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' Linearization of Bounded Holomorphic
Mappings on Banach Spaces

Jorge Mujica

Introduction

The main result in this paper is the following linearization theorem. For each
open set U in a complex Banach space E, there are a complex Banach space G>(U)
and a bounded holomorphic mapping gy : U — G™(U) with the following universal
property: For each complex Banach space F and each bounded holomorphic mapping
f:U — F, there is a unique continuous linear operator T; : G®(U) — F such that
Tyogy = f. The correspondence f — T is an isometric isomorphism between the
space H>(U; F) of all bounded holomorphic mappings from U into F, and the space
L(G™(U); F) of all continuous linear operators from G*™(U) into F. The rest of the
paper is devoted to the study of some aspects of the interplay between the spaces
H®(U;F) and L(G>=(U); F).

This paper is organized as follows. In Section 1 we establish our notation and
terminology. In Section 2 we prove the aforementioned linearization theorem. In
Section 3 we translate certain properties of a mapping f € H*(U; F) into properties
of the corresponding operator Ty € L(G™(U); F). In Section 4 we give a seminorm
description of the unique locally convex topology 7, on H®(U; F) such that the cor-
respondence [ — Ty is a topological isomorphism between the spaces (H>(U; F), r,)
and (L(G*=(U); F), 7.), where 7. denotes the compact-open topology. Finally, in Sec-
tion 5 we use the preceding results to establish necessary and sufficient conditions for
the space G®(U) to have the approximation property. In particular we show that il
U is a balanced, bounded, open set in a complex Banach space E, then G*®(U) has
the approximation property if and only if E has the approximation property.

I wish to thank Raymundo Alencar, Mirio C. Matos and Jodo B. Prolla for some
helpful discussions while this paper was being prepared.



1. Notation and Terminology

Throughout this paper the symbols IR and @ represent the field of all real num-
bers and the field of all complex numbers, respectively. The set of all positive integers
is denoted by IN, whereas the set N U {0} is denoted by MNp.

The letters E and F always represent complex Banach spaces. The letter U de-
notes a nonvoid open subsetl of E, whereas the symbol Ug represents the open unit
ball of E.

L(E; F) denotes the vector space of all continuous linear operators from E into
F. Unless stated otherwise, L(E; F) is endowed with its natural norm topology. We
write E’ instead of L(E:@) for the dual of E.

P(E; F) denotes the vector space of all continuous polynomials from E into F.
For each m € INy, P(™E;F) denotes the subspace of all m-homogeneous members
of P(E; F). Unless stated otherwise, P(™E; F) is endowed with its natural norm
topology. When F = @ we write P(E) instead of P(E:T), and P(™E) instead of
P(™E;C). :

H(U; F) denotes the vector space of all holomorphic mappings from U into F,
and H*(U; F) denotes the subspace of all bounded members of H(U;F). Unless
stated otherwise, H(U; F) is endowed with the sup norm topology. When F =€
we write H(U) instead of H(U;@), and H*(U) instead of H*(U;T).

For each f € H(U;F), a € U and m € IN,, P™f(a) € P(™E;F) denotes the
mth term of the Taylor series of f at a.

If X is a locally convex space, then X} (resp. X!) denotes the dual X" of X,
endowed with the topology of uniform convergence on the bounded (resp. compact)
subsets of X. .

If X is a topological space, then C(X; F) denotes the vector space of all continu-
ous mappings from X into F, and 7. denotes the compact—open topology on C(X; F),
or on any subset of C(X; F). .

We refer to the books of S. Dineen 6] or the author [13] for the properties of
polynomials and holomorphic mappings on infinite dimensional spaces; to the book
of J. Lindenstrauss and L. Tzafriri [10| for the theory of Banach spaces; and to the
books of J. Horvath [9] or H. H. Schaefer {16| for the theory of topological vector
spaces.

2. Linearization of Bounded Holomorphic
Mappings

Let U be an open subset of a Banach space E. As pointed out in S. Dineen’s
book (6, p. 417], a theorem of K. F. Ng [14] yields a Banach space G*(U) whose
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dual is isometrically isomorphic to H*(U). A refinement of this idea leads to the
linearization theorem announced in the introduction.

2.1. Theorem. Let U be an open subset of a Banach space E. Then there are
a Banach space G®(U) and a mapping gv € H®(U;G*(U)) with the following
universal property: For each Banach space F and each mapping f € H®(U; F), there
is a unique operator T; € L(G®(U); F) such that T; o gy = f. The correspondence

J € H®(U; F) — Ty € L(G*(U); F)

is an isometric isomorphism. These properties characterize G*(U) uniquely up to
an isometric isomorphism.

Proof. Let By denote the closed unit ball of H#™(U). By the Ascoli theorem By is
a compact subset of H*(U) for the compact—open topology 7.. Let G*(U) denote
the closed subspace of all linear functionals w € H*(U)' such that u|(Bp,r.) is
continuous. Let

Ju:f€H®U) — Jec>U)
denote the evaluation mapping, that is, f(u) = u(f) for every f € H™(U) and
u € G®(U). By the Ng theorem |14], Jy is an isometric isomorphism. Let

w:zelU — § e GU)

denote the evaluation mapping, that is, é,(f) = f(z) forevery z € U and f € H>(U).
Since

(2.1) (Jof)ogu(z) = f(z)

for every z € U and f € H®(U), we see that gy is weakly holomorphic, and therefore
holomorphic (see [13, p. 65, Theorem 8.12]). Since ||6;|| = 1 for every z € U, we
conclude that gp € H=(U;G*(U)).

Let ° indicate polars with respect to the dual system (G*=(U),G*(U)"). We
claim that the closed unit ball Jy(By)°® of G=(U) coincides with the closed, convex,
balanced hull Tgy (U) of gy(U). In particular gy(U) generates a dense subspace of
G*(U). Indeed, since Jy maps H*(U) onto G*(U)', one can readily check that

Ju(By) = v (U)°,
and therefore
Ju(Bu)® = gu(U)® = Teu(V),
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by the bipolar theorem, as asserted.

We claim that the pair (G*™(U),gu) has the required universal property. If f €
H*=(U), then we define Ty = Jyf € G®(U)' and the desired conclusion follows from
(2.1). If f € H=(U; F), then we define Ty : G*(U) — F" by

(Tyu)(¥) = u(¥ o f)

for every u € G=(U) md ¥ € F'. Clearly Ty € L(G=(U); F") and ||Ty|| = ||f]]-
Furthermore,
(T16:)(¥) = we [f(z)

for every z € U and o € F', and therefore T;, = f(z) € F for every z € U. Since
the evaluations é,, with z € U, generate a dense subspace of G*(U), it follows that
Ty € L(G=(U); F). The uniqueness of T; follows also from the fact that gy (U) gen-
erates a dense subspace of G=(U).

Finally, the uniqueness of G*(U) up to an isometric isomorphism follows from
the universal property, together with the isometry ||Ty|| = ||f||. This completes the
proof.

2.2. Remark. In the proof of Theorem 2.1 we have shown that the closed unit ball
of G(U) coincides with Tgy(U). The same proof shows that the closed unit ball of
G*(U) coincides with Tgy(D) for each dense subset D of U. This shows in particular
that G™(U) is separable whenever E is separable, a result noticed already by J. M.
Ansemil and S. Dineen [1].

2.3. Proposition. Let E be a Banach space.
(a) H U is a bounded open set in E. then E is topologically isomorphic to a
complemented subspace of G*(U).

(b) If U is the open unit ball of E, then E is isometrically isomorphic to a 1-
complemented subspace of G*®(U).

Proof. (a) By Theorem 2.1 there exists T € L(G™(U); E) such that T o gy(z) = z
for every z € U. Fix a € U and let 5§ = Plgp(a) € L(E;G*(U)). Givent € E,
choose r > 0 such that a + ¢t € U for all ¢ € @ with [¢| < r. By the Cauchy integral
formula y e+
gola
5 2xi Jigl=r 2 el
and therefore

ToS(t) = - |n=r.:’“ dc=1.




(b) If U is the open unit ball of E, then it follows from Theorem 2.1 that ||T|| =.1.
If we take @ = 0 in (a) then it follows from the Cauchy integral formuia that ||S]|| < 1.
Hence ;
it = |IT o S(e)I] < [IS(e)l| < [Iell

for every t € E, and thus S is an isometry.

By following the pattern of the proof of Theorem 2.1, we can also prove the fol-
lowing result, which has been previously obtained by R. Ryan [15] by using tensor
product methods.

2.4. Theorem [15]. Let E be a Banach space and let m € IN. Then there are a

Banach space @Q(™E) and a polynomial g, € P(™E;Q(™E)) with the following uni-

versal property: For each Banach space F and each polynomial P € P(™E; F), there

is a unique operator Tp € L(Q(™E); F) such that Tp o gn= P. The correspondence
P € P(E;F) — Tp € L(Q(™E); F)

is an isometric isomorphism. These properties characterize Q(™E) uniquely up to an
isometric isomorphism.

2.5. Remarks. Our proof of Theorem 2.4 yields also the following facts:
(a) i B, denotes the closed unit ball of P(™E), then Q(™E) is the closed sub-
space of all u € P(™E)' such that u|(Bn,7.) is continuous.

(b) gm : 2 € E — §; € Q(™E) is the evaluation mapping, that is, §.(P) = P(z)
for every z € E and P € P(™E).

(c) The closed unit ball of Q(™E) coincides with the closed, convex, balanced
hull T (Ug) of gm(Ug). In particular g.(Ug) generates a dense subspace of Q(™E).

By using Theorem 2.4 we can also obtain the following result, which parallels
Proposition 2.3.

2.6 Proposition. Let E be a Banach space and let m € IN. Then E is isometrically
isomorphic to a 1-complemented subspace of Q(™E).

We end this section with the following result, which shows the connection be-
tween the spaces @(™E) and G=(U).

2.7. Proposition. Let E be a Banach space.
(a) If U is a bounded open set in E, then Q(™E) is topologically isomorphic to
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a complemented subspace of G=(U).

(b) If U is the open unit ball of E, then Q(™E) is isometrically isomorphic to a
1-complemented subspace of G*(U).

Proof. (a) Fix a € U. By Theorems 2.4 and 2.1 there are operators S, €
L(Q(™E):G=(U)) and Tn € L{(G=(U); Q(™E)) such that the following diagrams
are commutative. -

E

U — E
Im P™gi:(a) 5 =
! l
i G = aim
Q("E} ) G“(U) G”(U) I. Q( E)

Sm
Hence we have that
T ©Spm 0 gm = T 0 [P™gr(a)] = P™(Tm o 9v)(a)
= P"gm(a) = g
Since gm(E) generates a dense subspace of Q(™E), it follows that T, © S,(u) = u for
every u € Q(™E).

(b) If U is the open unit ball of E, then the norm of g,, in H*(U; Q(™(E)) equals
one, and hence ||T,,|| = 1. If we take a = 0 in (a) then it follows from the Cauchy
integral formula that the norm of P™gy(0) in P(™E; G®(U)) is not greater than one,
and hence ||5,.|| < 1. Hence

llull = [|Tm 0 Sm(u)]| < [\Sm(u)|| < |lull

for every u € Q(™E), and thus S,, is an isometry.

3. Holomorphic Mappings with a Relatively
Compact Range

In this section we translate certain properties of a mapping [ € H®(U; F) into
properties of the corresponding operator Ty € L(G™(U); F).

If X is asetand Y is a vector space, then a mapping f : X — Y is said to have
finite rank if the subspace N of ¥ generated by f(X) is finite dimensional. In that

6



case we define the rank of f to be the dimension of N.

Observe that the subspace of all finite rank mappings f € H®(U; F) can be
canonically identified with #*(U) @ F, and likewise for other spaces of mappings.

Let Py(™E;F) denote the subspace of all P € P(™E;F) of the form P(z) =
Te1]95(z)]™b;, with ¢, € E' and b, € F. Let Py(E;F) denote the algebraic direct
sum of the spaces Py(™E; F), with m € INy. The members of P;(E; F) are called
continuous polynomials of finite type. Observe that each P € P;(E; F) has finite
rank.

As an immediate consequence of Theorems 2.1 and 2.4 we get the following re-
sult.

3.1. Proposition. Let E and F be Banach spaces, let U be an open set in E. and
let m € IN. \

(a) A mapping f € H®(U;F) has ﬁmt.e rank if and only if the corresponding
operator T; € L(G™(U): F) has finite rank. In that case rank f = rank T;.

(b) A polynomial P € P(™E; F) has finite rank if and only if the corresponding
operator Tp € L(Q(™E); F) has finite rank. In that case rank P = rank Tp.

By a result of K. Floret |7}, the operators of rank < n in L(G*®(U); F) form a
closed subset of L(G*(U); F). Whence it follows that the mappings of rank < n in
H*®(U; F) form a closed subset of H>(U; F). These results are true, not only for
the norm topology, but for other suitable topologies as well. A. Chiacchio et al. [3]
have used these results to prove that if F is a dual Banach space, then the mappings
of rank < n in H*(U;F) form a proximinal subset of £2(U; F), the space of all
bounded mappings from U into F.

Following R. Aron and M. Schottenloher |2], and R. Ryan [15], respectively, we
say that a mapping f € H(U; F) is compact (resp. weakly compact) if each z € U
has a neighborhood V; C U such that f(V;) is relatively compact (resp. relatively
weakly compact) in F. After examining the proofs of |2, Proposition 3.4| and |15,
Proposition 4.5|, we see that if U is connected, then f € H(U; F) is compact (resp.
weakly compact) if and only if there is a nonvoid open set V C U such that f(V)
is relatively compact (resp. relatively weakly compact) in F. Let H,(U;F) (resp.

H.:(U; F)) denote the subspace of all compact (resp. weakly compact) members of
H(U; F). We also write

BZ(U;F) = H=(U; F) N H(U; F),
H%(U; F) = H®(U; F) N Ho(U; F),

and likewise for other spaces of holomorphic mappings.
Finally let H(U; F) (resp. HS(U; F)) denote the subspace of all mappings f €
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H®™(U; F) which have a relatively compact range (resp. relatively weakly compact
range). Then clearly we have the inclusions
HE(U;F) c HP(U;F)
n n
HElUSF] ¢ AR F)

and the following examples show that these inclusions are in general strict.

3.2. Example. Let A denote the open unit disc in @, and let [ € H®(A;¢cq) be
defined by

Hel="1Ea = 2_: g

where e,, denotes the mth unit vector. Let 0 < r < 1. Since [¢™| < r™ for every
¢ € rA and m € IN, we see that the set f(rA) is relatively compact in ¢q (see (5, p
15, Exercise 6/). and thus [ € H®(A:¢p). We claim that f ¢ HZ (A:cp). Indeed, let
(¢;) be a sequence in A which converges to one. If the set f(A) were relatively weakly
compact. then the sequence (f(s;)) would have a weak cluster point in ¢;. But this is
impossible. for a glance at the coordinates of the terms of the sequence (f(g;)) shows
that the only candidate for a position as cluster point would be the point (1, 1, 1,...),
which does not lie in ¢p. This example shows that in general HZ (U; F) # H*(U; F)
and HZ (U; F) # HS(U; F).

3.3. Example. Let E be a reflexive, infinite dimensional Banach space, let U
be a bounded, open subset of E. and let f(z) = z for every z € U. Then it is
clear that [ € HX%(U:;E) and f € H(U; E). This example shows that in general
H2 (B Byt BSAU F) and HE WU 2 F) £ B3 IUGE):

3.4. Proposition. Let E and F be Banach spaces, let U be an open set in E, and
let me NN.

(a) |15] A polynomial P € P(™E; F) is compact (resp. weakly compact) if and
only if the corresponding operator Tp € L(Q(™E); F) is compact (resp. weakly com-
pact).

(b) A mapping f € H®(U; F) has a relatively compact range (resp. relatively
weakly compact range) if and only if the corrmpondmg operator Ty € L(G*(U); F)
is compact (resp. weakly compact).

Proof. Since the closed unit ball of Q(™ E) coincides with T g,.(Ug), (a) follows from
the inclusions

P(Ug) = Tp 0 gm(Ug) C Tp|T gm(Ug)] C T Tp 0 gm(Ug) = T P(Ug).
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Similarly, since the closed unit ball of G""(U) coincides with T gy (U), (b) follows
from the inclusions

J(U) = Tyogu(U) C T[T 90 (V)] € T Ty 0 gu(U) = T S(U).

Proposition 3.4 (a) is due to R. Ryan [15], but we have included it here explicitly
for the convenience of the reader.

4. Other Topologies on H*(U; F)
Theorem 2.1 tells us that the mapping
J € H?(U; F) — Ty € LIG®(U); F)

is an isometric isomorphism. In the next section we shall determine when the space
G™(U) has the approximation property, and for that purpose it will be useful to have
a seminorm description of the unique locally convex topology 7, on H®(U; F) such
that the mapping

] € (H*{U; F); 15) — Ty € (LG (V); F), 7.)

is a topological isomorphism.
The corresponding problem for the space P(™E; F) has already been solved by
R. Ryan [15|. His result is essentially the following.

4.1 Theorem [15]. Let E and F be Banach spaces, and let m € IN. Then the
mapping
Pe (P(ME:F), ) — Tp € (L(Q(E); F), 7.)

is a topological isomorphism.

R. Ryan [15] obtained Theorem 4.1 by using tensor product methods. We next
give an alternative proof of Theorem 4.1, which will suggest how to tackle the corre-
sponding problem for H*(U; F). The key tool in our proof of Ryan’s theorem is the
following result, established in [11], and which may be regarded as a generalization
of the classical Banach-Dieudonné theorem.

4.2. Theorem [11]. Let E be a Banach space and let m € IN. Then 7, is the finest
topology on P(™E) which coincides with 7. on each norm bounded subset of P(™E).

With the aid of Theorem 4. 2 we can prove the following result, which is also due
to R. Ryan [15].



4.3. Proposition [15]. Let E be a Banach space, and let m € IN. Then:
(a) Q(™E) = (P(™(E), )i

(b) The mapping
P ¢ (P(™E), r.) — Tp € Q(™(E),
is a topological isomorphism.
LY

(c) For each compact set L C Q(™E). there is a compact set K C E such that
L C T gm(K).

Proof. (a) It follows from Theorem 4.2 that Q(™E) = (P(™E), .)' algebraically.
But since P(™E) and (P(™E), 7.) have the same bounded sets (see |13, p. 13, The-
orem 2.6]). we conclude that Q(™E) = (P(™E), 7.);.

(b) By Theorem 4.2 a set N C (P(™E), r.) is open whenever N 1 j B, is open
in (j B, 7.) for every j € IN. Hence an application of [12, Theorem 4.1 shows that
the evaluation mapping

(P(™E), o) — ((P("E), r)i):

is 2 topological isomorphism. After combining this with (a), the desired conclusion
follows.

(¢) ¥ L is a compact subset of Q(™E), then the polar L° is a 0-neighborhood in
Q(™E). and then, by (b), the set

{P € P(™E):Tp € L%
is a 0-neighborhood in (P(™(E), r.). Hence there is a compact set K C E such that
{P € P("E) :eup|P| < 1} C {P € P(™(E) : sup {Tp| < 1}.
After writting P = Tp © g we conclude that gm(K)? C L° and therefore
LC L C gu(K)® = T gu(K).
This completes the proof of Proposition 4.3.

It follows from Proposition 4.3(c) that the mapping in Theorem 4.1 is continu-
ous. And since the inverse mapping is clearly continuous, the proof of Theorem 4.1

10



is complete.

Motivated by Theorem 4.2 and by the definition of G*(U) we introduce the
following auxiliary topology. Let 7, denote the finest locally convex topology on
H>(U) which coincides with 7. on By, or equivalently, on each scalar multiple of
By. Clearly 7. exists: the convex, balanced sets N € H™(U) such that N ™ A By
is a O-neighborhood in (A By, r.) for every A > 0, form a 0-neighborhood base for
he. We shall refer to 7, as the topology of bounded compact convergence. We shall
prove the following theorem.

4.4. Theorem. Let U be an open subset of a Banach space E. Then 7, is the
finest topology on H®(U) which coincides with 7. on each norm bounded subset of
H):

The proof of Theorem 4.4 will also yield the following theorem.

4.5. Theorem. Let U be an open subset of a Banach space E. Then the topology
of (H™(U), ) is generated by all the seminorms of the form

pf) = r s 1£(z5)l

where (z;) varies over all sequences in U, and (a;) varies over all sequences of positive
numbers tending to zero.

The key to the proofs of Theorems 4.4 and 4.5 is the following lemma.

4.6. Lemma. Let U be an open subset of a Banach space E. Let N be a subset of
H*(U) containing the origin and such that N N j By is open in (j By, 7.) for every
7 € IN. Then there exist § > 0 and a sequence (A;)2, of finite subsets of U such
that

N(40;8) 1 [ N(A;35) € N,
i=1
where, for each A C U and r > 0, N(A;r) denotes the set
N(A;r) = {f € H®(U) 299 |f] < r}.

Proof. By hypothesis N N By is open in By for the compact—open topology, and
therefore for the norm topology. Whence there exists § > 0 such that

(4.1) 6By C N.
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We claim that there exists a finite set Aq C U such that

(4.2) By N N(Ag;6) C N.

Otherwise the sets (By\N) N N{A;8) would be nonvoid for every finite set 4 ¢ U.
These sets are closed in (By\N, 7.) and have the finite intersection property. Since
the set By \N is a closed. and therefore compact. subset of By, 7.), we conclude that
the intersection

. () (Bu\N) 1 N(A: §)

would be nonvoid. But if f belongs to this intersection, we see that f £ é By\N,
contradicting (4.1). and thus proving (4.2). Proceeding by induction we can show
the existence of a sequence (A4;)2, of finite subsets of U such that

k-1

(4.3) k By N N(Ao;6) N [ N(4;:5) C N

j=1

for every k = 2.3,... Since H®(U) = U,k By, the desired conclusion follows.

Proof of Theorem 4.4. To begin with we claim that if (K;)%, is a sequence
of compact subsets of U, and (r;)?%, is a sequence of positive numbers tending to
infinity. then the set &

n N(K;:rj)

=1
is a O-neighborhood in (H*(U), 7). Indeed, given A > 0, choose k € IN such that
r; > A for every j > k. Then

oo k
ﬂ N{K,;f,')nABv = n N(K,':rj)ﬂlﬂp,

J=1 =1

and our claim has been proved.

Now, let N be a subset of H#*(U) such that N N A By is open in (A By, 7.) for
every A > 0. To prove the theorem it suffices to show that N is a neighborhood of F
in (H*(U), n.) for each f € N. if f = 0 then the desired conclusion follows at once
from Lemma 4.6 and the claim that we have just proved. Finally, the case where
/ € N is arbitrary can be reduced to the case f = 0 by proving that (N — f) N A By
is open in (A By, 7.) for every A > 0. Now, given A > 0 choose u > A such that

ABy + [ C uBy.
By hypothesis there exists an open set M in (H®(U), r.) such that
NnpBy =MnuByp.
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Bmce
(N=f)nABy=Nn{(ABp+f)-f
=Mﬂ(AB{rﬁ'f)—f:(M'—f)nABp,

proving that (N — f) N A By is open in (A By, 7). This completes the proof of the
theorem.

Proof of Theorem 4.5. In the course of the proof of Theorem 4.4 we have shown
that the sets of the form

1=1 .

where (A;) varies over all sequences of finite subsets of U, and (r;) varies over all
sequences of positive numbers tending to infinity, form a O-neighborhood base in
(H*=(U), 7). Since the Minkowski functional of N is the seminorm
pu(f) = sup(r;" sup |f]),
7 ]

the desired conclusion follows at once.

We should remark that Theorem 4.4 follows also from the theory of Saks spaces
(see |4, p. 48, Corollary 4.2]), but the proof that we have given here has the advan-

tage of yielding. as a bonus, a proof of Theorem 4.5. In any case, what lies behind
each of the proofs is the idea of the proof of the classical Banach-Dieudonné theorem.

4.7. Proposition. Let U be an open subset of a Banach space E. Then:
(a) H®(U) and (H*(U), 7s.) have the same bounded sets.

(b) G=(U) = (H*(U), ne)y
(c) The mapping
f € (H=(U), ne) — Ty € G=(U);
is a topological isomorphism.

(d) For each compact set L C G™(U), there are a sequence (z;) C U and a
sequence (a;) € ¢; with a; > 0 such that

Lc T{ajgv(z;):5 € N}.



Proof. (a) It follows from the definitions of G=(U) and 7, that G®(U) =
(H>=(U). 7,.)" algebraically. Hence a set (f,) C (H®(U), 7.) is bounded if and only
if it is o(H™(U), G=(U))-bounded. But since H®(U) is isometrically isomorphic
to G(U/)" and G®(U) is a2 Banach space, this means that (f,) is norm bounded in
H>=(U).

(b) This follows at once from (a).

(c) By Theorem 4.4 a set N C (H*(U). 7,) is open whenever N 7 j By is open
in j By, for the induced topology, for every ; € IN. Hence an application of (12,
Theorem 4.1! shows that the evaluation mapping

(H*(U), 1) — ((H=(U), nchy).
L
is a topological isomorphism. After combining this with (b), we get the desired con-
clusion. Incidentally, [12, Theorem 4.1| gives another proof of (a).
(d) If L is a compact subset of G (U), then the polar L° is a 0-neighborhood in
G*(U). and then, by (c), the set A
{fe B=(U):T;e L°}

is a O-neighborhood in (H*(U), 7sc). Then by Theorem 4.5 there are a sequence
(z;) € U and a sequence (a;) € g with a; > 0 such that

{f € H®(U) : sup e;|f(z;)| <1} C {f € H™(U) :51zp|T;| <1}.
i
Afier writting f = Ty o gr we conclude that
{ajgu(z;) :j € NYcl®

and the desired conclusion follows from the bipolar theorem.
Now we can solve the problem posed at the beginning of this section.

4.8. Theorem. Let E and F be Banach spaces, and let U be an open subset of
E. Let r, denote the locally convex topology on H™(U;F) generated by all the
seminorms of the form

plf) = b a;||f(z;)ll,:

where (z;) varies over all sequences in U, and (a;) varies over all sequences of positive
numbers tending to zero. Then the mapping

f € (H*(U;F), r,) — Ty € (LG™(U); F), 7.)

14



is a topological isomorphism.
Proof. If L is a compact subset of G™(U), then by Proposition 4.7 there are a
sequence (z;) C U and a sequence (a;) € co with a; > 0 such that

LcT {a;gv(z;):j € N}

Hence
iglzIIT}uH < Sl;PHTf(ﬂ;-grr(zs))ll = sup a;||f(z;)||

for every f € H®(U; F), and the mapping f — T; is 7, — 7.~continuous. Since the
sequence (a,gr(z;)) tends to zero in G™(U), the inverse mapping is continuous as
well. This completes the proof.

The topologies 1., 7. and 7). are related as fol}o!\v's.

4.9. Proposition. Let E and F be Banach spaces, and let I" be an open set in E.
Then:
(a) ry > 7. on H®(U; F).

(b) 7, coincides with 7. on each norm bounded subset of H*(U; F).
(€) 7, = e on H=(U).
(d) If U is bounded, then 7, coincides with 7. on P(™E; F), for each m € IN.

Proof. (a) If K is a compact subset of U, then by Proposition 4.7 there are a
sequence (z;) C U and a sequence (a;) € ¢o with a; > 0 such that
v(K) € T {a;ov(z;) : 5 € N}.
Hence it follows that
sup || f(z)]] < sup ay]if(z;)]l
€K 3

for every f € H®(U; F).

(b) Let p(f) = sup, a;||f(z;)||, where (z;) C U and (a;) € ¢, with a; > 0.
Given X > 0 and £ > 0 choose k € IN such that 2a; A < ¢ for every 5 > k. Then for
[, 9 € H®(U; F) with ||f|| < X and ||g|| < A we have that p(f — g) < € whenever
a;|| f(z;) — g(z;)|| < € for j = 1,...,k. This shows that the restriction of p to each
norm bounded subset of H®(U; F) is 7.—continuous.

15



{¢) This follows from Theorem 4.5 and the definition of ..

(d) Let p(f) = sup; a;/|f(z;)||, where (z;) C U and (a;) € co, with a; > 0. Let
B8; = z/a; for every j € IN. Then p(P) = sup, ||P(B;z;)|| for every P € P{™E;F),
and thus p|P(™E; F) is 7.—continuous.

From Theorem 4.8 and Proposition 4.9 we get at once the following corollary.

4.10. Corollary. Let E and F be Banach spaces, and let U be an open set in E.
Then: x
(a) The mapping
T € (L(G=(U);F), 1.) — Togy € (H®(U;F), 7.)

wis continuous. 2 ~

(b) The restriction of the inverse mapping
] € (HZ(U; F), ) — Tj € (L(G™(U); F), %)
to each norm bounded subset of H*(U; F) is continuous.

We should remark that assertion (a) in Corollary 4.10 is indeed obvious, whereas
assertion (b) is not obvious, but can be proved directly afier Theorem 2.1, without
recourse to the topologies 7. or 7.

We end this section with an explicit description of the dual of (H=(U; F), 7,).

4.11. Theorem. Let E and F be Banach spaces, and let U be an open set in E.
Then the dual of (H*(U; F), 7,) consists of all linear funciionals of the form

w(f) = 3w f(z;),
=1
where (z;) varies over all sequences in U, and (¢;) varies over all sequences in F'

with £%, |i%; ]} < co.

Proof. We first assume that u has such a representation. Since 172, |l¢;]| < oo,
we can find a sequence ();) of positive numbers tending to infinity such that
Zie1 All¥51l = € < co. Then

(N1 < 3 191 17z < e sop A7)

i=1 1



for every [ € H®(U; F), proving that u is r,—continuous.
Conversely, assume that u is a continuous-linear functional on (H*(U; F), r.,]
Then there are a sequence (z;) C U and a sequence (a;) € ¢; with a; > 0 such that

lu(f)l < o a1 f (=)l

for every f € H™(U; F). Now, it follows from the very definition of 7, that the linear
mapping

v:f e (HZ(U;F). ry) — (@, f(z;))52, € col F)
is continuous. Since |u(f)| < |iv(f)|! for every f € H®(U;F); we may define a
continuous linear functional w on v(H*(U; F)) by w(v(f)) = u(f) for every f €
H®>=(U; F). By the Hahn-Banach theorem w admits a continuous linear extension to
co(F). Since eo(F)' = £*(F"), there is a-sequence (v¥;) € £!(F') such that [ 28

®

w(f) = wiolf) = 3 ase; o f(z;)

=1

for every f € H*®(U; F). This completes the proof.

4.12. Corollary. Let U be an open subset of a Banach space E. Then G*(U)
consists of all linear functional u € H®(U)' of the form

oo
u(f) = 3 a/(z;),
=1
where (z;) varies over all sequences in U, and (a;) varies over all absolutely summable
sequences of complex numbers.

Proof. By Propositions 4.7 and 4.9, G*(U) = (H*=(U), 7,)'. Thus it suffices to
apply Theorem 4.11.

5. The Approximation Property

To begin with we give necessary and sufficient conditions for the spaces Q(™E)
and P(™E) to have the approximation property. These are polynomial analogues of
classical results of A. Grothendieck [8, pp. 164-167, Propositions 35 et 36| (see also
[10, pp. 32-33, Theorems 1.e.4 and 1.e.5]), which will be used without further refer-
ence. Our results in this section complement results of R. Aron and M. Schottenloher
[2].
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5.1. Theorem. Let E be a Banach space and let m € IN. Then the following
conditions are equivalent:
(a) E has the approximation property.

(b) For each Banach space F, Py(™E;F) is 1.~dense in P(™E; F).

(c) For each Banach space F, P(™E)® F is 7,-dense in P(™E; F).

(d) gm lies in the r.—closure of P(™E) ® Q(™E).

(e) @(™E) has the approximation property.

(f) For each Banach space F, P(™F) @ E is r.~dense in P(™F; E).

(g) For each Banach space F, P(™F) ® E is norm—dense in Pi(™F; E).

Proof. (a) = (b): Let P € P(™E;F), let K be a compact subset of E, and let
€ > 0. By using a standard compactness argument, we can find 6 > 0 such that
||P(y) — P(z)|| < € whenever z € K and ||y — z|| < é. Since E has the approximation
property, there exists T € E' ® E such that ||Tz — z|| < é for every z € K. Then
PoT € Py(™E;F) and ||P o T(z) — P(z)|| < € for every z € K.

(b) = (c) and (c) = (d): obvious.

(d) = (e): If follows from (d), Proposition 3.1 and Theorem 4.1 that the identity
operator on @Q™(E) lies in the 7.—closure of Q(™E)' ® Q(™E). Hence Q(™E) has the
approximation property.

(e) = (a): This follows from Proposition 2.6.

(a) = (f): Since E has the approximation property, Q(™F)' ® E is r.-dense in
L(Q(™F); E) for each Banach space F. By applying Proposition 3.1 and Theorem
4.1 we get (f).

(f) = (a): 1t follows from (f), Proposition 3.1 and Theorem 4.1 that Q(™F)'® E
is 7.~dense in L(Q(™F); E) for each Banach space F. To show that E has the ap-
proximation property it suffices to prove that F' ® E is 7.-dense in L(F; E) for each
Banach space F. Let A € L(F; E) be given. By Proposition 2.6 there are operators
S € L(F;Q(™F)) and T € L(Q(™F); F) such that T o S(y) = y for every y € F.
Then AoT € L(Q(™F); E) and therefore there is a net (B,) C Q(™F)' ® E which



converges to Ao T for r,. Whence if follows that the net (B, ¢ 5) lies in F' ® E and
convergesto AocT oS = A for r,.

{(a) = (g): Since E has the approximation property, Q(™F)' ® E is norm-dense
in Ly(Q(™F); E) for each Banach space F. By applying Propositions 3.1 and 3.4,
and Theorem 2.1, we get (g).

(g) = (a): It follows from (g), Propositions 3.1 and 3.4, and Theorem 2.1, that
Q(™F)' & E is norm—dense in L(Q(™F); E) for each Banach space F. Then, by im-
itating the proof that (f) = (a), we can show that F' @ E is norm-dense in Li(F; E)
for each Banach space F. This shows (a) and completes the proof of the theorem.

5.2. Proposition. Let E be a Banach space, and let m € IN. Then P(™E) has
the approximation property if and only if, for each Bnnat.h space F, P("E)@® F is
norm-dense in P(™E; F).

Proof. Q(™E)' has the approximation property if and only if, for each Banach space
F, Q(™E)' ® F is norm-dense in L(Q(™ E); F). Thus the desired conclusion follows
from Propositions 3.1 and 3.4, and Theorem 2.1.

Before presenting the holomorphic analogues of Theorem 5.1 and Proposition 5.2,
we give two auxiliary results.

5.3 Lemma. Let F be a Banach space, and let f(¢) = T2_,¢™¢m be an F-valued
holomorphic function on an open disc D centered at the origin. For each m € IV let

Sllf(;) = i fb-‘l
. =0

and
m+l-k ,

ouflf) = — ZSJ(C) = z:"‘m—f €1
k=0
Then for each ;‘EDmhuvethat
safle) = 3 [ S )Datt)et

and ' )
onf(6) = 7 [ IR ()
where D,.(f) and K. (t) denote the classical Dirichlet kernel and Fejér kernel, respec-
tively.

19



Proof. Since [(re®) = ©%_, r™e™¢,,, we see that
_l_ oy~ g r‘c; for k= 0,!.2,..._
2:.[_:”" et h [ 0 for k=-1,-2,...
Hence for k = 1.2,... we get that
A o S8 ikt 3
g ;—wj; f(re*)e ™dt + %’—ﬂf(re")c'"dl
= 2]_7 [t I(rci')(eik{ﬂ—ll 3 eik{i-l])‘#

N - % j_’ | flre")cos k(t — 0)at
= % i [ (re™**) cos kt dt.

Thus : £ m ; .
Smf(re®) = - £ P (s + E‘im kt)dt.

After recalling that

Dl % rous At ~oiind x_(z)zm—i—]fjum(:),
k=0

k=1

B | -

the desired conclusion follows.

5.4. Proposition. Let E and F be Banach spaces, and let I/ be a balanced open
set in E. Let f € H(U; F) and let

Suf(z) = 3 P*1(0)(2)
k=0

and

onlle) = g £ S0) = £ PS5 PO

Then:
() Smf — f and 0mf — [ in (H(U; F), 7).

(b) For each z € U we have that

Swflz) = 5 [ J(e"2)Da(t)d



and

onflz) = i [' ez Knlt)dt.

{¢) H |If(z)]] < ¢ for every z € U, then ||jonf(z)|| < ¢ for every z € U and
m € N, and 0,.f — [ in (H®(U; F), 1,).

Proof. (a) is clear. To show (b) fix z € U and apply the preceding lemma to the
function

ole) = f(cz) = 3 ¢™P™f(0)(z).

m=0
The first assertion in (c) follows from (b) and the facts that K, (t) > O for every t
and ! [7 K.(t)dt = 1 (see [17, p. 45]). Finally, the second assertion in (c) follows
from (a) and Proposition 4.9.

5.5. Theorem. Let E be a Banach space, and let U be a balanced, bounded, open
set in E. Then the following conditions are equivalent:

(a) E has the approximation property.

(b) For each Banach space F, Py(E; F) is 7,~dense in H®(U; F).

(c) For each Banach space F, H®(U) ® F is r,~dense in H*(U; F).

(d) gv lies in the r,~closure of H*(U) ® G®(U).

(e) G=(U) has the approximation property.

(f) For each Banach space F and each open set V C F, H*(V) @ E is 7,~dense
in H*(V;E).

(g) For each Banach space F and each open set V C F, H®(V)®E is norm-dense
in HZ(V; E).

(h) The identity mapping on U lies in the r,~closure of H=(U) ® E.

Proof. (a) = (b): Let f € H®(U;F) and let p be a continuous seminorm on
(H®(U;F), 7,). By Proposition 5.4 we can find P € P(E; F) such that p(P - f) <
1/2. Since, by Proposition 4.9, 7, coincides with 7, on P(™E; F) for each m € NN,
repeated applications of Theorem 5.1 yield a polynemial @ € Py(E; F) such that
p(Q — P) < 1/2. Thus p(Q — f) < 1 and (b) has been proved.
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The implications (b) = (¢) = (d) = (e) = (a), (a) <= (f) and (a) <= (g) can
be proved by following the footsteps of the proof of Theorem 5.1.

Finally it is clear that (c) = (h) and to complete the proof of the theorem we
shall prove that (h) = (c). Let f € H®(U;F) and let p be a continuous seminorm
on (H*(U; F), r,). We wish to find g € H*(U) ® F such that p(¢g — f) < 1. We may
assume that

plh) = - a;|lh(z;)l|

.
for every h € H®(U; F), where (z;) C U and (a;) € ¢, with a; > 0. By Propesition
5.4 there exists P € P(E; F) such that

(5.1) oP-J) < %

Write P = Py + -+ Pm, with P, € P(*E; F). Certainly P, € H*(U) ® F. For each
k= 1,...,m we shall find vy € H®(U) @ E such that ' ‘

bt

' 1
(5.2) PProw—P) < oo
It will then follow that

Po+ Y Piowme H®U)®F
k=

and :
PP+ Y Piom=[)< Y p(Piow—P)+p(P-f) <1,

k=1 =1
thus proving (c). Now, fix k with 1 <k < m, let §; = y/@&; for every j € IN and let
K = {B;z;:j € IN}U{0}. Since K is compact, we can find é§ > 0 such that
1
IPaly) - Pelz)ll < 5~
whenever z € K and |ly — z|| < 6. By (k) we can find u; € H#*(U) ® E such that

i Billus(z;) — z;| < é.

p(Piow - P) = i [1Py © wa(z;) — Pelz;)|

= sup IPL(8; () - Pu(B, 2l <



and u; satisfies (5.2). Thus (h) = (c) and the proof of the theorem is complete. :
By imitating the proof of Proposition 5.2 we can also obtain the following result.

5.6. Proposition. Let U/ be an open subset of a Banach space E. Then H>(U)
has the approximation property if and only if, for each Banach space F, H®(U)® F
is norm—dense in Hg(U; F).

Since it is still unknown whether H#°°(A) has the approximation property, Propo-
sition 5.6 may be of some use in this connection.

We next state two results on the metric approximation property, which are par-
allel to, and somewhat easier to prove than, Theorems 5.1 and 5.5.

5.7. Proposition. Let E be a Banach space and let m € IN. Then the following
conditions are equivalent: :
(a) E has the metric approximation property.

(b) For each Banach space F, the polynomials of norm < 1 in Py(™E;F) are
7.~dense in the closed unit ball of P(™E: F).

(¢) For each Banach space F, thepoly'nommhd'm(lm}’(”'E)@Fm
r.~dense in the closed unit ball of P(™E; F).

(d) gm lies in the 7.—closure of the polynomials of norm < 1 in P(™E) ® Q(™E).
(e) Q(™E) has the metric approximation property.

(f) For each Banach space F, the polynomials of norm < 1 in P(™F) ® E are
7.~dense in the closed unit ball of P(™F;E).

5.8. Proposition. Let E be a Banach space, and let U be the open unit ball of E.
Then the following conditions are equivalent:
(a) E has the metric approximation property.

(b) For each Banach space F, the polynomials in P/(E;F) which are bounded
by one on U, are r.~dense in the closed unit ball of H>(U; F).

(<) ForucthuhspaeeF,tbemnppinﬁdms linH"(U)@f‘ne.
7.—dense in the closed unit ball of H>*(U; F).



(d) g lies in the r~losure of the mappings of norm < 1 in H*(U) ® G*(U).
(e) G*(U) has the metric approximation property.

(f) For each Banach space F and each open set V C F, the mappings of norm
<1in H*®(V) ® E are r.~dense in the closed unit ball of H*(V; E).

(g) The identity mapping on U lies in the 7.—closure of the mappings of norm
1in H®(U) 8 E. .

IA

We should remark that the proof of Proposition 5.8 requires much less machinery
than the proof of Theorem 5.5. Indeed, the proof of Theorem 5.5 relies heavily on
Theorem 4.8, which was the ultimate goal of Section 4, whereas the proof of Propo-
sition 5.8 relies only on Corollary 4.10, which, as we have remarked already, can be
proved directly after Theorem 2.1, without recourse to the topologies 7, or 7,. A
similar comment applies to Theorem 5.1 and Proposition 5.7.

By modifying the proof of Proposition 5.7 one can show that if a Banach space £
has the A-bounded approximation property for some A > 1, then Q(™E) has the A™-
bounded approximation property. Whence it follows that Q(™E) has the bounded
approximation property if and only if E has the bounded approximation property.
However, I have been unable to solve the following problem.

5.9. Problem. If E is a Banach space with the bounded approximation property,
does G*(Ug) have the bounded approximation property?

If E s a Banach space with the bounded approximation property, J. Linden-
strauss and L. Tzafriri [10, p. 42, Problem 1.e.21] have asked whether there exists an
equivalent norm ||| - ||| on E such that (E, ||| - |||) has the metric approximation
property. In view of Proposition 5.8, this problem is equivalent to the following.

5.10. Problem. If E is a Banach space with the bounded approximation property,
does there exist a convex, balanced, bounded, open set U C E such that G=(U) has
the metric approximation property?
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