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We revisit cubic Galois extensions in order to expose their
simple trigonometric origins in the rational case. Although the nom
trivial Galois extensions of prime degree of fields are fields ([_6_} .
Lemme 1.2), some results used in our proofs (like the one just cited)
are formulated for rings. The general notion of Galois extension
of a commutative ring comsidered here is due to Chase, Harrison
and Rosenberg [_1_] s

Let R be a commutative ring with unity and G be a finite
group. An overring T of R is called a Galois extension of R
with the Galois group Gal(T/R) =G if G is a subgroup of Aut(T) and

i) the stabilizer TG ={x€T:0(x) =x, 0 €G]} is equal to R,

ii) for any maximal ideal p CT and any 0 €G, 0 # 1 there
exists x €T such that o(x) - x € p-

The only extensions that we deal with here are cubic ones, that

is when G = 13. We show that if L is a cubic Galois extension of @



then L =@lc] with ¢ any of three distinct cosines of angles Tj'
iy,
j = 0,1,2, such that the three vertices ¢ J €S} yield an equile-

teral triangle (Probosition 1). A triangle with vertices uje”(wz +
w+l =0, j=0,1,2) corresponds in such way to a cubic Galois extension ;
of @ if y #0,m and for I = 3y the cosines of the three angles
T +j 2—; are in @ (Proposition 3 and Corollary). All angles [ sa-
tisfying this ®ondition are explicitly presented in terms of nonzero
elements of the ring Zlw] (Proposition 2). When possible, the re-

sults are presented in a more general fashion, that is for a totally

Teal algebraic extemsion K of g.

PROPOSITION 1. Let K be a field with char(K) either 0 or p > 7
and let L be a Galois extension of K with group Gal(L/K) = 13 =
Then L is of the form L = K(D) =KIX)/ ) with £(X) = X -3%-6
for certain G € K. If K is a totally real algebraic extemsion of

Q@ then there exists T € mlbz such that G = 2 cosl and

m(§¢ j -2-:"1), j =0,1,2, are roots of f.

PROOF. If L is trivial then it is isomorphic as a K-algebra to K3
and all we need are three different elements yo,yl,yz € K such that
- yo) (x - yl)(l - ’2) - 13 - 3X - G; in virtue of our assumptions
on the characteristic of K we may use thé triple {—11/7.-217. 13/7}
that gives G = 28613‘3.

In the case when L is a field we use the fact that L has a
normal normalized basis ([3], Satz 1), that is there exists a basis

{xo,xl,xz] of L over K such that if ¢ denotes the generator of



5 we have ‘1 = o(xo), x, = c(xl) and x0'+ xl + xz IS r.oxl *
+ xlxz + xzxo = 0. Thus for a = xﬂxlx2 €K we have g(Z) =
=2 ~ xo) (27— 11)(2 - 12) = ZJ -2-a and L =K(g). Putting
Z= 1_-;_1_ we obtain 27g(Z) = 13 -3 -G with G =2 + 27a.

Now, let K be a totally real algebraic extemsion of @. As

ke s 2 : 2
the discriminant 2 .33 - 335 is in (K*) " (the standard symbol R*

standing for R\ {0} for amy ring R) we have |G| < 2 and define
r € m/hz by T = arc ces -g- - Note that multiplying by 2 the tri-
gonometric identity cos 3y = keosa'\r -3 cosy and putting 3y =T,
2cos y = X we make it coincide with the equation " f¢X) = 0; there-
fore, 2(!06(% * 3 2—;—-)_. j = 0,1,2, are roots of f. s

A comment on the excluded finite characteristics: in the case
of p =3 the resulting polynomial 13 - G is not separable. For
the remaining cases p = 2,5 or 7 the desired description of the
trivial extension is possible if, and only if, 3(mod p) is repre-
sented in K by the form Az +AB +32 with (A —B)(2A +B) (A +2B)#0. This
condition is satisfied for some extensions of ]Fp but — for ex-
ample — not for IFP themselves.

Let R be a commutative ring with unity, G be an abelian fi-
nite group and RG] the group ring of G with coeficients imn R.
The elements of the Harrisom group T(R,G) ([2]) are R[&]-isomor-
phism classes of Galois extensions of R with the Galois group G.
In the following description of T(K, 13) the field K is a totally
real algebraic extensith of § OK is its ring of integers, w = -—.1,;_

/3

+l—,l."q([m]*/0* ,sl-lzec:|=|.1} and N =
K

p M w1y
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is the norm map: l(l*tu)'sz—st'l-t

PROPOSITION 2. Let S‘ = K(w) N Sl. There are group. isomarphisms
T(R,Z,) = Sg ISJ and L ILJ =S5, ISJ

K K

;15
PROOF. Let o generate 13. For any commutative ring R with unity
and any j €Z the formula Uj (o) = oj induces an endmr!:hisn “j
of the R-algebra R[Z3]. Let H’R = {x ER[Z3]: xv_ (x) =1 and
uo(x) =1F 3tiia subgroup of the group U(HZSI) of the units of
RIZ,J. It follows frem Sarz 4.1 of [4] that when R is , local
ring with 3 € U(R) then there exists 3 group isomorphism

“I /Ug =TIk, 13).

Now, let R =K be 3 totally real algahraic extension of ¢
and define a ring homomorphism xj : KIZJI — K(w) by extending
the formula Xj foF » u® fop JE€Z to the ring !(Hj] - The propo-

sition will be Proved when we show that "K = Sx and L = SK .

If H-ko'fklﬂ‘*kzﬂze‘l‘wehave.ko*k]*kz"l and
) +

kokl B klkz + kzko =0; consequently, the -"i.llage Il(w) = (ko. — k2
(kl = kz)u in K(w) satisfies N(Xl(w)) =130 restricting Xl to

IIl we get a group homomorphism 11 3 H‘ — S‘ - Clearly, it jg
injective. On the other hand, if a + py € s‘ then easy verification
shows that we have we\iK and xl(')‘l"'bufotv-f(l +2a ~-b) +
D, e ey et G e b)ozl 80 that X, 1is surjective.

To complete the PToof we define the mapping



2 -
£ :
v: L— SK » [t) —s —N'(—Lj" , where [2] is the class of

L EO‘lul* modulo 0; o o'k EO: we have kz = N(k) and there-

fore ¢ is a well-defined homomorphism. Sincg N(R) -12 if, and only

if, 2 EO; we have the injectivity of ¥. To prove the surjectivity

of ¢,note first that -1 € SK is the image of the class of 1 + 2w

Eok[wi*. Then let s = cos o + isin a € § with a #0,7. 1t ‘is enough
to exhibit any k € K(w) with arg(k) -% because K is the field

of fractioms of OK and for certain z € Ol we will have zk EOKllll*.

Well, take k =1 + s. Obviously, k € K(w) and by recalling the

identity tgg- Saun

s g (or by drawing a rhomb with vertices 0,

1,5,1+s) we see that arg(k) --;- .=

PROPOSITION 3. S, = {e' € sl

K : cos(l + j -2-3—) EE-_for )™ 0,3,2)

PROOF. If s = cos T +Isinl"ESl and also s = a + bw € K(w) then

;b-/fnianK we also have

cos(l # 231) € K. Conversely, cos(l + j 231) €EK for j =0,1,2 im

we have a-%'cosi‘El; but as

plies /3 sinT €K, hence w/3 sinl € K(w) and, finally, isinl EK(w).

Therefore cosl + isinT € K(w). =
/

/
/

COROLLARY. Let e'@ € s \(t 1}: We have K(cos %) =K(£) with £(X) =

2 2
22~ 3 -0, vheve G h2E S BEE By il oils +eml) st .,

TS e | el

Moreover, K(cos %) is a Galois extension of R.

PROOF. For e” = Sl\{t 1) select g =5 + tw with arg(L) -% ; thus



tg %-5{3—_:— -Use the identity that expresses cosl by tgz % and then
the trigonometric idemtity used in the pro.of of Proposition 1. As
G = 2cos ', the first claim is proved. The second one is settled by .
noting that for T # 0,7 the discriminant (6/3 sin r')2 of £ %

a non zero square in K. =
-

-We would like to mention that the presentation of elements of
T(K, 13) in terms of elements L = s + tw € OK[w]*, given in Propo-
sition 2, coincides with the description given in [5] where " K is
any field with char(K)# 3 and extensioms fields are paraietrized
by k € K which appears in the polynomial Ek(rX} -33-31‘:2*3(1:-1)!01.
If K is a totally real algebraic extension of @ then the passage

from one description to another is & = § + tw ——k = % .
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