ém2M < ¢/6.

From (a) and (b). T, (=) ig(z) - g(x)) < /3, and so fif - T < e.

Suppose now that A does not contains the non—zero constants. By the Stone-
Weierstrass Theorem this is equivalent to say that N # @, where N' — {z€S; p(z) =
0 for all p € A}. Let A, = A R. Hence A. is a closed subalgebra containing the
constants. Lete >0and BC 4 a totally bounded subset be given. Clearly B ¢ Az
Apply the first part to €/2 and B. Let T be the operator defined in (*), which maps
A, into A,. Each 1 is of the form ; =¢.-+J\.—,wha-e¢v.-EAmeSa\.-5 1. Define
U:4— Aby setting

UNE) = 3 (=) /(=)
: =1
forall fe Aandze s. Shloem,p;(zjzlhmhdlles,cboeﬁngzeﬂ
we see that ™™ X = 1. Hence

OIS UTI + 1S Mt < T+ U1 S < 21,
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Hence ||U]] < 2.

Let now f € B. By the definition of T we have |f(z) - (T[)(z)] < /2 for all
z€ 5. Choosing z € N we see that | %, A f(z;)| < £/2. Hence ||f — U || < ¢ for
alfeB. O 5

Remark. W‘Iu'le for any self-adjoint closed subalgebra G C C(S;@), Theorem 6
remains troe, the situation for non-selfadjoint subalgebsas is different. H. Milne (7]
showed that there exists a uniform algebra G C C(S;@) without the approximation
property, where S is a compact subset of ", n > 1.

t4. Semi-Algebras

To present further cases in which G® H = G#H, let us recall the following gen-
eralized Bernstein approximation theorem. (For a proof see Proila (9], Theorem 1.)

Theorem 7. Lei X and E be as in Theorem 3. Let W be a non-empty subset of
C(X;E) such that W ~ W — W, and let A C C(X;|0, 1) be a subset with property
V and such that AW C W. Then, for each [ < C(X;E), there is some equivalence
class [z] (mod. A) such that '

dist(f; W) = dist(f 'zi; W [z]).

The definition of property V is as follows: a subset A C C(X; |0, 1]) has property
V if, and only il. for every ¢ and ¥ in A, the functions 1 — ¢ and ¢ ¢ belong to A.

Remark. Theorem 7 can be used to prove density of subsets W C Cla, bl which
are not vector subspaces. Take, for example, W to be the set of all polynomials with
rational coefficients. Let A = {g € W; 0 < g < 1}. Then A has property V and
AW C W. Moreover W +W C W. Now il is easy to find g € A of the form z + pz+g,
with p, ¢ € @, and therefore each equivalence class |z] (mod. A) is the singleton {z}.
On the other hand, W(z) = R, for each z € a, 8. Hence dist(f; W) = 0 for all
J € Cla, b}.

Let us recall the definition of a semi-algebra (Bonsall (2]): a subset G C C(S) isa -
semi-algebrail G+ G © G, GG C G and AG = G, for all A > 0. Clearly, if A C C(S)
is a subalgebra, then the set A~ is a semi-algebra where A* = {g € A; ¢ > 0}.

We shall say that a semi-algebra G isof type V,if {g € G; 0 < g < 1} has
property V. For any non-empty subset X C S, the set G of all ¢ € C(S) such that
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g(z) > 0, for each z € X, is an example of a closed semi-algebra of type V.

Theorem 8. If G C C*(S) is a semi-algebra of type V, and H is a non-empty
subset of C(T), then
G® H = G#H.

Proof. As in the proof of Theorem 1, let W = (G ® H)~ C C(S;C(T)). Since
G 1% a semi-algebra, W is a convex cone, and therefore W + W C W. Let now
A={g€eG; 0<g<1}. Then AA C A and AG C G. Therefore AW C W. Since G
is of type V, the set A has property V. Let f € G#H. By Theorem 7, there is some
equivalence class |s| (mod. A) such that dist(f:W) = dist(f|s; W]s]). The proof
that dist(f; W) = 0 proceeds now exactly as in the proof of Theorem 1, if Claims (1)
- (3) remain true when |s' is the equivalence class of 5 (mod. A).

Claim (1). Its proof depends on the fact that every element of G is constant on
[s]. To prove this, it suffices to show that every element of G is constant on |s]. But
given g € G, with ¢ # 0, then A = |!g||"'g belongs to A, because G C C*(S) and
AG C G for all A > 0. Hence h is constant on |s,. and therefore the same is true of
9 = llglih.

Claim (2). No change needed in its proof.

Claim (3). It suffices to notice that v = (g(s))'g belongs to G, because
g[8 =000
o

If A is a unital subalgebra of C(S) then G = A* = {g € A; g >0} is a
semi-algebra of type V. When B is a subalgebra of C(S), and G = B, then
G&H = G#H is still true. The proof in this case proceeds as follows. Consider
W = (G® H)~ C C(S:C(T)). Let B, be the unital subalgebra generated by B and
1, and let

A={geBy; 0<g<1}).

Then AW C W, and A has property V. As in the proof of Theorem 8 the only thing
to check is Claim (1), and again it suffices to show that every element of G is constant
on |s| (mod. A). Take g€ G, g # 0. Then h = ||g||"'g is such that 0 < h < 1 and
he GC BC B,. Hence h € A and h is constant on [s| {(mod. A). Therefore the
same is true for g = ||g[lh.

Let us give an example in which the equality G@ H = G#H is true, but G is
neither a subalgebra nor a semi-algebra. Take S = |0, 1], and T an arbitrary compact
Hausdorfl space. Let G be the set of all polynomials in the variable s with integral
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coefficients. Then G is neither a subalgebra nor a semi-algebra, but G+ G C G and
GG Z G. Let H Z C(T) be any non-empty subset. Define

A={pcC(5[0,1) of+(1-9)gc G, forall [, geG).

Then AG C G and A has property V. Moreover, for any s € S, |s| (mod. A) is
the singleton set {s}, because 4 contains the mapping p(z) = z, for all z € 5. Now
identify C(S§ x T) with C(S:C(T)) and let W = (G & H)~. Then W + W = W and
AW - W. Let now f € G£H. By Theorem 7, there is some s € S such that

dist(f: W) = dist(f(s); W (s))-

Now f(s) = f, € H. Hence, for any ¢ > 0 then is some h € H such that
[lfe = hliciry<z. Let u=1@h. Thenu € G® H, and & = W." Now u(z) is the map
t — u(z,t) = h(t). for each z € 5. In particular, i(s) = h. Hence ||f, — i(s)|| < e.
and f(s) € W(s). This shows that dist(f(s), W(s)) = 0. Hence [ belongs to the
closure of W, and [ belongs 1o GRH.

§5. Grothendieck Spaces

Let V' be a vector subspace of C(X; E). The set Gy is by definition the set of all
pairs (z,y) such that either

(1) f(z)=fly) =0 forall fEV;:o0r

(2) thereexistst &€ IR, t % 0,such that f(z) = tf(y)forall f € V and g(z) # 0
for some g = V.

The set Gy is an equivalence relation for X. Define a map 7w : Gy — R as
follows: v (z,y) = 0 if (1) is vrue, and v (z,y) = t if (2) is true. The subsets K Sy
and WSy of all pairs (z,y) = Gy such that yy(z,y) > 0 and (z,y) € {0, 1},
respectively, are likewise equivalence relations for X. (The letters G, KS and W5
stand for Grothendieck, Kakutani- Stone and Weiersirass-Stone, rtspectwely) The
vector subspace

A(V) ={f € C(XZE); f(z) = w(z,9)f(y), forall (z,y) € Av}

where A € {G, KS, WS}, is called the A-hull of V. Notice that A(V) is a closed
subspace of C(X: E) containig V, and V is called a A-subspace, if A(V) = V. (See
Blatter [2|, for the study of these spaces in Approximation Theory.)

Let Vg denote linear span of the set {pof; feV, p€ E'} m C(X). The
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equivalence relations Ay and Ay, are the same and the corresponding v and v,
coincide too. In particular, if V.C C(X)and L =V ® E C C(X; E), then Lg = V
and Ay = AL.

If Ac{G, KS, WS}, we denote by A(Ay) the subalgebra of C(X) of all func-
tions ¢ € C(X) that are constant on the equivalence classes modulo Ay. where
V € C(X;E) is given. When no confusion is feared we write simply A(A) = A{Ay).

Theorem 9. Let V be a A-subspace of C(S) such that each equivalence class |z)
(mod. A(A)) is contained in [z} (mod. Ay). Then

: VRH=V#H
Jor all non-empty subsets H C C(T).
Proof. Identify C(S x T) with C(S;C(T)) as in the proof of Theorem 1. Let
L = (V®H)~. Note the Ay and Ay are the same, and L is an A(A)-module. To

simplify notation, for each z € S, let [z]y = |z] (mod. Ay), |z|r = [z] (mod. Ay),
and [z] = [z]4 = [z] (mod. A(A)).

Claim (1). If f € V#H, then | € A(L).

Proof. Take s € [z}y. Then
F(s)(t) = f(s.1) = fils) = "rv(sv-f)f:(’)
= w(s.z)f(z.t) = w(s,z)f()(t)

for all t € T, because f, € V = A(V). _gince Izlv = [z]p and 9w = 7., we see that
I(s) = n(s,z)f(z) for all s € [z];. i.e, f € A(L).

Let f € V#H. By Theorem 3, there is some equivalence class |z] (mod. A(A))
such that

dist(f, L) = dist(f|z}; Lz]).
By hypothesis, [z] C [z]y = |z,

Case 1. f(z) =0.

Let ¢ € [z]. Since, by Claim 1, / € A(L), then f{t) = y2{t,z)f(z) = 0, because
|z] € |z]i. Hence f|z] = 0 and so f|z] belongs to L|z]|.

Case 2. f(z) #0.
We claim that h(z) # 0 for some h € V. If not, yv(z,z) = 0 and so
(z) = nlz.2)](2) = w(z,2)f(z) = 0.
13



Hence h(z) = 1 for some h € V. Let g = A ® f(z).
Thenge VRHCVQRHCVEH. Now V ® H and V ® H have the same
closure in C(S x T) and so g € (V® H)™ = L. For every i € |z] we have

i(t) = (h @\.‘f(zn*m = h(t)](2) = wlt. 2)h(2)(z) = w(t,2)[(z) = fl2)

where the last equality follows from Claim (1) and [z] C [z];. Hence §iz] = =i
with § € L, and therefore [|z] € L{z]. In both cases, dist(f[z]; Liz]) = 0. Hence
dist(f, L) =0andso f € VZAH. (]

l.thbeawpoiogicalspuemd}tm.eqlinlmcenhﬁonfwx.udlu
Y = X/R be the quotient topological space and P : X — ¥ the quotient map-
ping. The following are equivalent:

(a) P is a closed mapping,
(b) for every z € X, and every open set A D [z] (mod. R) there is an open set
A' such that A D A' D [z} (mod. R) and A’ = U{Jt] (mod. R); t € A"}.

When (b) is satisfied one says that R is upper semiconiinuous.

Lemma 3. Let S be a compact Hausdorff space. Let V be a A-subspace of C(S)
such that Ay is an upper semicontinuous eguivalence relation for S. Lel A(A) be
the subalgebra of all p € C(S) that are constani on each equivalence class iz} (mod.
Avy). Then each equivalence class [z] (mod. A(A)) is contained in z| (mod. Ay).

Proof. Let Y be the quotient space S/Ay and let P be the gquotient mapping.
Let a and b be two distinct points of Y. Then P '(a) = sl and P~'(b) = |t| for
some pair 5,1 £ S. Since S is Hausdorfl, {s} and {t} are closed, and since P is a
closed mapping, |s. and |t| are closed subsets of 5. Now S is a normal space, hence
there exists open sets A and B such that AN B = ¢, [s| C A and |t] C B. Since
Ay is upper semicontinuous, there are open saturated subsets A' and B’ such that
ls] — A" C A and itj C B' C B. Then P(A') and P(B') are two disjoint open sets
in Y with a € P(A") and b€ P(B'). Thus Y is a Hausdorfl space. Notice that as a
continuous image (under P) of a compact space S, the space V' is compact. Hence
Y is a compact Hausdorfl space, and so C(Y') separates the points of ¥.

Consider now an equivalence class [z] (mod. A(A)). K it is not contained in |z]
{mod. Ay), then for some pair s, t € |z] (mod. A(A)), we have a # b, if a = P(s)
and b = P(t). Hence there exists g € C(Y), 0 < g < 1, with g{a) = 0 and
g(b) = 1. Let f = goP. Then / € C(S), 0< f < 1,and / € A(A). Moreover
7(t) = o(P(t) = 9(b) = 1 and f(s) = 9(P(s)) = s(a) = O. Hence s # t (mod.
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A(A)), a contradiction. O

Theorem 10. Let S be a compact Hausdorff space. Let V be a A-subspace of
C(S) such thai Ay is an upper semicontinuous equivalence relation for S. Then
V®H = V#H for all non-empty subsets H ¢ C(T).

L)
Proof. Apply Lemma 3 and Theorem 9.

Remarks (1). The importance in Approximation Theory, of those A-subspaces
such that Ay is an upper semicontinuous equivalence relation for § was established
by Blatter {2]. (See in particular Lemma 3.10 and Theorem 3.12 of [2].)

(2). When A = WS, then Ay is the equivalence relation mod. V. Hence
V C A(A) and therefore the hypothesis of Theorem 9 is verified in this case. Notice
that, when G is a subalgebra of C(S), then G = A(G) by the Stone- Weierstrass
theorem. Hence G is a W S—subspace and Theorem 9 generalizes Theorem 1.

(3). By a result of Lindenstrauss |6}, the dual V" of any closed A-subspace V is
an abstract L,-space, and therefore V" has the metric approximation property. By
a result of Grothendieck [5| V' itself has then the metric approximation property. By
the equivalence (a) <=> (d) of Theorem 5 it follows that V @ H = V#H is true for
all closed A-subspaces, when H is a closed vector subspace of C(T). However, the
interest of Theorem 9 remains because it shows that under some mild assumption one
can get the equality V® H = V#H usjng only tools from Approximation Theory
that do not rely on deep facts from Functional Analysis. In this light, it would be
interesting to find a direct elementary proof of the fact each closed A-subspace has
the metric approximation property, as Theorem 6 did for the case of W S—subspaces.

References

fIl K. D. BIERSTEDT, Neuere Ergebnisse zum Approximatioasproblem von Banach-
Grothendieck, Jahrbuch Uberblicke Mathematik 1976, 45-72.

|2} J. BLATTER, Grothendieck spaces m Approzimation Theory. Memoirs Amer. Math. Soc.
120 (1972).

[3! F. F. BONSALL, Semi-algebras of continuous functions, Proc. Lendon Math. Soc. (3) 10
(1960), 122-140.

|4] L. EIFLER, The slice product of function algebras, Proc. Amer. Math. Soc. 23 (1969),
550-564.

15



{5 A. GROTHENDIECK, Products tensoriels topologig el esp nucléaires, Memoirs
Amer. Math. Soc. 16 (1955).

[6] 3. LINDENSTRAUSS, Eriensions of compact operators, Memoirs Amer. Math. Soc. 48
(1964).

{7' H. MILNE, Banach space properties of uniform algebras, Bull. London Math. Soc. 4
(1972), 323-326.

8] 3. B. PROLLA, Appromimation of Vector Valuwed Functions, North-Holland Publ. Co.,
Amsterdam, 1977.

[9! 1. B. PROLLA, A generalized Bw_euamumthmem,ﬂdi. Proc. Cambridge
Phil. Soc., 104 (1988), 317-330.

Joao B. Prolla
Departamento de Matemdtica
IMECC - UNICAMP
13.081 - Campinas, SP, Brazil

16



RELATORIOS TECNICOS — 1988

01/88 - A Linear Continuous Transportation Problem - Exrigue D. Andjel,
Tarcisio L. Lopes and José Mario Martines.

02/88 - A Splitting Theorem for Complete Manifolds With Non-Negative
Curvatare Operator - Maria Heléna Noronha.

03/88 - Mathematical Physics of the Generalized Monopole without
String - W. A, Rodrigues Jr., M. A, Faria-Rosa, A. Maa Js. and E.
H.rmqu.

04/88 - A Family of Quasi-Newton Methods with Direct Secant Updates
of Mairix Factorisations - Jagd Mdrio Martinez.

05/88 - Rotation Numbers of Differential Equations. A Framework in the
Linear Case ~ Luiz San Martin.

06/88 - A Geometrical Theory of non Topological Mnsnetic Monopoles -
Marcio A, Faria-Rosa and Waldyr A. Rodrigues Jr.

07/88 — Cosmic Walls and Axially Symmetric Sigma Models - Patricio §.
Letelier and Erric Verdaguer,

08/88 - Veriflcagcio do Nivel de Enlace do Protocolo X-35 - Célin C.
Cuimardes ¢ Edmundo R. M. Madeira,

09/88 - A Numerically Stable Reduced—Gradient Type Algorithm for
Solving Large—8cale Linearly Constrained Minimization Problems -
Herm/into Simécs Gomes and José Mdrie Mariines.

10/88 - On Integral Bases of Somé Ring of Integers - Nelo D. Allen.

11/88 - Generating lnexact—-Newton Methods Using Least Change Secant
Update Procedures - Josf Mano Mariines

12/88 - Polarized Partition Relations of Higher Dimension - Waller
Alexandre Carnsclli and Carlos Augesto Di Prisce.

13/88 - Tearia e Pridtica no Planejamento de Experimentos - Armando V.
Infania,

14/88 - On Closed Twisted Curves - Szeli . R. Costa.

15/88 - Green's Function and Isotropic Harmonic Oscillator - £. Capelas
de Ohreira.

16/88 - A Hopf Bifurcation Theorem for Evolution Eqoations of Hyper
bolic Type - Aloisio Freirna Nevesa and Hermono de Sowza Ribeiro.

17/88 - Nonnegatively Curved Submanifolds in Codimension Two - Waria
Helena Noronhs,



18/88 - A Comment on the Twin Paradox and the Hafele-Keating Ex-
periment - W, A, Rodrigucs Jr. and E, C. Oliveira,

19/88 - Limiting Properties of the Empirical Probability Generating
Function of Siationary Random Sequences and Procesees - Mawre
§. Margucs and Vicior Pérez-Abres.

20/88 - Linearization of Bounded Holomorphic Mappings on Banach
Spaces  Jorge Majnca,

21/88 - Quasi-Newion Methods for Solving Underdetermined Nonlinear
Simultaneons Equations - Josd Mario Aartines.

32 /88 - Fifth Force, Sixth Force, and all that: a Theoretical (Classical)
Comment - Erasmo Recami and Vilsor Tomin-Zanchin.

23/88 - On Primitive Element and Normal Basis for Galois p—Extensions
of a Commutative Ring - A. Pagues.

24/88% - Sur L'Existence D'Elément Primitif et Base Normale - Arfibeno
Aftcoli and A. Pagues. d

25/88 — A Contribution on Rational Cubic Galois Extensions (Revisited)
- A. Paguées and A. Solecks.

26/88 - Properties for Spherical Harmonic Polynomials - /. Bellandi Filho
and B. Capelas de Oliveirs.

27/88 - Clifford Algebras and the Hiddem Geometricanl Nature of
Spinors - V. L. Pigaaredo, E. C. ds Oliveira and W. L. Rodrigues Jr.



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19

