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In this note we are concerned with the existence of
primitive element and normal basis for Galois p-exten—
sions of a commutative ring R with identity such that
p € rad(R), where p is a prime integer and rad(R) de-
notes the Jacobson radical of R. We extend to Galois p-
extensions the results obtained in [3] for cveclic p-
extensions. lle'prove that every Galois p-extensions of R
has a normal basis (Theorem 1). As a corollary of our The-
orem 2 we get the Theorem 2.3 of [3] on primitive ele-
ments. We shall assume that all rings are commutative
with identity, all modules are unitary and ring homomor-
phisms map identity on identity.

Let R be a commutative ring with identity and G
be a finite group. An overring A of R is called a
Galois extension of R with Galois group G if G is a
subgroup of the group Aut(A) of the automorphisms of A
and
; AG

i) -"{xe11ai:}-x,aes}-n,

ii) for any maximal ideal p of A and any o € G,
o # 1, there exists x € A such that o(x) - x & p.



If G is a p-group for some prime integer p we say that
A is a Galois p-exiension of R.

1. NORMAL BASIS

Let R be a commutative ring with identity and A
be a Galois extension of R with Galois group G. We say
that A has a noamal basis over R if there exists a € A
such that the set {o(a) |a € G} is a basis of A as a
free R-module. We also say, in this case, that the ele-
ment o € A generates a nommal basis of A over R.

THEOREM 1. Let R be a commutative ring with identity and
P be a prime integer such that p € rad(R). Let A be a
Galois p—extension of R with Galois group G and a € A.
Then a generates a normal basis of A over R if, and

only if, trm(u) = I o(a) is invertible in R. More-
a€G

over, every Galois p-extension of R has a normal basis
over R.

PROOF. First assume that a generates a normal basis of
A over R. Then {o(a) @ 1 |0 € G} is a basis of

A ®, R/ over R/p and conseguently tryn(n) Z O(mod p)
for each maximal ideal p of R. Therefore tr, /n(a) is
invertible in R.

Conversely, let o € A be such that txUR(a) is
invertible in R. So, trA/R(n) ® 1 is a non-zero ele-
ment in R/ for each maximal ideal p of R. Since, for
each maximal ideal p of R,i-AOn% is a Galois

p-extension of R = R/p with Galois group
G={o=001|c €G} ([1], Lemma 1.7) and tr, pla) @ 1=

= m(n}fo in R, where a=a @1, and R is a



field of characteristic p (because p € rad(R)) it fol-
lows from the Theorem 1 of |2] that @ generates a nor-
mal basis of A over R. Hence a generates a normal
basis of A over R. The last claim of the theorem fol-
lows now from the Lemma 1.6 of [1].

REMARK. In [2] Childs and Orzech deal with fields but
their,;rheoren 1l is also true in the general case of Ga-
lois p-extension of a field of characteristic p, with the
same proof.

2. PRIMITIVE ELEMENT

Let R be a commutative ring with identity and S
be an overring of R. We say that S has a puimitive ele-
ment x if S =R[x] and x" = nn_lxn-l tooph A for

4]
some integer n > 1 and niEl,oiif_n-l.

In general the existence of primitive element is
not always valid for Galois extensions of rings. For ex-
ample, consider R = IF_, the finite field with p ele-

P
ments for a certain prime integer p, G a finite p—growp
whose order is 1::n for a certain integer n> 1 and
n
A=r =@ neo where the elements e, are non-zero

o€G
n
pairwise orthogonal idempotents of rP such that

éG oy l. By considering the action of G on A given
o

by tf L ka.a)- I ) e _one can easily see that A is
= o ° W

Galois p-extension of R with Galois group G. Now, sup-

pose that A has a primitive element x. So, x= [ x e

with x, €R and 71(x) -x is invertible in A for every

T€G6, 1 # 1 (l4), Corollary 2.2). Thus I (x_-x_)e
ota 9. 10 O



is invertible in A for every 1 € G.‘ T # 1. That implies
that 'o"xr for all o,T €6, o0 # 1 and conseguent-

ly #(R) = p" > p which is a contradiction.

Nevertheless we have the following Theorem and Co-
rollary.

THEOREM 2. Let R be a commutative ring with identity
and p be a prime integer such that p € rad(R). Let A
be a Galois p-extension of R with Galois group G whose
order is “p" for some integer n > 1. Let ECG be a
normal subgroup of G of order p and T be a generator
of H. Let B = A" and Gy = {nul,...,nupn_l}. Then,

i) A is a Galois p-extension of B with Galois
group H and B is a Galois p-extension of R with Ga-
lois group G/H :

ii) there exists a € A such that trun(a) =

= I pla) =1 and a generates a normal basis of A
pEG

over R;
pn-l
iii) the element B8 = citu) generates a normal
i=1
: ¢

kT
{(a)= L 1t (a)

basis of A over B and the element y = tr
: ABTT im0

generates a normal basis of B over R;

iv) there exists x € A such that 1(x)= x+ l-i:s and.
p-1 i
A =Blx] = B(X]/ where f = @ (X-1 (x)) € B[X];
LE) PPy
v) the element Txp e generates a normal basis of
A over R.

Moreover if G 1is cyclic and ¢ is a generator of
G then g(x) = x ¥y —pa.



(v}

PROOF. i) and 1i) follow from the Galois theory of com-
mutative rings [l] and from the Theorem 1 above.

iii) It is enough to remark that tthﬁ(ﬂ) =

-l p-l p™t
i T S R e | I 1 uj(a} = um(a) = 1 and that
i=0 i=0 j=0

tzB/R(T) = tzantrA/Blu) = ttuntul = 1, Now the result
follows from the Theorem 1.

e i-1
iv)'let = I (p=-14)t (B) . Since “L/B (B) =1
i=1
it follows that 1(x) = x+1 ~pf. So, t"'_!x) = x+1i-
Sk oy s ‘ i-1
- p( £ T7(B)) and consequently 7T (x) -x=i-p( L -Tj(B))
J=0 : j=0

is invertible in A, for 1 < i < p=1; since p € rad(R).
Then, A =B[x] (4], Corollary 2.2). To prove that

- p-1 :
A = BIX]/; where f = X x-t (x)) €BIX] st is enown

to remark that A and nix]/( §) are projective B-modules
of same rank p and that the mapping lel/(f) — A,
g + (f) — g(x) is a surjective homomorphism of B-al-
gebras. :

-

v) It is enough to prove that trkm('yxp-l) is in-
vertible im R or, equivalently, that trafn(yx‘p—l) 70

(mod p) for each maximal ideal p of R. Since tzA/R(yxp‘l)
= 1 - g P"'l
trnmtrh/ntyxr ) “n/n‘m)./n("p-l” and tr, 5 (xF %)

-1 (mod p B) we have txhnivzp_l) 2 txg pl-y) =

trnﬂltth/n(“) z - truntc) 2 -1 (mod p) for each max-
imal ideal p of R and the result follows.

Fipally if G is  ©cyclic and 0 is a generator
e
1

of G, by considering Tt = of and ci=oi'1 A eix g



the last claim of the theorem can be readily checked by a
direct computation.

COROLLARY. Let R be a commutative ring with identity
and p be a prime integer such that p € rad(R). Let A
be a Galois p-extension of R with Galois group G whose
order is p. Then A has a primitive element. In part-
icular, if p=0-in R then A = Rlx]/(xp -~ for

~

some ¢ € R. %

c)

PROOF. Immediate.
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