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ABSTRACT. We consider polarized partition relations concerning partitions into an infinite
number of pieces and also partitions defined on products of higher dimension. We use an infinite
version of the method of induced coloring which is frequent in Finite Ramsey Theory. Sufficient
conditions on cardinals l‘l' )?, e Rn’ B are given in order to satisfy the polarized partition

relation
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It is shown that the simplest infinite dimensional polarized partition relations fail under the

assumption of the axiom of choice, and that under certain large cardinal hypotesis, there are valid

polarized partition relations defined on the union of all the finite dimensional powers of a
cardinal.
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means that for every I: [y 1¥3x 3,1%2% . 20, %8+ &, there are sets Hycly,
H2A .. Ba CAp With [Hj|= a; for i=l,__n. and Fes, such that
F™ (B Fix(B, F2x_ x(R, Ka) o(F)

Proposition (Monotonicity): If 305 ajéa’, K'j<k; for all {. lidn, and 8¢5,
then

! a1 Ky kg ky | LRl S P
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An A~ X'n a'ng

Proof: Follows immediately from the definition O

It isalmmytoshovthaurnﬁm,
31 Ay Pkykp o ke 1 QLK K Ky
Az az 12 a’2
o e implies | , | |,
A Am=s X'g X'y

The first infinite case of amultidimentional polarized partition fails, indeed,
Ro [R:]l,l
[Rn] Tlkel
is easily seen to be faise by defining F(i,j)=0 if i and F(ij)=1 othervise.
In this paper we will FEsIrict our attention to the case in which ki=kg=. =Kp=l,

and in this case ye may omit the exponents in the peartition symbol.
¥e start by proving a lemma concerning products of dimension tyo (ie. n=2)
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Lemma: Let K. be infinite cardinals such that 2% < cofl. then. for any & < cofi,
[5]-151,
Proof: Let EXxA—& be given. Define an equivalence relation ~ on A by
a~p & Vi« E(Ea=E(E.A) The number of equivalence classes is given by
Ksfsx=2%<cofs. Therefore, there is an equivalence class B of cardinality ).
Define now G¥—~6 by G(E)=F(Ea) for any aeB. Since cof 108, there must be a set
Acx_ A=K, on which G is constant. Clearly, AxB is homogeneous for E. O

»

This result improves Lemma 4 26 of [V ] whach only deals with partitions into
WD pieces.

¥e ¥ill now consider polarized pertition relstions of higher dimension, the
previous proof is extended to this case

Lemma: Suppose Ay, Az ... Mg &re infinite cardinals such that cof 1441»2“'5 for
i=1.2,...n Then
A ALl

Az A3
Ay Aa—8
for afl fx cof Ay.

Proof: The prodf is DY induction on ni2. For n=2 we have the result by the
Previous proposition. i

Suppose the result holds for n=k, and let Fapdox.. ys1 8. As before, we
define an equivalence relation ~ on Ay+1bY:

a~p < For all (ay, @y ..ay)ekpdzx..xiy . Flay, az aya)=Flay ay
0y B)

The number of equivalence classes is the cardinatity of AP32%- 30, which
is [M5] » 2% By our hypothesis. 2% < cof(hgs1). and thus there is a cless By of
cardinality Ay,

Define now G A pdgx. xhg—8 by Glay, az ..ay)=Flay. az ...ag.a) for sny
acHy.

By the inductive hypothesis, there are Bychq, Bxp... and Rychy, with [Hil)
for i= 12, X such that G is constant on HyxHpx.. xHy.

Then HyxHjx. xHyxHysq is homogeneous for E.O

Theorem: I K is a strongly inaccessible cardinal,
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Lemma: Let ¥ 3 be infinite cardinals such that 2 « cof). then. for any & < cofk,
K K
[1 ] " l; ];A
Proof: Lat Exx3-5 be given. Define an equivalence relation ~ on L by
a~p & Vi« [(E.a =[(E.8). The number of equivalence classes is given bY

[sksx=2%cof\ Therefore, there is an equivalence class B of cardinality L.
Define now GX-8 by 6 (E)=F(E a) for any aeB. Since cof 108, there must be a set

Acx_ JAlx. on which G is constant. Clearty. AxB is homogeneous for F. O

This result improves Lemma 4 2 6 of [¥) whach only deals with partitions into
TWO pieces.

¥e vill now consider polarized pertition relations of higher dimension, the
previous proof is extended 1o this case

Lemma: Suppose Ay, Az, ... A ore infinite cardinals such that cof 74+p2"‘ for
i=12,..n Then
X A L1

X2 A2

£ ¥

ha a8
for all f cof Ay.

_ Proof: The proaf is by induction onmz.Eorn-Zvehavetheresmbythe

Previous proposition. '

Suppose the result holds for n=k. and et FApagn. s ~8. As before, we
define an equivalence relation ~ on Aye1bY:

a~f ¢ For all (a4, @y ..ap)Ehpdx. g, Flay, az ..axa)=Flay, a2
. 1% )]

The number of equivalence classes is the cardinatity of (g% XA0g yhich
s [M5] = 2% By our hypothesis, 2°% < cof (1), and thus there s a class ByCy of
cardinality iy

Define now Gpazx. xhg—8 by Glay. az _.ay)=Flay. ap ..aga) for any
asHy.

By the inductive hypothesis. there are Byc)y. Bxcdy... and HyShy. with [HiE)N
for i= 1.2,.._X such that G is constant on HyxHzx..xBy.

Then HyxHjzx . xHyxBys is homogeneous for EO

Theorem: If K is a strongly inaccessible cardinal,
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K aq

K az .

17 for all @y.a;....as 8 « and new.
Ay #

Proof: Take 2« such that @, @2 ...aaQ and f«ofl (in fact, we can take 1 10 be
regular)

Put T(s) = (28)*. and in general, T™=*1(6)}T(T™(s)) for each cardinal & By the
lemma we have

Y 1
T(1) 1)

e
TR 13 T=i(a)-g

The monotonicity of the partition relation and the inaccessibility of K imply
the destred result. O

Ve would like to consider 00V products of infinite dimension. ¥ith the ariom
of choice, the simplest infinite dimensional polarized partition relations are false-

Theorem (AC): For all k32,

ol

2
Proof: Define an equivalence relation on K@ py
f~g &= Jm fim=gim (where {lm-= T {new| mm }).
Pick one element of each equivalence class. and given fek®, denote by { the
chosen element from [f]_ . the class of £
Given fek® _let ng be the least mew such that flm « flm. Define a partition
EX®-2 by

01if ng iseven
f{”';lﬂnf:’sodd

Let {H;|iew} be a coltection of subsets of K such that [H;| 2 for each jew Ve
will show that the product HiewH; is not homogeneous for [

Let fellieoA;. The functions f and f coincide from a¢ on: £(k)=f(k) for ail king
Define gellie,H; by g{n) = f(n) for nen; and g(ny) = some etement of Hpg different from

f(ng). Clearty, g~ (end thus F-g), but ng=nr+1. Thus F(fE(g). O

ﬁemmeies,mepoluiudprﬁ&mrelaﬁmsdeﬁned on the union of afl
thoﬁnmdimensionﬂpmdmuofawdinuxcm be interesting.
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. First, we state without proof the following technical lemma:

Lemma Given measurable cardinals K1¢K2 and measures yjand ;i on Ky and
K2 respectively, the filter on K%K ; generated by the sets (oK yxK ; satisfying

ug{aeky] ua({Bey| (a.gleC P =1
is a Ky -complete ultrafilter O

Definition: The partition symbol

i

means that for every function FUpeq, K2 -2, there are sets Hy. By ... .By. .
all subsets of K such that for all i’l, [Hil = 3; and for all n1 F is constant on HyxHox. xHgy

Theorem: Suppose there is an w-sequence KgKi<... Kq¢..0f measurable
cardinals below a cardinal K. then

K 0
K «911
HME
2
for any sequence of cardinals Agr Ay, ... such that & < UpgeKy for every icn.

- K 0
Proof: ¥e will show {K} T}F‘J

4

From here the statement of the thesrem by picking the appropriate
subsequence of the sequence of measurable cardinals.

Let FUneqk® 2. Let 1y; be a measure on ky. We will construct sets Hq, Hy. ..
with the required properties. For this purpose, we will define sets Lin for all new and

in, satisfying A‘-ml cAinfoan (new). and for everyn, A?:lqmd u,-(A:lH
Eureveryim,themniﬂubeefmedbyng-r\.ﬁf.

Consider ETKp . One of the sets {a®g | F(a)0 }or {a®q | Fla)1 } hes measurs
nnen'thmpgctmug.CunitAgundletiobetheoon:mntvaltzof}‘onAg.
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To defline A:) and L:. notice that for each ach, {psxy| F{a B0} has ny-

measure one or (BeX 1| Fla_8)=1} has jyj-measure one. In the firs case we call a a0
poml_and'mmeseoondvemixi:nl-wim.'rhemA.ginhzmorﬁ—poimsoﬂhe:et
of 1-points, vhichever has measure one with respect 1 ug. Let 11 be the appropriate
value, ie. A‘l,is the setof i;-points in Lg and no(Atl,)-x,
1 :
Nov, for each achg, ug{{sexq| Fla.p) =iy P=1, pwt
A%- N . {pexy| Fla )iy ). Note that since K g = IA% | <Ky and ny is Ky-complete,
ae

m(A:}-L

Ve proceed inductively. Suppose we have defined A; Lf. - Li such that | is

k k k k .

constanton Ag x Ay x . x A and (A, )=1 for every ik

Classif'y the ke1-tuples of Ag x Ay x . x Ay in two classes: fuples of rype 0 and
tuples of type | according to which of the sets. (feKy+i]Flag ay. ... ax . B)=0}or
{fergs1| Flap ay. ..., ax. B)=1 } has measure one with respect 10 pyeq. Let iy+1={0.1 ) be
such that the set of Tuples of TYpe iysy ofl;,&f, _.,L:hasmmeonevith respect o

the measure pgeXu1X ... Zuyg 0N Kggx _ Ky ¥e thus have: no({aoﬁAg ini({alehfl

ux({axﬁis:l px+t ({BKxeq[Flag ay, . .ax B) =iger P11 . P=t P=t

k

For each taple (ag ay, ...aj) € A; x L]k B A{' (ik), call B(a., ay. .4y

K K
(@019 Ay gl s 2laie28hy ol - et ({BeKaaq| Flag . d @ie1. .0 B

Fixes D1 1) Andfor (@, 01, 2x) Bz g1 gpy” BeautFl@g ay. 2
BXixs1 ).
Vepu Ay’ «{acag| ul(B:)'ll

Af"- N. B

1@

asAﬂ
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K+ x
An = N B
2 (agaz)-
(ap az ) A:ﬂxA?! :

and in general,

k+1 k
- ki qu(an, o ieg) { for 1¢k)
(ag ay. ....a;-1 )¢ Ag x..xA;
finally,
k+1 k
Axer® n K+l k..lB(an. —ax)”

(ap ay. ....ax)e Ag x .. xhy

By the completeness property of each y;, for all ick+1, jy (Af” »l.

To complete the proof, put for each iew, H,--n,iﬁ-n. Clearly, for every iem,
ui(H;) =1 and for every new, F~ HoxHyx . x Hy = (in). O
Ve would like to point out that finite dimensional palarized partitions with

finite parameters on the right hand side of the arrow have finite solutions, that is, if
C1. €2 ... Cp B are finite cardinals, then there is a finite cardinal k such that

k <1
k <2
a7 s
k Cn—g

As an example. k=5 is a solution for the partition property
[¥]-[Z]
K 2 2

and some X, 8<k<20 is a solution for

(see. for exampte, [Ca].
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