LIMITING PROPERTIES OF THE EMPIRICAL PROBABILITY
GENERATING FUNCTION OF STATIONARY RANDOM SEQUENCES AND PROCESSES

by

Maure S. Marques
Universidade Estadual de Campinas
IMECC, Caixa Postal 1170
13081 Campinas, SP - Brasil

and
* Victor Pérez-Abreus

Centro de Investigacién en Matematicas, A. C.
A. P. 402, Guanajuato, Gto., 36000 - México

ABSTRACT
Let xl.xz..-. be a sequence of strictly stationary discrete random
variables with probability generating function ¢(t) and let ¢n(tl =

a K

n"{ Gt empirical probability generating function of the
1=1

first n random variables. A strong law of large numbers and the weak

convergence of n”a(;n—ei} to a Gaussian process are discussed. These
results are extended to a sequence of stationary multivariate discrete
random variables and to integer valued stationary stochastic
processes. Applications to the statistical analysis of discrete data

are discussed.
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1. INTRODUCTION. Let '{Pk)m bé a discrete distribution with
probability generating function

o .

(1.1) st) = ¥ tfp el =1

e X

and let J(:.)ﬁz...1L be a sequence of nonnegative integer valued random

variables with the same distribution {Pk,htn' For each n 2 1 let
X

- i )
(1.2) ¢,(t) =n lez It = 1 ‘
be the empirical probability generating function (epgf) of the first n
observations.

Under the assumption of (xl}lzx independent, the use of some
sample generating functions in statistical inference is by now well
known. Thus, for example, Press (1972), Heathcote (1872) and
Feuerverger and Mureika (1977) have suggested the use of the empirical

- n
characteristic function cn(t) = n“‘z up(ltXJ) to construct statis-
)=

1
tical procedures for stable laws, while Epps et al (1982) have propos-

. 5. =
ed the empirical moment generating function mn(t) = n-:z exp(txJ) to
)=1

test hypotheses of goodeness of fit in the presence of nuisance
parameters. The limiting behavior of én has been studied, among
others, by Feuerverger and Mureika (1977) and Cst'ir-g; (1981a, 1981b),
while Maiboroda (1986) has proved a law of large numbers and a central
limit theorem for ;n' Recently, Kocherlakota and Kocherlakota (1986)
and O'Reilly et al (1988) have used the empirical probability
generating function ;n to construct goodness of fit tests for discrete
random variables, leading to easier procedures than with the use of ;n

or m .
n



The pur;:ose of this paper is to study the limiting behavior of
the e-plrlpaj probability generating function ;n of a statlionary
sequence of integer valued random variables xl.xz.... . In Section 2
we prove a law of large numbers (Theorem 1) for ;n and a central limit
theorem (Theorem 2) for the empirical probability generat ing proom
Y,(t) = a'(¢ (£)-g(t)) in the Banach space of continuous Functions
on l-r.l]. In Section 3 we discuss extensions of Theorems 1 and 2 to a
stationary sequence of multivariate discrete random variables and to
integer valued stationary stochastic processes. Applications to the

statistical analysis of discrete data are discussed in Section 4.

e THE EPGF OF A STATIONARY SEQUENCE. lLet (Q,%,P) ‘be a probabil
ity space where there is defined a stationary sequence {l(n]'ntl of
nonnegative integer valued random variables with the same distribution
{P,) ,  and probability generating function ¢(t). Let Qnm be the

epgf given by (1.2) and
(2.1) Y (1) = n'(g (t)-g(1)) Ith =1

be the epgf process. We shall denote by C[-1,1] the Banach space of
real valued continuous functions on the interval [-1,1] with norm Bfi=

sup |f(t)| . Clearly ’n" and Yn belong to C[-1,1].
-1st=1

The first result of this paper gives the B-ll-consistency of ;n as

an estimator of ¢.

THEOREM 1. Let {xn}ni:a be a strictly stationary ergodic integer
valued random sequence. Then
(2.2) 16,91 50 as.



Proof. Define for m = 1%

n
(2.3) e, VAL
k.n {1-1 (thk}

Then the epgf can be expressed as

= =
(2.4) o (1) = T o*P t e (-1,1)
n k.n
=0
»
and therefore for t € [-1,1] and n = 1

- @
(2.5) lo (t)-g(t)] = Yo rBlin2 ,
k=0 %

Since the stationary sequence {an'm,__l is ergodic, we have that
for any k = 0

(2.8) P =n 1“}(1(1) - P(xl=k] = Pt a.s.
1=1 Ni-oe-

Then by the dominated convergence theorem, from (2.5) and (2.8) we
obtain that

(2.7) sup |3nm-¢m| b wik
-1sts] n-o

and the proof is complete.
=

The next step is to study the central limit theorem or weak

convergence of the processes {Yn}nm in the Banach space C[-1,1],

under some mixing conditions on the sequence of random variables
(Xn)nzl. Following Bradley (1986) we lintroduce some notatlon to be
used in the remaining of the work: For two o-algebras ’1 and 52 of the

basic probability space (2,%,P) define the dependence coefficients

(2.8) wiF ,32) 1= sup |P(ANB)-P(A)P(B)I/(P(A)P(B))
; AeF Bed
el
(2.9) Q(Sl.! ) := sup |P(BlIA)-P(B) |
4 Ac¥ Be¥ P(A)>0

and let 3: = cr(x! : J=1 =k). For each n = 1,2,3,... define



(2. 10) #(n) 1= sup .nsf.s';
J=1 §
(2.11) #(n) := sup p(3),5%)
: J=1 J

We recall that the sequence of random variables (X} ., 1s said

to be p-mixing if lim e(n) = 0 and y-mixing If lim ¢(n) = 0. Also
N N

the sequence {)(n).,zl is ¢-mixing (see Peligrad (1986)) if and only If

(2.12) |EXY-EXEY| = Zjualn)l)ﬂll‘!l_
%

for every X e LI(S‘:). Y € L_U:’.) and for every m; and is y-mixing
(see Peligrad (1986)) if and only if
(2.13) |EXY-EXEY| = ¢(n)E|IXIE|Y| :
for every X € L1€5,.). Y e LII’;’.) and for every m.

Our second result of this work provides a central limit theorem
for the processes {\'n}“ under two mixing conditions on the sequence

of random variables {Xn}nm. As usual we denote weak convergence by = .

THEOREM 2. Let (xn)uz: be a strictly stationary random sequence

with probability generating function ¢(t) and Exf <m

«©
g 172
a)  Assume H(n}m‘_1 is a g-mixing a.ndl):lp (1) < ®» . Then sy

in C[-1,1] where Y is a Caussian process with mean zero and

covariance

@ o
(2.14) K(s,t) = ¢(st)-g(s)g(t) 0t[lrk(s.t) +k[1rk(t.s)

x: xlk
where r, (s,t) = covV(s ",t ') kzo0.
[

b)  Assume lxn} is y-mixing and{i(i) < » . Then \'n = Y in
1=1

Cl-1,1) where Y is a Gaussian process, with mean zero and

covariance (2.14).



Proof. We first observe that if wé define the centered sequence
of Banach space valued random variables 2, (t) = t.x'-ﬂt} Itl = 1 and
s'sza-(zl : k = 1:;1]. then l‘ic’i and if (!n} is ¢y-mixing (repec-
tively ¢-mixing) then {Zn) is y-mixing (respectively g-mixing) with
the dependence coefficients for the sequence {Zn) being no greater
that the corresponding ones for {xn). -

n
Let S_(t) a-’;zi(t) and ¥, (t) = E(Z (t)Z, (t)) k =0.1,2,...

Since the sequence (let)’m} is stationary

n-1

2 = o
(2.15) ¢2(t) = VAR(S (t)) = nf (L) + z.);(n k)P, (t) .
On the other hand using (2.12) we have that
o @«
172
(2.18) ):rkm s 29 (t) [. (k) 1t =1
k=1 k=1
and using (2.13) we obtain
@ @
(2.17) ):rkm = rﬂ[t)[ wik) 1Ll =1 .
k=1 k=1
Then
(2.18) n"aztt) 2 o2(t) Ao
where
2 o
(2.19) c°(t) = #(t) + f;yk(t) g

The weak convergence of the finite dimensional distributions of
Y (t) = 0% (t) to those of a Gaussian process follows using the
Cramer-Wold device and, under assumption (a), Theorem 20.1 in
Billingsley (1968), and ‘under assumption (b), the main theorem in
Nakhapetiyan (1981). To prove tightness of {Yn(t.l}mﬂ in Cl-l.-l} we

shall apply Theorem 12.3 in Billingsley (1968). Using (2.12) we have
@

(2.20) ECY_(£)-Y (5))%s 26(2,(1)-2,(s)) | "% (k) st € [-1.1)
k=1

and using (2.13)

-
2 2
(2.21) E(Y, (t)-Y (s)® = E(Z,(t)-Z,(s)) .).:;“k) st e =111 .
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Next it is easily shown that
(2.22) E(Z,(t)-2,(s) = e(t-s)*
. -
where @8 = [k’l’k < ®w . Then by Theorem 12.3 in Blllingsley (1968)
k=1 "
{Yn}_h is tight in C[-1,1] under assumptions a) or b). Finally by

Theorem 8.1 of Billingsley Yn = Y in C{-1,1]). To find the covariance

of Y we observe that for n = 1 and s,t € [-1,1]
i ™ n=1
(2.23) E(Y ()Y (s)) = r (s,t) + n"k;(n-k)rt(s.t)
+ n"-)-:‘(n-ur (t,s)
k=1 k

As in proving (2.16) and (2.17) we can show that

@ ]

(2.24) {rk(s.t) = 2r (s.t) [p"‘m s.t € [-1,1)
k=1 k=1
- -

(2.25) {rkls,t) = r (s,t) [nk) s.t € [-1,1]
k=1 k=1

and therefore E(Yn(t)‘!n(l)) —> K(s,t) where K is given by (2.14)
N L

For the sake of completness we write the conclusions of Theorems

1 and 2 for a sequence of independent random variables.

THEOREM 3. lLet {xn}ntl ‘be a sequence of independent integer

valued random variables with p.g.f. ¢(t) and Exf < Then

a) l;n-ﬂ — 0 a.s.
N

b) Yn = Y in C[-1,1] where Y(t) is a zero mean Gaussian process
with covariance

(2.26) K(s,t) = ¢(st)-¢(s)é(t) s.t € [-1,1] .



i!. EXTENSIONS TO MULTIVARIATE . DISTRIBUTIONS AND STATIONARY
STOCHASTIC PROCESSES. We start this section by presenting
extensios of 'l'heorens 1 and 2 to multivariate discrete distributions.
Let X = (X,....X) be an r-dimensional discrete random vector with

probabllity generating function
X X

1 2 -
(3.1) olt) E(t: ...tr 1z L (t,.....tr)

and let )_fn -"(X?.....X:) n 1 be a multivariate stationary independ
ent sequence of random variables with the same p.g.f. ¢. Define the
multivariate empirical probability generating function of the first n

observations as

o) s ()= 2T et e e e

Let C([-1,1]") be the metric space of continuous functions from [-1,1]"
to R with the norm

(3.3) BRILhn = - sup. (RIS
tel-1,1]

We introduce the following notation: for t,s € [-1,1]7 tes = LR

THEOREM 4. If the sequence }_(_'n n =2 1 is ergodic Ill¢n-¢H| » 0

a.s. a n - e .

Proof. Let P = P(X=k_,...,X =k_) and
k:"'kr X g | T oo
- 1 n
(3.4) PP S aE 3 & )s
R nl; {x‘a-kl,_..xl_-kr_}
Then
@ kl kr .
(3.5) #(L) = { Tl e It =1
k ...k =0 1 r
1 r
and
- @ k‘ kr
(3.8) ¢, (L) = [ AR N o
k k =0 1 r



Since the sequence xh is stationary and ergodic

(§ it ) P —P, a.s.
3" i R S
Then the proof of the theorem ends quite analogous to the proof

Theorem 1.
B

"  THEOREM 5. Let Y () = n"‘(;n(g)-ﬂg}) and Exf < w for i=1,...,r.

Let ¢(n) and ¢(n) be the dependence coefficients for {)_('5#,‘ given by

(2.10) and (2.11).

172,

@ -
a) - If ()_c“}m is g-mixing and [w (n) <o thenY =Y in

n=1

Ccl[-1, llr) where Y is a Gaussian random field with zero mean

and covariance.

(3.8) Kis,t) = ¢(s,t)-¢(s)p(L)
o o
TR ED Y TR R
k=1 k=1
2 s ik
where rk[g,t._) = COV(s’ -eeSp ,t, ‘t'r )

w
bj If (;“}m is y-mixing and E\ﬁ(n) <@ then Y =Y in

n=1

C(I—l.llr) where Y is a Caussian random field with zero mean
and covariance (3.8).
The proof of the thecrem is quite analogous to the proof of Theorem 2

using the fact that

(3.9) EIYIlI._)-Y,lgllz = o%®(s, t)
where e(s,t) = max It’l_sii and

1=i=r

2 e 2
(3.10) 0 ='};°k (Plade_ oP Ir)) <o

Let us now conéider the case of a stationary stochastic process.

Let {x«;}m be a measurable strictly stationary nonnegative integer






4. APPLICATIONS. We" now mention some applications to

' statistics. Let xl’xa"" be a strictly stationmary sequence having a

discrete distribution Fn with probability generating function ¢(t)
It} = 1. The statistics .

d=n r(;n(t)-ﬂt)lzdt
[]

can be used to test a goodness of fit for the specified distribution
Fo. For example, if Fo is the Polsson distribution with parameter A>0

then

"

n n -
d=n" [ [mx +X +1) + (22) 'nl1-exp(-22)1
I=1 )=1 L A
n X’Ol x’.x
-2 [u-u X1/ dexp(-a)
=1
X i xlu
*j[.:““"1‘*:"""“1‘-"“"" )

In this case, under the assumption of independence and using Theorem

3, the distribution of d has been computed in O"Reilly et al (1988).
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