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§ ». Introduction

Let f : M* — IR®*? be an isometric immersion of a complete Riemannian
maanifold Af with nonnegative sectional curvatures (k > 0). If M is compact, we
have a complete topological classification of this manifold in [B - A/y) and [B - Af;).
In this paper we wani to consider the non—compact case. In [C - G], Cheeger and
Gromoll have shown that a complete manifold with k > 0 is diffeomorphic to the
total space of a vector bundle aver a compact submanifold, its soul, and classified it
in dimensions < 3. up to isometry. Then it is an interesting problem to know under
which conditions M turns out to be a product over its soul. In a previous paper,
[¥3), we have some topalogical results alang the same lines. In another paper, [N],
we prove that if there is a point p € M such that all the sectional curvatures are
positive, then the soul of M is a point, implying that M is diffeomorphic to the
Euclidean space ZR".

Before stating our results, we recall that f is called a {~cylindrical immersion if
there exist the factorizations A/ = MP~ x IR and [ = fy x i, where i : R’ — IR*
is the identity map. Then, in order to classify M and f, we can suppose that f is
non—cylindrical which is equivalent by Hartman [H] to the existence of a point z in
M such that the index of relativity nullity »(z) = 0. where

v(z) = dim{X € T,Af|a(X,Y) =0, YY € T.Al}

and o is the second fundamental form. In what follows, f will always be a non-
cylindrical immersion. Our first result states:

Therorem 1: Let f: A/ — IR™*?, n > 3, be a non—cylindrical isometric immer-
mion of a complete non—compact manifold with nonnegative sectional curvatures and
with a m~dimensional soul A™, Then we have: :

"Partially sapparted by FAPESP - SP - BRASIL
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i) f M ia simply connected then Al iz isometric o the praduct of a manifold
homeomorphic to the sphere S™ with a complete manifold 7*~™ diffeomorphic
twIR*™. Hn-m>1, fisaproduct of a hypersurface immersions.

il) I M is not simply connected. the soul must be homeomorphic to the circle $* or
to the Real Projective Space JRP?. The latter case occurs only when n = 3.

It follows by the theorem above that when i ia not simply connected. if can
be classified topologically. Af will be diffeomorphic:

i) either 10 §' x JR™! ot to the total apace of a non—orientable vector bundle over
0.

®
il) either to ZRP? x IR ot to the total space of a non—orientable lina bundle oves
RP*.

It also follows by Theorem 1 and the classification of compact manifolds im-
mersed in codimension two that M will be a cylinder ovef its soul when the soul
is homeomorphic to a flat torus or a two—dimensional Klein bottle. or a product of
two—spheres, or to the iolal space of a non—ocrientable fiber bundle over §7.

When the codimension of the soul is 1, we cannot expect to have a prod-
ucl of hypersurfaces in the Theorem 1, as we see in the following example: let
g: MM — IR™*! be a codimension one isometric immersion and consider

My x R RMD L R
where A is an isometric immersion. f = ho(g x 1) is not in general either a product

of immersions nor 1-cylindrical. For this case we prove:

Theorem 2: Let f : &" — IR"*? ba a non-cylindrical isometric immersion,
where M = M~ x IR is a simply connected manifold with nonnegative sectional
curvatures and n 2 3. Then:

i) There exista an isometric immersion g from M*~! 10 IR".

ii) Suppose that for each z € M, there is a two—plane 0 C T, Mf such that k(o) > 0;
then f is homotopic through isometric immersions to the immersion g x 1 :
M = My x IR — IR*™", where i is the identity map.

We have not been able to construct a proof for Theorem 2, (ji) without an extra
condition for k{c). But we want to observe that the same statement can be proved
if we don’t require differentiability of the isometric homotopy.
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Finally, we add one extrinsic praperty to the immemsion and for this case wa get
a complete classification. i

Theorem 3: With the same hypothesis of Theorem 1, suppose that the immersion
has flat normal bundle (R* = 0), Then M is a product over the soul .{ and f is a
product of hypersurface immersions. It follows that the soul is homeomorphic to a
sphere S™, m > 1.

In the end of the Section 3 in this paper, modifying slightly the Yeaton Cliffon
example which appears in [A ~ M], we see that we can have a complete non—compact
manifold isorfletrically immersed in codimension two, which is a product over the
soul 57 but the immersion f iz not a product of hypersurface immersions.

In order to have a complete understanding of isometric immersions of nonnega-
tively curved manifolds in ZR"*?, it seems reasonable to ask if a manifold homeomor-
phic to JRP? with K > 0 can be isometrically immersed in ZR* with the dimension
of the first normal space at most two, since Gromov and Rokhdin in [G - P] (pg.
42) have proved that if k > 0, JRP° cannot be embedded in IR".

Some of the research in this article was done while the author visited the Uni-
versity of California Santa Barbara We want io thank this deparimeni for its
hospitality and espedially Professor J. D. Moare for helpful discussions.

§ 2. Preliminaries and Reducibility along the soul

It is a well known result of Weinstein [W), that if the codimension of an isometric
immersion is two then the nonnegativity of the sectional curvatures (k > 0) implies
the nonnegativity of the curvature operator (R > 0).

For the case where M™ is compleie non—compact manifold with R > 0, we now
collect same known results of asoul 4 of M. -

(2.1) A soul 4 of A is a compact, totally geodesic submanifold of Af, without
boundary and has R > 0 (see [C - G]).

(u)HMin'mplymnded,HhhmﬁﬁchlhpmdutA’x?"' where
P*~™ is a complete manifold diffeomorphic to JR*™™. (See N,).

(H)Hﬂimimﬂymnmd,”ihenﬂymw;m"&o
soul A (see [N3]).
In order to prove our theorems, we need the following concept



(2.4) Definitian: An isometric immersian f : M™ — ™7, 2 is called re-
ducible aiong A if for sl ¥ € TA and ¥ € TA' we have a(X. 1’ Yy=0

As it is proved in [B — N, this property implies that A is difieomorphic to
A™ x J*™. Another consequence of the reducibility along A is given by the fol-
lowing proposition.

(2.5) Proposition: Let f : A/® — R**?, p > 1, be an isometric immersion of
a compleie non-compact manifold with non megative curvature operatar. H f is
reducible alofg a soul A then M is isometnic to a product A* x P**,

Proof: Bv (2.3) there is a Riemannian submersion P : M — . where the fibers,
F. are iotally geodesic. Bence it follows from [0] that 1o show that Af splits as a
product, it is sufficient 1o prove that for each geodesic loop 7 : [0 1} — 4, starting
from a pam z € A, the map

Ly:27Y2) = Fy— Fy,  Li(p) = H1),

(where 7 denotes the horizontal Lift of ¥ with %(0) = p) is the identity an F,.

This will follow easily from the fact that 5(0) = p belongs to the pseudo—soul 4
(see [Y')) obtained from the following way:

Conmder o : [0, §§ = M the minimal umnit speed geodesic connecting p to the
soul A. The vector Y = —0o'(£) is a normal vectior of A. Since f is reducible along
A. we bave:

CoF =0Y +a(X.¥)= V¥ for ol XeT4

(where ¥ and ¥ are the Riemannian connections of R™** and A respectively)
implving that the parallel tranalation of the vector Y, along .4 in R"*? gives a
normal parallel section }” along A.

Then the map ¢y : A x R — M, given by ¢y(z,?) = exp, Y (z) is an isometric
fmmetsion {sce [Y]. Proposition 3.2) and A = py(A.£).

§ 3. Proof of Theorem 1:

Let z be a point in M such that ¥(z) = 0. Let us denote by r(z) the Lie algebra
mﬂedbrlhemydthemnﬂnnmulhepmm: Since by (2.3) M
is locally a product over the soul,

r(z) = 8(11) & 6(12)
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where 1 = T34, V, = T2A and 8(1)) is the arthoganal algobra of the subapacs
V.. Denoting by m the dimension of the soul we have:

(3.1) Lemma: If m > 2 and o C T, A, the sectional curvature K(c) is positive.

Proof: If dim V3 > 1, since dim ¥} > 2, we have by [M,] that the second funda
mental form o(X,Y) = 0for X € 1] and V' € V,. Then, there is a choice of a
tangent and normal frames at r such that the matrices of the second fundamental
form operators have the form

® A 0 00
[o ol md [o A,J
where each A, is (dim V; x dim V) non-singular matrix, § = 1,2 and this implies
the lemma.

Now, let us suppose that dim V, = 1 and V; is generated by, the mmit vector Z.
Since r(zx) = 6(m) = 8{n — 1). following the proof of Thearem 1 in [Bi]. there is one
normal vector & such that rank i = 1 (A, is the Weingarten operator). If §; is a
normal vector orthogonal to £ we have
(3.2) R=Ag ANAg

We will prove that .4¢,(Z) = 0 and range of Ay, is contained in V. This together
with (3.2) and the fact the that #{z) = 8(n — 1) imply that Ay, is non-singular on
V1. proving the lemma.

Since dim (V) 6 V3) 2 3 there exist X,Y € T, M such that RIX AY) # 0.
Demoting by X’ and X" the ortogonal projection on V; and V; respectively we have:

R(XAY) = (Ag XV A (AR YY + (A XY A (A YY" + (A X)" A (A Y)'

HAa XA (AT
where
w o= (AQXI'A(AﬁYI'=0ml
o = (A XY A(AGYY + (A XY A (A6 YV =10,

since dim V; = 1 and R is zero for 2—forms given by one vecior in V5.
Taking interior product of i, with (A, X )" we get

0= itAg XYos = AL XYIP(A Y )" = (A YV (A XN A X"



and therefore

(A ¥)" = (A6 ¥V (g XIMI(He XV (46 X)*
Taking interior product with (A, Y)' we get

0 = HAyY Vg =< (g XY, (AgVV > (A ¥)" = |[{4e V)| Ag X)"
= e XY (< (A XV (A ¥Y >) — [I(Ag XVIPNl(Ag Y YIFHAG X ).

If (Ag, X)" # 0 the above relation implies (Ag, 1) = A( 4y, X) and then R(X AY) =
(Ag, XV A (A, YY = 0. Bence,

(3.3) if RIXAY)#0wehave (Ag X)" = (AgY)" =0

Consider now the orthonormal frame {Z,,...,Z,} which diagonalizes the oper-
ator Ay, such that A,(2,) = AZ, and AL(Z;) =0, i > 2. Since R # 0 at z, there
exist Z, , Z, such that R(Z; A Z,) # 0. By {3.3), we have (a{Z,, Z), §)=0=
(e(Z;, Z). &) = 0. This implies a{Z, . Z) = 0 for i > 2, as we have supposed
Ae(Z) = 0. Since RIZAZ;) = R(ZZAZ)+ R(ZAZ) =0 we will bave in the
Gauss equation (aZ, , Z,), o(Z , Z)) = 0. Because o(Z;, Z,) is orthogonal to
§. we have o(Z, 7) orthogonal to £ . Now. writing the Gauss equation for
the sectional curvasure of a plane spanned by X € V) and 2 € V3 we get:

0= (A X, XXAq Z, 2) — ((Ag Z. X)) = ({44 Z. X)P

This together with (3.3) implies ¢, Z = 0. Thus, range dg, C V) and 44 Z = 0, as
we claimed.

Now let / = fly 1 A — R™? ba the isomettic immersion [ reairicted to the
soul. Since A is a totally geodesic submanifold of M. the first normal space of | is
at most two-dimensional. The Lemma (3.1) implies that there is a paint p &€ A such
that all the sectional curvatures along planes tangent to 4 at p are positive. We
can casily o generalize 1o f, using the same arguments, Theorems (2.2) and (2.3)
of [B — M), obtaining the same results, since they need only the fact of the first
normal space be at most two-dimen=ional. These alight generalizations imply that
il m > 3, A and consequenily M, are imply connecied and A is homeomorphic to
asphereS" Then if m = 2. Ahntobehmcommphncenhenoasphm 52 ot to
a Real Projective space IRP?,

If M is simply connected. then by {2.2) we have that M is a product A™ x P~
I n—m > 1, it follows by [M,] that either f is a product of hypersurface immersiciis



or f takes a compleie geodesic into a straight hine. In the latter case, this geadesic is
a line (in the sense that each segment realizes the distance between its endpoints),
hence it must split off isometrically (cf. [T]). This would imply that f is at least
1—cylindrical which contradicts our assumption. Then f is a product of hypersurface

The only thing we need to prove now is that if n 2 4. the soul A cannot be
homeomorphic 1o JRP?. Suppose it is and consider the universal covering Mof M.
Let us consider A, the soul of M, which is homeomorphic to 5? and the immersion
],:— Po f where P is the covering map. Since n —2 > 2. 7 will be a product of
hypersurface immersions and then if ¥ € TS? and ¥ € (TS*)* , &X', V) =0
(@ is the second fundamental form of f). This implies that f is reducible along A.
By propaosition (2.5) M is a product over the soul and again becavse n -2 > 2,
we would have A. homeomorphic to RP?. isometrically immersed in codimension 1,
which is the required contradiction.

§ 4. Proof of Theorem 2:

To prove this theorem, we will nse the Fondamental Existence and Unigueness
Theorem for submanifolds {see [B — C}, § 10.8). First, we will prove (ii) of the
Theorem and 1hen (1) will follow easily nsing the same arguments. Following Moore’s
argument in [A;). for each r € M, we will take s neighborhood I'"C M of 7 snd
on ihe tube I/ x /R? contained in ithe normal bundle. consider differentiable seciions
&, & such that if we define a second fundamental form a, : TU x TU — E by

aX.Y) = (a(X.Y], £)& + t{a(X.Y), &)6

and a normal connection ¢} : TUU x E — E by Qté, = t 9+ £ fora = 1,2.
(E, o, ) will satisfy the Ganss, Codazzi and Ricci equations for 0 < 1 < 1in
such way that if {f;} denotes the family of isometric immersions, we will have f,(I’)
lying in a hyperplane of R**?. Since M is simply connected, and o, will globally
defined an TAM x TAl, the family {/,) is globally defined.

In order to construct E and {¢,. £} as above we will prove the leramas below.
Given 1 € M, T.M = T_M,. SIR, we will always denote by Z the tangent vector
belonging to R.

(4.1) Lemma: With the same hypothesis of the Theorem, if at a point
€ M, a(Z.Z)(z) # 0, then there is an arthonormal frame {{,, {>} in the normal
mm.h"’-‘ﬁ(n”ﬁl'gn"‘- A!:(Z)=omm'k‘6=‘



Praaf: Let [/ be the arthogonal complament of the relative nullity subspace N (z).
If there is a 2-plane ¢ such that the sectional curvature K (o) > 0. the same proof
28 Lemma (3.1) applied to I’ gives the frame (£, &}, since r(z) will be the nonnuil
nigebra 6 (dim & = 1) % 6(1).

Now, let us suppose K(o) = 0 for all o € T, M. If dim U = 1 there exiata a
normal vector £ such that A is identically null and then £, = £ and & orthogonal
to £ satisfy the lemma.

If dim U = 2. as in the proof of the Jemma (3.1) we will define &; by ﬂ%‘%ﬁ
Taking £; orthogonal to £, (A4 Z.Z) = 0. But there exisis a vecior Z; which
ia the eigenvector of Ay, associated to its only nonnull eigenvalue. Ve claim that
Z, € T,M,. In fack, Z, = aX +bZ, where X Iz the normalized orthogonal projection
of Z, onwo T,M,. H we sake Z;' = —bX +aZ. Ay (Z}) = 0 and then,

= ‘-bAh." + aA(,Z
Taking innar praduct with Z (remsmbering that {4, Z.Z) = 0) we bhave

0= -4, X, 2)

b= 0webave Z; = X and if {A4X,Z) = 0 we have, because A, (Y)=0 for ¥
orthogonal to X. ¥ € T, M, that T, M, is invariant by A and Ag (Z) = 0. Hence
the lemma foolows. :

By the above lemma. we can always consider a subspace IV of T, M,, which is
at least (n — 2)—dimensional, such that if ¥ € W, 4, (Y) = 0. We want to observe
that, since o(Z, Z) is non— null in a neigborhood V of 2, af Z, Z) will define a dif
ferentiable normal vecior field on V, £, which is defined parallel to o(Z, Z). Since
rank A, = 1. the operator Ay, has eigenvalues with constant muliiplicity on V'
and then its eigenvectors are differentiable vector fields on |. Consequently, their
orthogonal projections onto T M) for 1 € V, arc differentiable vecvor fields on V.
The normal vector field £;. taken orthogonal to £;. is also a differentiable normal
vector field on 1.

4.2 Lemma: With the notations above we have:

DHY eW, UL =956 =0 :

i) H A is an eigenvalue of Ay, at z, A is constant along the segment of the geodesic
“(t) = expstZ. contained in V.

Proof: [f dim IV = n — 1, Ag|s, s identicallv null and then A, and Ay are
diagonalized by the same basis. This implies that the normal curvature R* is zero
and the lemma is obvious.



Hdim W = n —~ 2, from the lomma (4.1) we have {a(Y. Z}, §) = 0 and
{(a(Y.Z). &) = 0. Denoting by X the vector generating T, M, N W+, we can apply
the Codazzi equation to X, Y, Z and £; to get

(gxadY.2). &) = (0¥, 2)60) = (Y, £ 2).&1) =
- (FioiX, 2Z), &) — (ATrX.2Z). &) - (ol X, Or2), &)

Observe that the left hand side is equal to zero, since a(¥.Z) = 8, Tx) and
» A (VxY) belong to T,AM, and 7xZ = 0. The same reasons fogether with
{a(X,Z), &) = 0, imply that the right hand side s equal to

(Tia(X.2). &) = —(e(X.2). v§6)

As we are supposing that (a{X.Z). &) # 0 (dim W = n — 2). we have Fiés =
Vil = 0.

To prove the second part of the Lemma, let us consider the basis {X.... £
of T, Al; diagonalizing .i¢, |7,x,- From the Codazzi equation applied to Z, X; and
£, we have:

Z{a(X;. X)), &) — (o Xi. X)), 936) - Wal9: X, X)) &) =
xn("(z- Xl)a &) e {a(z X.-), v#;f‘l) - {G‘(VI;Z» xi)}- (“‘2 VI;X“' El)

Since Agjw = 0 and P$& = 0 for ¥ € W, the above equation is equivalent to
(43) Z{a{Xe. X &)) - 5K XP((X. X), 7E6) =
w1
= z(xv X)’(o(z. X)- V'}G)
=]

Therefore, to prove (ii) of the lemma s equivalent to prove that

(alX. X). 936) = (o2, X). V5&) which is equivalent to
(44) (ol X, X), &EXVihn &) = (a2, X), GHUxE. &)
For that, consider the orthonormal basia { Z,, Z,,...,Z,} diagonalizing the operatar
Ay, such that A,,(Z) = 0. i > 2. We can consider Z; € W C T.M,, for all i > 3.
Applying the Codazzi equation w0 Z3, Z, (i > 3) and 3, we have

(v,alZi, Z), &) = (05 2. Z), &) =

= (Vi Zs. Z), &) - (0220, Z). &)~ (alZs, 93,2). &)



On the right hand side, because A, Z, = 0, we will have only

(4.5) (Ol Z. Z)). &) = ~{alZ,. Z). 93,6)

Since 1 > 3. Z, € W from (i) of this lemma we have 73 £ = 0. Again, because
AeZa = AgZ: = 0, the leit hand side is equal to zero. Then (4.5) becames
{ad Ziy Z;), 6HV36. &) =0

If there is i such that (a(Z;, Z). &) # 0. we have (V3,6 &) = 0. If
{alZ., Z:). &) =0 for all i 2 3, we have ¢ |w = 0 and then X is an eigenvector
of A . Wgting the Codazzi equation for Z;, X, Z and §; we will have

(vz,0(X. Z), &) = (a9 X.2). &) = {alX, ©2,2). &) =
= (vxalZs Z). &) = (@(Vrxds Z). &) = (o2, OxZ), &)

Since [ is the only eigenvector of A, with nonnull eigenvalue, Z; € span{X, Z}
and (9 yX, Z) =0, the left hand side iz equal to sero. On the right hand side, for
the same reasons. the only term we will have is

(vzalX, 2). &) = —{e(X. Z), v3,&)

which will be zero too. Since we are considering {a(X, Z), &) # 0 (ortherwise
dim ¥ = n— 1) we have again 93,6 = V5,6 = 0. This {act will imply (4.4). In
fact, write Z; = aX + bZ.

Ap(Z,) = 0 = a{a( X, X), &) = —bla(X, Z), &)
Viéi=0=2>avib=-bvi&

Therefore

(4.8) HafX.Z) &) 75 & = dalX. X), &) vi &

Since we are supposing b # 0 [(b = 0 = Z, € T, M, = dim W = n - 1)] , (4.6)
ymplies (4.4) taking imner product with £.

(4.7) Lemma: With the notations above. if 1’ € IV and X is orthogonal to WV, V'
and X are parallel along the segment of geodesic y(t) = ezp,{Z contained in V.

Praaof: If M, is two—dimengional we consider i-ntlnnn-‘l parameiers (z,, #,) defined
on V such that ,5.—.,\,.\' ..ag’_-:z.r. If M, is at least three dimensional then
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dim W > 2. Conaider ¥,. ¥, € W and the Codazzi equation far V), ¥;, X and £,.
We have: ;

(V¥ a(Ys, X), &) = {adonYa X). &) = (o(}3, 0 X) &) =
= (viheYy. X), &) = ({Onh. X), &) = (olfs, 9y X), &)

Since Ag,(Y¥;) = 0 and th, =0 for 1 = 1, 2. we will have
(InPh X) (a(X, X), &) = (Fnly X) (o(X, X), &)

Since {a(X. X). &) # 0 {otherwise dim W = n— 1 which implies R = 0 and
then the lemma is obvious) we have ([};. 13], X) = 0 and then M’ is invegrable.
By Frobenins we can consider local coordinates (7y.....2,-;, {) defined on V such
that == L&, & =AY, for ¥, € W and £ = A.Z. Since (£, £].= 0, we have

d ] g
Vg~ V4 g = T Az - Oas AN =0

Therefore
AYi(Aa)Z + KA. Iy; Z — L Z(N)Y; — AA U3Y, =0

Since ¥y,Z = 0 (because M is product) and ¥3Y, is orthogonal to Z and Y, it
follows that 7 zY; = 0. The same proof implies 7z X = 0.

Now, we can start the proof of Theorem 2. Given z € M, we consider the
geodesic y{t) = e2p,{Z. We claim that there s a point y € ~such that o Z, Z)(y) #
0 because if not, / would take a compleie geodesic 1o a straight line in R**? con-
tradiciing our assumptiion. As we have already observed. in a neighborhood V of
y. & and &, satisfving Lemmas (4.1) and (4.2) are differentiable normal vectors.
We want to prove that for each z € =, there is a neighborhood U/ of z such that
we have diflferentiable normal vector fields £; and £,, satisfving the lemmas above.
Take z on the boundary of ¥. Let ¥ be another neighborhood where  belongs to
its boundary too. g ey

f (2. 2)ly # 0, we have ¥ € W, and ¥, and ¢, satisfying the lemmas above.
We claim that £, = &, and £, = &, (defined by limit) at the paint 2. In fact, if
K(o) > 0 for some plane ¢ C T, M;, by Lemma (4.2) (i), K{e) > 0 in a neighbor-
hood of z and then K(c) > 0 on V. Therefore, as it can be seen in the proof of
Lemma (3.1), there exiats Y € TV auch that §; is a{Y, ¥) normalized and there ex-
wts ¥ € TV such that & is oY, ¥) normalized. Now, we define the vecior }' on V
and ¥ or V by parallel translation along geodesics tangent to Z (see Lemma (4.7)).
Since A(Y) = 0and Ay (Y) =0, & is parallel to a(Y, V') in V and £, is parallel to
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Y. ¥)in T This proves that £ = £, at the point z, because &, = § = %
This also proves the differentiability of £, in a neighborhood of z.

If a(Z, Z)|r = 0. we define £, & on V by parallel translation along geodesice
tangent to Z. They will sausfy Lemmas (4.1) and (4.2). as it can be seen below.
Consider .X,. an eigenvector of Ag,, J = 1.2. From the Codazzi equation we have

Z{a(X;, Xi). &) = (a(Xyo X)), 936) - 2at w2 X X)), §) =
= XilalZ. X)). §) = (o(Z, X)), 93,4) = ((9x:2. X.), &) -
={a(Z, vx.X0). §)

Since Ag,(Z) = 0, V3 = 0 and Vx,Z = 0 we have
Z{alX,. X\), &3 =0

implving that ¢, and & satisfv in T the lemmas above.

To finizh the proaf of (i) in Theorem 2, we have to prove that o, defined
previously, satiefies Gauss. Codazzi and Ricci equations. The Gauss equation will
follow from (3.2). The Codaszi and Ricci equations follow easily if 0 <t < 1. For
t=0 ofX.Y) = (alX. ¥). &), which implies that f will be an isometric
immersion in a hyperplane of B"*?. Therefore, we need ta prove only the Co
dazzi equation. This will follow from the Codaezi equation for the given isometric
immersion f, remembering that for ¥ € I,

(VhalXy. Xa). &) = Via(Xy. Xo). &) since @& =0
(wx, oY, Xa), &) = Xi(a(Y, X3), &) since Agy(¥V)=0

for each X,, X; tangent to 3. Hence. we are reduced to prove it for X' and Z, X'
orthogonal to #'. ¥We bave:

X(a—(Z. Z’v Ei) _Q(Q(VXZQ z)sfl) =0
= z(a(‘rv z)‘ &) = (O(Vz-t- z)- el) o (ﬂ(.‘-, VIZ)\ {I}

because Ag(Z) =0 and Y3Z = 0. The other equation will be
Z{O(Xq x)! 6)- Q(O(VIX. x)| &) - 3 Z(dxl ‘t’v 6)
‘t{a(z' ".)’ {l) = ("(VJZ. -Y)v fl) 3 (G‘Z, vx“-)’ E-l) =0

because Ay, (Z) = 0 and 9xZ = G3.X = 0. We caii see that the only term left,
Z{a(X. X), &) is zero from the Codazn equation for / which has only one more
term on the left hand side, ie, {a{.X, X), 77£) and only one more term on the
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right hand side. {a(Z, X), ¥3¢,) which are equal by (4.4).

Now, part (i) of the theorem. is easily proved. For each 7 € M,. we consider
2= (7. {) € M, x R, such that o{Z. Z)(z) # 0. For a neighborhood U of z.
which is IT x I (U is a neighbothood of z in M, and | an interval of JR) we bave
a differentiable narmal vector &. such that Ay, satisfies the Ganss and Codazzi
equations for an isometric immersion from U to IR™. Since M is simply connected.
we have the required immersion g.

We observe that f., constructed above, s congruent to g x 1 since Ay, (2)=0.

§ 5. Theorem 3 and Immersions which are not
products

To prove Theorem 3. by Theorem 1 we have to consider only two cases, namely,
when the soul is the circle 5* and when n = 3 and the soul is homeomorphic to
RP?. In both cases, the universal covering 31 of the manifold M will be the product
M] x IR

We will denote by /= foP [ P is the covering map), & the second fundamental
form of f. and V7(#) the index of relative nullity of fat F € M. Letustake 3 € M
such that Vy(#) = 0. Following the proof of Lemma (3.1) we see that there are nor-
mal vectors &, and £ such that g, (TeAly) = T: A5, A (Z) = 0 and rank 45 = 1{Z
denotes the tangent vector belonging to [R). Since R* = 0, the same orthonormal
basis diagonalizes Ag, and Ag,. Then Zi, eigenvector of Ag coresponding to nonnull
eigenvalue. has 10 be tangent either to 3, or o R. K Z, € T3af,, Ap(Z) =0 and
this implies that Z is relative nullity vector, which comtradicts Vi(2) = 0. Then
alX, Z}=0htollX€TM,sincamcomph%egmduﬁcianheabnh
a straight line in JR**?. Therefore f is reducible along the soul A. By Proposition
(2.5) M is a product over the soul and because afX, Z) = 0. f i a product of
hypersurface immersions, proving the theorem.

Now. we show an example of 8 complete manifald A™ with 5' as a soul. iso-
mﬂcaﬂyhnmnndinﬂ'"ﬂkhhmuwodxtdwm“h
referred to [A = M), seclion 4, for ihe details.

Let fi : MY~ — R be any isometric immcrion of codimension onc and
jo: S' =~ IR m isometric immersion such that f; is totally geodesic on the
imen:l.l--(-—z.d.Nwmﬁduf=f,xf,:ﬂ=lﬁx3‘ — ™. The
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restriction of the immersion f to M, x / ix given by

adl

(my 1) = E Flmley + teqys
)

where {ey,...,ns2} is the standard basis of R®*2,

If Af, is compact in section 4 of [A — M). the authors show how to construct an
isometric immersion f of M; x [ which is not a product of hypersurface immersions
and agress with f whenever § < |t| < 2.

We want to point out that the compaciness of i, is necessary to guarantee
that equation (7) in [4 — Af] never vanishes and then A, defined by them is an
immersion. We are interested when M, is non—compact. So. we will fix one copy 5°
of M, denote it by 5, and for a real number o, take the compact subset B(3. o) =
{m € M[d(m, 5) < o} (d(m, % i the distance from m to 3). We redefine the
immersion A : My x I — IR**? by

n—1

him. &) = z} film)e; + fF(m)[X, + aXon)(t) + a(t)

where now a is a smooth function depending on (m, ). For m € B(3, a), a(m, 1),
satisfiea the same conditions as a in [A ~ M) as a function of {. and we require that
a(m, t) goes to zero when m is such that d(m, 3) = 0.

Following the same procedure as in [A — M] we can produce an isometric im-
mersion f of My x I which agrees with f whenever £ < [t| < ¢ and m ¢ B(3, o).

Pxecmg!md?logethﬂweobtunz-eodmemdmmemcxmmd
M, x 5* which is not a product of immersions.

Before finishing this paper we would like to say that it would be of interest to
construct examples of manifolds baving S* as soul in /**?, which are not product
over the soul.
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