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SUMMARY. Let R be a Dedekind domain and K be its quotient field. Let L be a finite
separable extension of K, with L = K(x), x being in the integral closure S of R in L.
We let f{x) € R [X] be the minimal monic polynomial of x, and let A = A(x) = A(f
be its discriminant. Let D = D(S/K) be the discriminant of S over K. We show that under
certain conditions § = R[X] if and only if A is square free. Moreover if { remains
irreducible over E = K(y), y> = mA, R unit of R, then L(y) is unramified over E.Ou:
conditions apply to the case where- f(X) = . e axk -b, a,b €R, with nb and (n-k)ka
being relatively prime and b being a unit if k > 1.
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1. INTRODUCTION

We let L D X be the quotient fields of Dedekind domains
S and R, respectively, such that 1T =XK(x), x €8, 1 separable
over K, and § is the integral closure of R in K. We let f(X) €

€ R[X] be the minimal monic polynomial or x over X , say of
degree d°f = n and A = A(f) = A(x) be its discriminant ; We
set D = D(S/K) = the discriminant of S over XK. We say that XK

is an ANF, if it is an algebraic number field of finite degree
over the rationals @ and R is the integral closure of ® , the
integers, in XK. We say that % is an AFF, if it is an algebraic
function field such that X is a finite extension of F(X)) with
# finite and xo transcendental over ¥, and ‘R is the integral
closure of ‘I-'[xo] in K. In both cases we say that X is a global
field and in this case D = D(S/K) is the discriminant of L over
K . We know that S is an R-lattice of rank n, and our problem
is to find a bases {ul,...,un} for @R[x] and ideals A S,
E womie An , the invariant factors of S such that § = Alul-i-
+...4+ Au . We denote by t(i,j) the trace T_(L/K) x*3) and
.the T= (t{i,3)); 0-<4,5 < n~l': Let Tim;j) be the cofactor

of t(j,m) in T, and z = z(m) = Z{T(m,3)x) |0 < § < n-1}. Also
by g.c.d.(a,b), a,b ER , we mean the greatest common divisor
of a and B

THEOREM l: Let us assume that we can find a pair (m,j) such that
A and T(m,j) are relatively prime.

Then
(a) S =mR[x] if and only if A = D(S/K) is square free.

7 SRR . Rl =,A2'B . A/B ideals in R , B square free , then S = :

= R# . HREOTE +,A-lz with the term in xJ being ommited. Con-
sequently D(S/K) = B



(c) If K is a global field and f remains irreducible over ‘E =
= Kly) , y2 =nA, n unit of R, then both 1* =41(y) and the
sppliting field ‘E* of f over E, are unramified over E.

This theorem generalizes Uchida's Theorem 1 (Uchida, 1970).

‘As an application of this theorem we have:

THEOREM 2: If £(X) = X" - ax*-b, a,b €R, f irreducible
s,

over K and (n-k)ka , nb being relatively prime with b unit
if k > 1. Then hypothesis of theorem 1 are satisfied.

For k = 1, this theorem generalizes some of the results
of Komatsu (Komatsu, 1975). Also treated by the author (Allan,
1982) .

A special case where A]:l the assumptions of theorem 1 hold
is given by £(X) = X roalttl.e€ Z, a odd. Here 1' = @(x,y)
is wnramified over 'E = @(y) and if a =1, A = 7.431 = D(K/Q)

and § = z[x].

This note contains the proof announced in our forthcoming
-paper (Allan, 1988).
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1, GENERALITIES OF DEDEKIND DOMAINS

in this paragraph we shall review some well known properties
on the arithmetics of Dedekind domains,

1,1, DEPINITION AND EXAMPLES

DEFINITION., Let R be a noetherian domain. "We say that R is Dede-
kind domain if R satisfies the following equivalent eonditions:

(a) R is integrally elosed in its guotient field XK.
(p) All prime ideals of R are maximal, :
(¢) The R-fractionary ideals of R form a multipliecative group.

By an R-fractionally ideal we mean an R-module M of X such
that for some a €'R, aM € R,

EXAMPLES ;

(I) All fields and primcipal ideal domains are Dedeking.
Rlso . 5
THEOREM 1, Let R be a Ded-domain and K be its guotient field. Let
4 be a finite separable extension of X and § be the integral cleo-
sure of R in L. Then & is Dedekind.

From this we get:

(11) 1If @ = rationals ; Z = ordinary integers; % is
pedekind and if K is a finite extemsion of £, then the integral
closure R of € in K is also Dedekind. We say that X is A.N.F. (AL
gebraic Number Field).

(111) Let F_ e the field with q élements, ¢ = p*, £ > 1, and
let X be transcendental over 4"@; we set K ffs((sx@h and R =
“fqﬂxoﬂa Then R is a principal ideal domain, and conseguently
pedekind. If K is a finite separable extension of f%@, then the
integral closure of ‘Bo in K is Dedekind. We say that K i@ A.F.F.,



(Algebraic Function Field).
X is a Global Field if X is either ANF or AFF.

(IV) Let X' = K, (Xy,-2-,X ), X, indeterminates and P prime
ideal of 'Ro = 'Kolxl.....xn] : Ro is noetherian. Let R = 'Roﬁp and
K its quotient field; suppose that the transcendent dimension of
X over K is one. Let™V be the variety of p in &*)® with x*
being the algebraic closure of ‘K. Then"V is an affine curve hav-
ing coordinate ring R and field of functions K. We say that “V is
normal if R is integrally closed in K. Consequently if“V is norm-
al, then R is Dedekind.

(V) Let {pa}aEA be a family of primes ideals of R and Ilet

§ = (Upy)®; § is multiplicative. Let R, = § 'R. If R is Dedekind
then S-1R is also Dedekind and its integral closure in“L,IL :Kl=
= finite, K gquotient field of R, coincides with § 'S, § integral
closure of R in 71l. (see Lang, ANT., Algebraic Number Theory).

In particular if B is an ideal of R ana {pn) is the family
of all prime divisors of B then we shall write R = 'ﬁB If 8 =(b)
we simply write R . Here we set slg = §g Or S} respectively.



1.2. IDEALS OF A DEDEKIND DOMAIN.

If ,A is an R-fractional ideal we say that A is an ideal of &

LEMMA 1. If ,A is an ideal of X then ,A is generated by at most two
elements.

PROOF. If A = (a), done. If not,we can find c € R a‘such at;jtal;
A' = GACR, We fix a € A' and then M®R/(a) = G{’R/pilla =np, 1.
®/p® is local artin&an with only prime ideals (7-), j <a , =
= (7). Now,A' mod "pii (3 (n;‘),for some £ = 2(i). Now let b € R
with b =ﬂi(i) for all i. Now A' = (a,b) whence IA: = (a,b).

Finally A = 2A' = (a/e,b/e). ,

LEMMA 2. Let ,A and B be ideals of K. We can choose alfazl.bl,bz =
€ K such that A = !al,azl , B = (bl,hz) and AB = (albl,azsz.

PROOF. We claim that we can choose basis for A , B such thzt
m‘p(al) -="v'p(}s) and ~_(b;) = w,(B), for all p|AB. For , we rzy
assume N@QA) 5 Np(‘B) > 0. Let Py, .../ be all the primes divid

ing AB.

Let us for every jJ choose a basis for A such that
A= (al,j’az,j} ,-ij (al,j) = N’Pj (A). By the chinese remainder

theorem we choose xj z 1 mod Pt;(j) ey = v»p (.A) and xj =P
a(t)+1 ¥ 3
mod p. Al tet ijal,j . Then N‘p.(z) ij(al’j)

because s (xi,an) >a(j)+1,if i#j. Repeat the argument for /B.

= e '

Then,for all plAB w_(a)) =w~ (A) and w (b)) =~ (B). :

Now W~ (albl,azbz) = min{-vp(al,hl) . lvp(azbz))} - :pum( = since
= = = a >

Np(albll Np(al)np(bll NP(A)MPPB) -‘pum an N.p P2 2

> NP(A‘B). : Hence AB = (albl,_azsz P
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1.3. LATTICES AND ORDERS (O'MEARA, PART IV, CHAPTER VIII).

Let WV be a vector space over K and £ be an R-module .in*’v.say
din“V = n. We say that £ is a lattice in"V in rank of £ is n. We
recall,

(1) There exists a base (xl,...,xn} of "V and fractifﬁnazy' ideals

n
la;), such that I = 1£1 Agxy with A A, . . If A, = 7R for all

i, we say that {xi] is an adapted base. for [.

(2) Given two lattices I'l and £2 , then £l~ n £2 is a lattice such
that as an abelian group is has finite index in both Ll and £2 -

(3) Given two lattices L. and £2 there exists a base for K such

1
= = = T = . .

that .cl L aixi and 12 Z}i‘ixi with L= 2 2 =

The {rl} is uniguely determined in this way. They are called the

invariant gfactons of .C2 in £l 3 'hi are ideals of M)

(4) If"Vp is the p-adic completion of "V, p prime of R, and if -_f?
is the respective completion of L , £'p G- 5 then .Ep is an 'pr-

lattice and £ = n {I@ NV ; p prime of R},

Fixed a base {xi} for "V such that £ = E-‘Aixi then {xi] is
adapted to i;p for almost all .
DEFINITION. We say that a lattice [ is an R-order if its an R-al-
gebra. [ is a maximal order if it is not properly contained in any
other order. Given £ then -f,p is ’Rp—maximal for almost all p. £ is

maximal iff .C‘p is maximal for all P.

REM., As T n x" we set L =V and L = §. We fix a base for L. na-

mely {1,%,...,x" "1} and set £, = Rixl. IfX is global,then S in
(Examples II and III) is unigue maximal order of L.



#,4. DISCRIMINANT

Let y €§ and let EY be the splitting field of f over X
with € = Gal(E}/K) = {o, = ia, Oyreees0  1}. We set Aly) =

=1
5 n
= faet(o,y)1% ana D(y) = T (y -oy) = £1(y) with £ () =
n s
= N (X-0y) = 1 b.x"J .
oed j=1 1 |
|
; e - e 3 T = ¢ pyRindL)ofe ‘
LEMMA 1. Aly) = (-1) Bg|x (D) = (-1) v |
PROOF. Lang, A.N.?., III, §3, Prop.. 15. ‘
Let W = (wl,...,wn ),R =: the free R—module generated by the

base W ... Oof /K. We set DW = Idet(ciwj)lz ¥ 05 T
is not free we define the discriminant DW as the g.c.d. of.all
ﬁwo with 'Wo CW and 'Wo free R-module. We set D(S) =: D(S/K)
and if X is global D(L/X) =: D(S/K).

REM 2. If ",y =iz, ’Wl =ZW , X € Hn(ﬁ) y ‘Hl,'w free R-modules,
then rswl = (det X) 2[!". TE "Wl ="W , then det X € R* =; units of
B : ®

REM 3. If € is a multiplicative set, then S 'D(B) = DS 1(B) for
any B either ideal of T or R-module containing R Ix]. Also

g iow = b for any R-module W € 1.

PROP 4. (Lang, ANF, III, §3, Prop. 10). If )!1 = J&z are free 1R~
modules of rank n, both contained in ‘L, then

(1) op, oM,
(2) DMy = (DMy)u, u € R* =M, =M, .

COR 5. If W, CW, are R-modules of rank n, then IV, =(DV2')'.12.



REM 6. If "W, C'Wz and ml)rp = mzap for all localization at
primes p of R =>W, =W,. Consequently if ISWl = (I.'mz)u. VR G

then "Wl ="W2.

(to see this we use Prop. 4 if "Hi are free. If not we localize
and apply the first part).

PROOF OF CCR 5. We localize at p. Then Wl and ‘W2 are free and
- 2 = g1 = & 2
m‘wl),? = (nwzJ,p:P bt 3= 1I,. Then (DW,) = (DW,)T because

this holds at all #p's. ,

COR 7. Let Rix] €W C S => DS|DW, DW|4(x) and A(x) = (DWT. =
= (DS)IZ. Consequently if DW (resp. A(x)) is square free: then
DW = DS and “W = § (resp. A(x) = DS) and Rk = 8. ,

COR 8, (I;ang, ANY, II, §3, Prop. 16). 1f p [ A(x)/DS =c-s"p =
" Rp el

L
et e | =1
et next we€ S\VRE; say w= (F aii)x)ad "= zd 5

Set ' = g.c.d.(d, g.c.d.(A(0),..c,A(n~-1)) and 4 ~ TL'.

LEMMA S.Izlux) . If A(x) is square free then A(x) = DS an S = R[x.

PROOF. We consider the free module 'W_ generated by
— o

a~

(1,%,...,%,...,x" Y, w)> (here % means omit x). We localize at
2
p|1. As 1"p = (1%) we get D"Wo = (}—(gl) Ala) . (Use elementary

operations in the columns of (inj” . We choose j such that if
p|[T then p / A(j). Then at +p, A(j) is a unit and as DW € R

= Hzalbtx) in’Igp or fpzald(x), a ”NP(ﬂ- This holds for all
p|Z. Consequently ’.t,zlA(x).

Closing this paragraph we shall prove:

LEMMA 18, Let £ = Lpzg © § , with {zi} being an adapted base
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for R C L. Then DL = (A,-..,A) A0 .

PROOF. By hypotheses R [x] ¢ £ and this implies x] e £ for all
0<3<nl, hence 1€ A, for all i and conseguently b = ,A;l 3
O R. Now )1 = (ai,bi) chosen such that 'n.Ai = ( a;, bi}. We con-
sider the R-modules ’Wl = ()\lzl,...,}«nznl and e (blzl....,
bnzn) <

Then :swl = (milzmzl.-...zn) and ENZ = (wbi)zbtzl.---.zn? .
n—L,

As z; € R [x] . Then (zl,...,zr;)= To{ R X or

D(z <12y ) = (det Tg)A(x) . Since {zi} is adapted ~1° = det T is

LET
a unit modulo A.

Consequently the g.c.d.(lﬁ'ﬂl,ﬂwz,m =(l1rai)2,(1rbi)2) =

= (R A ZA divides DL. Now in order to prove the eguality
if suffices to localize our argument at all the primes dividing

Py -



15 = TRACES

We shall denote by ti = Trt&fﬁ)(xl) s ode 2 05

LEMMA 1. (Newton's Equations). Let f£(X) = X" + I aixn-i
Then the ti satisfy the following equations i=x
1=}
ia1 4T ajti-j A SRR [ S g
j=0
n
I = 0 L2 0
3=0 A= b
LEMMA 2, Llet T = (tij) . tij = ti+j 110 €53, <=n=1i Then

det T = Afx).

pf :.Por laf V.= (Uixj). Now A(x) =

‘w = (v, ) t
= v‘_ =
Tagh = Yol 2,

3

L
O;X"0.X

= ¥ oi(x

(dnt. W) % =cdet Sy,

3+t =
j+e

=t % VY
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§2. GENERAL RESULTS

2.1. TRACE CONGRUENCES

We shall start with a trivial necessary condition to
w=2/ad € §\R[x]. 5

LEMMA 1. Let w =12/d , z =1 Ai xi and X% = g.ec.d. (d, g.c.d.
(Kopono I'An_l)) ] d ~ ,II.. Then :
n-1

(1) L A

=0 pdE . 0= ) <k,
i=0

1%i43

We call the system (1) Trace Congruences and if we regard
{11} as unknowns,then its determinant is T.

PROOF. As 2z € ar'lx] we have that Tr(z) = (I L e R

mod d and as I|d we have IA;t, = 0 mod I. Now it suffices to
repeat the argument for sz.

Let Tij = cofactor tji , and éli (Tij) L TT = (det t) 1.
4 = identity matrix. We set for a fixed pair (m,j), z = z(m) =

3
=L ijx . Then

L]

LEMMA 2. If A; = ij R as Ve | ==>(1§) satisfies the trace

congruences mod A. Moreover 22 = K- for some L € §,

PROOF. The first part follows from TT = A.4. Next we let V-{vij),

= J i o ) 1o

vij gt A i, <n-) and let V¥V (vij), vij vji if
L = 1 " = yly=

i#m and vpo, 6.k = Kronecker's delta. Now if T v'v (tij)

a-l

we have, for i#m T R

I x=o

For i=m, ij i Gmkvkj = v = cmxj . Hence T' differs from T

mj
only in mEE row. Now by expanding det T' by its nEE row we get

x‘“'

. = = i = &
o Y N I G ty47



e b

det T* = 2 5 _(omxj’ij ot L xT ) =0 2 .

2 R

¢y ) =

= (det o;_

= det(o ') % = det [ (o2 V)2 (67 W2 = [det(o ') %] 400 .

As z2 and - Afx) €8 U = det(c;]fV'Iz €EX and as: L is zan

integer in 'E; ; we have consequently & € S.

Rence 1z = o;l det T = -det(»ﬂ;l!"l'. Now-. z
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§2.2. MAIN THEOREM

We say that the system (1) has rank n-1 mod 4 if there exists a
pair (m,j) such that g.c.d. I'r-j,ﬂ = 1. This implies that modu~-
lo any p|a = the system has rank n-1. :

THEOREM 1. Let the system (1) have hank mn-1 mod 4. Then
(al~§ Rix] if DS =4 is square free as ideal of "R,

M) If 5 +A%B, A8 ideals of %, ) squace free. Then
s=m +m:+-..+m3+..-+fni°'1 + Az with (1,x,...,% ..-.,x"-]',zﬂ -
being an adapted base for ®Rix]. In this case DS = B.

PROOF. If A is square free. Then as .-m:’-»nsur and
by §1.4. 5 =%ixi.

mlymmtthesyﬂ:u (1) bas hank n-l., Then
some z = z{(m) Z O mod A. Also A zCS'. For if s €A ,tﬁn

(-232 uzzz-uu(ﬂ-h a2a Ccxr, o?s? EF . .oz €ES.

Next we claim that xjes’osu,_:,.-.,i’,...,x"'l,z). For

i ; ‘
rmjxjsz-lijrﬁx €S, andas s’oisalattiu(for"om-
erates X) amd as sontklisfmuimm ‘o we have that

2% € g for some t:l.-mmt,r_jrsnugnmtsjés;.

Now from 1.4 , m’ =,t2:n =B,

Fimally as § DS DR, » = @H.L = @7, and
DS, = (ENHTZ =B s W 0l ok B il B B4

=]
5=85 Q..' -

CORDLIARY. If A = I and g.c.d. ﬂ'.j.ﬂ-l.,thn our theorem
applies for ’:t and "'r_
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§2.3. UNRAMIFIED EXTENSIONS

We let y €x? = algebraic closure of X, be such that yz--nA,
n unit of R, Let E =%X(y}),, L' =TLly) and £* be the splitting
fieldvof-7F “over .'B.

THEOREM 1. (c) Let K be global. I1f moreover f remains irreducible
over ‘E, then both 1' and E* are unramified over =E.

PROOF. By part (b) , D(L'/E) is a unit since z/y is an intecer.
Hence T' is unramified over E. Now E?* is the composition of
1.')°, 6 € Gal(E*/E), hence it is unramified over E.

As for the irreducibility of f over E we have the follow
ing simple criterion.

LEMMA.2. Let f €R ], é°t = n = odd, f irreducible over ‘K. Then
f is irreducible over E.

PROOF. Let f = gh in ‘E[X] with g irreducible and let a € x?
such that g(a) = f(a) = 0. If d°g=m,[’E(u)‘:‘El=m ; TBER 1=2
=> [E(a):K] = 2m and as E(a) = Kla,y) € XK{a) ; [K(a)K]l= n =

n|2m. As (m,2) = 1 =snjm =>n =m and h is a constant. s
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§2.4. INTEGRAL BASES: LOCALIZATION

If w €S then w 1is integer over R and a fortiori inte-
gral over /R for all primes of R. Hence w € S‘?. The converse is
also valid in the following sense.

LEMMA . If - w€S ,wg k] , then there exists a € §, unit

in S;P Bk - W eV

n i
PROOF. Let a; Eh,p such that w + I aw = Oicd ., rv,p(ai) >0

a
-l - i
and let iy a.i/bi"""vp(bi) > 0. We write bi.-v'p Bi with

o [t B; - et h be the order of C and let u'\-(nﬁi). Then p [fa,

n-i i n—-1
z

and o € . Now if z-aw.,zn-i-liaa =0 and._ain ~

a"p_ai"B_l cin-1) ( ) CR because Ni(a') >m (b.) =a and
i 5 ow AT -3

consequently all the exponents of the primes dividing ao'_n—l are
positive.

Finally as a is a p-unit, w & RIlx].
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THE EQUATION £(X) = X" - axX - b = 0

3.1. IRREDUCIBILITY OF £(X) = X™ - ax® ~ b,

We shall state a few simple critezr.lons for the irreducibil~
ity of £ in 'Wixl.

LEMMA 1. Let f € R[X] be a monic polynomial

(a) If for some prime » in R, f is irreducible mod p, then f
is irreducible.

(b) Assume that for some f prime in™R , £ = gh mod , d'g =1,
and h irreducible mod p. If f is reducible in /R[X] then f has
a.root ‘In "R

PROOF. Just observe that if f is reducible then it is reducible
mod “p for all primes p of R. '

LEMMA 2. (CAPELLI) (Lang, Algebra,p.221). Let X be a field,  and
£(X) = X" - a, a €EX. Then f is reducible iff either

(a) a is an ath power in ‘X, m|n

or

) 4/n and a = -4c! for some c €%.

LEMMA 3. (EINSENSTEIN).Let f € R[X] be a monic polynomial. If
X" 28D Takd' P TE0), then® £ 18

for some p prime in 'R, £

irreducible.
Let us next look at the irreducibility of x" -a mod p, for

p prime in Z, and a € L. Let d be a generator of F; = the mul-
tiplicative group of the finite field with p elements.

LEMMA 4. Let g.c.d. (n,(p-1)%) = n for some t > 1. Then £(X)=
= x" -a is irreducible iff a = d° mod p with g.c.d. (n,r) = 1.

PROOF. In fact if (x,n) = m > 1, r=mu , n= mv. Then va - ¢']mu
is reducible. Conversely if x‘n-dt is reducible then by Capelli's
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Theorem 4= = d‘; for some s|n, s > 1. Now d, = a® mod p, hence

a® = @™ mod P or t = sr mod p~1. From s|n we set that g.c.é.
(s,p~1) = s' >1 and s'|t. Consequently (t,n) > 1.

COR 1. bet £ # B S o™ - N €2IX]. Then £ is irreducible i

(a) For some pla, b = & mod p, g.c.d. (n,r) = 1 and g.c.é.
(n,r) = 1 and g.c.d.{n,p~1) t) =n for some t > 0.

(b) For some p|b , k=1, n = m+l, a = & , g.c.d. (m,r) =1
and g.c.d. (n,{p-1) t) =m for some t > 0, and'f has no root i-
z. :

COR 2.' if = p[ , p~prime in ‘R, b unit of R and p"la 2 The=

£(x) = X™ - ax* - b is irreducible if p° } £(b).

PROOF. Expand f at x = b and set y = x-b. Then f(y) = y" +

-

S s
+pLaiy"™ 4+ £m). Now bP =bmod p hence p|f(b) and it
hypotheses p2 !/ £(b). Conseguently f is irreducible by Eisens-
tein.

REM. £(X) =X - aXx - b, a2 1mod p, p / b is irreducible.

plfreducefnodp and observe that if x is a root of £ mod p ,

then x +c is also a root mod p for all ec.

EXAMPLE. £(X) = X" + aX* + b , a,b 0dd, is irreducible in the fol-
lowing situations,
k=1, n = 2,3,4,5,6,7,9,15,22,28,30,46,60

=2, n=5,11,21,29,35 ; k=4, n=09, 15, 39, 57,

n

k
k 3, n =6,7,20,12,17,18,20,25,28,31,41,52
k S, n = 12,14,17,20,23,44,47.

We obtain this table by reducing f mod 2 and look at Zierle:-
and Brillhart. On primitive trinomials mod 2. (Inf and Control,
v. 13, 1968, p. 541-554).
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3.2. DISCRIMINANT OF £(X) = X - ax® - b AND TRACES
n(n-1) -
2 N (x)) .

We recall that A(x) = (-1)

LEMMA. 1. Let g.c.d. (n~k,k) = g.c.d. (n,k) = 1. Then A{x) =

= -0 ¥t s, Ay = Xm0 PR - (-b)"Ka® ana e -nintl)

+ nk+l.

PROOF. We have £'(X) = nXx™ L = akx®* 2 o X 1(nx™% . ax). Let

2 s R skl Lot us Find N(2). We have x°(x™% o a)im b o

‘xn—k)k‘xn-k = a)n—k o bn—k o (nxn_k)k{nxn-k sl in S nnbn—k

or (z+ak) Xl z+ak-an] 7% = pPpnTk and

NEz) = (~1)" (ak)®{ (ak-an) 7K - sMpP7E) o

it (-1)2n_k{kk{n-kln-k an _nn(_b)n—k} - t-l)k Ao -

Now N(£'(x)) = Nx)*N(z) = (-1)P* D) (pykliog)ky -

R O3 % hieiine S ol A,. Conseguently A(x) = (-1 € bkF1A° with
(n-1)n o - nlmtl)

E-——2—+kn+n “——'2—"+kn+1-.

REMARK. If n = 2m is even, then € = m+l
If n = 2m+l is odd , then € = m for k even and € =p=_
for  k oda.

Let us now compute A(y) with y = b/x. Now

Ay) = DN ) = (D N I ) By =
2
=+ NE-D"x"" 25 (x)) = 2 B” N0 TP N (x)) =

2 ‘
=2 " T2 p(x) =t b6A° , with & = n® -n-3+k .
We recall that the minimal polynomial of y is
F(Y) = Y" &+ abk-l Yn—k & bn-l -
~ Next we shall calculate the traces ti' We first observe thz
the highest 3j such that tj appears in T is_. j=2n-2. We shall

assume n > 2k.
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LEMMAZ: Let n > 2k. Then the only now zero traces appearing in T

are
to =N, tn—k = (n-k)a , tn = nb
t2n—k = (2n-k)ab (Aif x> 1)
-t = (n—k)az and t = (n—k)a3
2n -2k " 3n-3k

in the case where n < 3k-1.

PROOF. In our case a, =1, a ke and AL =b. Let us appls

=] -
Newton's equations: t° =n apd a, =0, 0 < {1 < n-k, hencs

i
iai + aoti . S an-ltl =0, aoti =0 , 0 < i <k and
(n-k)a, +at . + ... = (n-k)a, +at L, =0 or tx = (n-k)a.
Next if n-k < i <.n, then :Lui +at +..4 an-kti—(n-k) *

- "1-(n-k)tn-k t...ta, ot =0. Since i-(n-k) ¥ n-k _and # ze=
because i - (n-k) > n-k =>i > 2n-2k = n+(n-2k} > n e Enh) =7
similarly k) 0. Hence iai = 0 and at, = 0. Next ==
: St at; . - bti =0,
<4 < n2. Por 1i=8, tn-atk -bn =0 or tn = hn da> 2k). . If
0 <i<mnk, o S 0 and Ciop =0 i i+k#n-k. If i+k = n-k ,
- 1 = - = - - -
0 = n-2k  and n+i n+ (n-2k) 2n-2k. Hence to -2k at  _x <
bt S §s t-2x ton-2x = 2ty = (n-k)a".
Next if i=n-k, t2n-k = atn + btn«k = anb + (n-k)ba = (2n-k)ab.
Now we may have 3n-3k < 2n-1 or n < 3k-1. Here 3n-2k, 3n-k >
> 2n-2 because n > 2k . More generally if i > 4 , i > j =
in—-3k > 2n. Por 1 > j ==in-jk > i({p-k). For ii(n-k) < 2n ==

ST o I e s N f oA e A New

i-2
for i=2n-3k , a3k = ‘th-Zk + thn-3k‘ As 2n-3k < n, tzn-Bk‘
=0 unless 2n-3k = n~k or n = 2k. Consequetly t, . =
= a(n-k)a’. Finally if n > 3k-1 , & > n-k , t, #0 only for i=x,
i=2p-k and i=2n-2k. For these values t . .=t, , t, ., t3 o, .
 § 3 t1+kf° =% j+k=n, 2n-k or 2n-2k, i.e. i=n-k, 3n-2k, 3n-3k al-

ready studied. Hence for all the other's i, t g

have from the second group of equations

= 0 , we have

n+i”
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3.3. TRACE CONGRUENCES: Case k=1, n > 3

Let T be an ideal such that Iz!ﬁ and g.c.d.(I,n(n-k)kab)=1. =
If g.c.d4. ((n-k)na,nb) = 1 and g.c.d.(I,b) = 1; then g.c.d.
(I,(n-k)nkab) = 1. We shall we working modulec 1, and for any fixed
d € R we shall denote by d—l €ER a fixed element of R such
that df]“l z 1 modulo 22..A11 congruences unless otherwise stated

are modulo I. Now the congruences (1) becomes:

(1) nko + (n—k)aln_l =0

(2) (1I) nbln + (n-k)ai R R

=3 n-1-j

2
+ (n 1)aA°7+ {n=-1)a An

"

(III) nbA 0 (j=n-1).

i

PROOF. (I) is the.first congruence: here [ xiti+j E0, j=0 .and
1 e [O.n—li, ti # 0 = i=0,n-1. Now for 1 < j < n-2, 14
€ [j,n-1+j] and here only i+j=n,n-1 yields t1+j ¥ 0. Finally
for j=n-1 the indices lie in [n-1,2n-2] and only tn—l’tn and

are # 0.

t2n‘2 s

LEMMA 1. (2) .Has up to a multiplicative constant a unique solu-
tion.

PROOF. From (I) kn—l = clo i -n(n-l)-la_l . and by recurrence
- 3 fu = ' -ab il
(1) Ay = (eI ), 3=1,...,0-2. (1IN yields ), a7 h

"Hence all 135 can be uniquely expressed in terms of AR S

REM. If a = na and b = ~b°{n—1) with g.c.d. (aobo,A) =1,
Then R = aob;l is a double root of f(X) = X" - na X + (n-1)b
n ot | & i '
modulo Ao = ao - b . If we set 10 (n 1)10 ¢ J = g.c.d.

o
{n(n-1),4), & = 1T A then (2) become
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3.4. TRACE CONGRUENCES: CASE n > 3k-1

Here we have the following congruences:
(1) ni, + (n—k)axn_k =0

(I1) nbln_ + {(n-k)ax e ¢ R (5 Wi

3 n-j-k -
(3)4 5
(III) (n-k)al,_, + nbhy_, + (n-K)a"d , =0 &= 1,...kK
2 = = -
(IV) nbd, _, + (p-k)a"d _,_, +(2n-k)2 _, =0 A BRI o

We recall that in [0,2n-2 ] the only is such that ty # 0 are
0 < n-k < n < 2n-2k < 2n-k < 2n-2,

PROOF. (I) Trivial. (II). FPor 3j=1,...,n—-2K, we look at I Ait1+j=

= L As—jts' with "j < s < n+j-1 , because 0 < s=j < n-1l. In this
interval we only have s = n-k.and n, with tS # 0, i.e.
tnln—j + tn—kln—k—j =0.Also 1 <2 J <'n-2k < Rk X avjelic

n+n-2k = 2n-2k.

(ITI). Next for j €.[n-2k+1l,n-k] we have that n-2k < j < n-k
< o< 22k = nedokl 4 op-1 K gek=le n-k+n-1 = 2n-k-1, and our
equations become:

A t X =0 .

n-k-jtn-x * *a-j*n * *2n-2x-j%2n-2x
E We set n-k-j =k - L or & = -n+t2k+j and as j & In~2k+l,
n-k] =>% € [1,k]; also n-j = 2k-L and 2n-2k-j = k-2+n-k=n-1%.

Now our egquations become

2 = =
L + (n=k)a lnﬂ =0k s 5, 2o

_(n—k)akk_z +nbl .

2k~
(IV) Now 3 € [n-k+l,n-1] and we have that n-k < n-k+l < j
< n < 2n-2k < 2n-k = (n-k+1l) + n-1 < n-1+j and our equations be-

come :
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*n-3%n * *on-2x-3%2n-2x * Mon-k-3%n-x F 0 -

We set. n-j = k=L . Then 2n-2k-j = k-i+n-2k = n-k-1L and
2n-k-j = k-f+n-k = n-4. Hence

*.% A

Meteta P Acpiitan-k * N-atanan =0

or

nb + (n—k)azln

o5 + (2n-K)ab) _, = 0 .

=k=1 L

Finally if 3j € [n-k+l,n-1] => 1L = k*=n+j lies between
k-n+(n-k+1) and k-n+(n-1) or ¢ € [1l,k=1] or & = 1,...,k-1 .

LEMMA1l.If n > 3k-1, then up to a multiplicative constant, the

prm———

trace congruences have a unique solution. :

PROOF. We shall show that we can resolve (3) and find }\j PO b B0 3 bk 1
in terms of Ro . We claim that: '

(D4 A, = -(n-kla) “tad, =: A,

(11} gy e —(n-k)a(nb)'lxn_k_j =2 Oy gt 37120000002k
(BIX) bidggor -8 -k(n—k)azb—ln-zkn*j =2 A g o4 371,200k
(29 2y, = —(n—k)an'lxn_j =t BA, g o 3=L2,e. k0L

For (I)' and (II)' are immediate. Next if we replace (II)'
in (IV) we get

1

2 =1 =1
nb)xk_:i + (n-k)a"|-{n~-k) “a "nb] ln- + (2n-k)abi__

3 3

"
o

nbl,_; + [-anb +(2n-K)abl X, _; =nbl_j + (n-k)abk



and we get (IV)'.

Next we replace those values in (III). We get (n-k)al
2 ke L _ i -1 il
+ nbx2k_j + (n-k)a ln—j z {(n-k)a [-(n=k)an ~] + (n-k)a“}x
- 2 =t T
+ nZAZR_j 2 nbly g+ aT(nk)[-n Tin=k) +11A o = nbl,
- % Fo T e -2
+ a’(n-k)n 1k1n_j SV Verid gt a%™! (n-k) kn My
We now iterate (II)' we get
= z 2 = ‘=
Mg Mgty B RIAL IR aipay B aip—j-tk ;

26 ~

We set n'=ks + m. Prom n-j-tk > k = n~-{n-2k) ,

3 = Ly vin~kwe gat “n=gatk=k > 0 “or
then the highest value of t iz s-1 and if m < j < k t==

3 =My A

IEm,

highest value is s-2. Then for

and n-sk+k-j = mik=j. For j >m , 2

n-(s-2)k-j = m+2k-j. Hence

mk=-35 *

Amt2k-3 7

By replacing in (III)'

A = B

m+k=3j
(zT3)™

Mxin-y = B

for 2k=% = mtk-j ==>n-L =
2k+m-j = 2k-te=>n-{ =
e (B S R

Hence

o
| A
a8

15w

. ~S5-1
adg 2607 4

SR
n-j = ¢ n(s-21x-3

2k-¢ by m+k-j and 2k+m-j,
respectively j <m or j > m) we get

n-j+m-k

An+m--j

n+m-k=-j

n+m=-j

» J=l,...,m

R L . TR

and

(B~t51)R +im=3 >0:

T S
+

£ frm

n-{(s=-1) k-j

ass
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A

s~1 =
n-j £C il”’*‘?k’ 7 ”'t’rvo;ﬂ
Ageg * c""n,_m , dEL,.., K
We define

j'—. = ’, ﬁml,:.!!fk
alj) = : 2
Jemik ¢ 3=1,...,m s L.e,, afj) = J=m mod k

and a(j) is them a permutation of 1,,..,k}.

Lot ak - vm = 1 (for (m ) = (mk) = b, and set o' (5 =
=06 (5)), «® (5) « 5. Tnen, by induction () = jeom =
E#lmod k. If we set ¢ %M = W ond £(j) =1 if $ob,enr m

and ¢€(3) =0 otherwise. These a(j) = J=mre(jlk and

Ay g = 5D o = cEDela®) 2,
o3 ¥ An-e($) e

>

F
£ WAL o) () where
e s2le@ PGy | t=0,1,...,5-15,

Mow by iterating w ¢mmmmmngg“‘”@»
we must hawve A\Mf-;ﬁa jeq » With $ = S¢j) ,5!&%\”,

-l ()
= .n-;a-a;k vy £ F ‘fo ﬁ((@ (‘jppa Mp we ﬂm M

%

LT TN

w1l
™ ¢ *j'M*ﬂfmG‘”dﬂt APk,

For &(J) = f-meclidk and @(o(H)) = PomrE (G #+ €100 Vk-m =
= J=2m # (P relo@iNk . Now it suffices to apply induetion.

mewt @ (5 £ 3om el med k and 1 < o™ (5 < k. This



e =

implies for j < k-1 , 1 < j+l+a k <k or a_ = 0. Hence

(v . ; ] vl
. (3) = 3+l and by the same -argument  w = I a (3. Now
i=1
_y UksV~v _q utswe
8 2 CW &I a0y ) [an™h) k' . We have
= - gd = gk-1 ; -
xn—l Sln_z 5 )'n-j-l 2! S IR U S o ¢
o~ L o
By (' A, =HMA, and if we set ) _, =§ "Ux  we get
Ay s" o, , U= glk-di=n=l)y . (0K y . Sow by (II)' we
M e - -
get ln-—j-tk =C ln—j v 3=1yse. )k ,with T < -1, and  the 1lo
west index is k because the last equation 1n-—(n-sk)=CAn-k- (n-2k)
or ‘\Zk = ka . Now in order to determine k’., Lt kg we use

(IV) '. Consequently all the values are uniquely determined by )\o

and (I)", (II)', (III)* and (IV)'.
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3.5. TRACE CONGRUENCES: CASE 2Kk < n < 3k-1

Here (I), (II) and (IIXI) are the same, but (IV) ranges from
J=n~k+l to 2n=3k, because n-—k-1 "¢ n-k+j < In-3k S n'< 2n-2k <
" 2n-k < 2n-3k + n-1 = 3n-3k-1l. We have

2 5
(Iv) nbd, _, + (n=k)a™a _. ., + (2n—k)abln_l =0
obtained from the £ Aiwj tj = 0 by replacing n-j by k-& and
1 LR n-2k.
For the last set of congruences j ranges from 2n-3k+l to

n-1 and in each congruence i € [j, j+n-1] and here n, 2n-k,
2n-2k, 3n-3k € [ j,  j+n-1] . Hence

V) An-5%n * *2p-k-3%2n-k * *2n-2k-j%2n-2x * ap-3x-3 = °
or fif- 1 = p=il

: - - :
(VI) nb, + (2n—k)ab1n_k+£ + (n-k)a ln—2k+1+tn k)a“ A, oxsg = O

and 2 =1,...,n-(2n-3k+1l) = 3k-n-1.

Let us now prove that

LEMMA. If 2k < n < 3k-1 then up to a multiplicative constant the

congruences (I)-(V) have a unigue solution.

We set n=2k+m , k=tm+m° and a ;n-ktn r B t2n—2ktn .

-1 =
Y = -th—ktn and § = “tin-3xtn - From (I) we have X _, tMA

Bt

otn-k (II) Yields: 1 + X =0 or

n-j—ktn—k
j=1,...,n=-2k = m. Next we see that n-k=k+m ,

P -
n-jn
SAeam-4 = Aoxem-j
2n=-2k = 2k42m , 2n-k = 3k+2m and 3n-3k = 3m+3k. Then (III)
writes
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A + BA s Jemel, ... mbk

n-4 ° By x-3 2n-2k-3
or ;

Agx-3 0% 5 * Blogypog o 3=leenok .

Next (IV) is 1A = 0 or

n-3%n * *an-2x-3%2n-2x * *2n-k-3%2n-x

Ay ¥ Bropook-3 ¥ Yon-x-j

to 2n-3k = k4+2m , or

where j ranges from n-k-1 = m+k +1

Aoxsm—3 = Brakezm-3 ¥ Max+2m-3

Finally (V) gives

E{A,_jt lr=n , 2n-2k, 2n-k, 3n-3k} = 0

or

>
I

+ &)

a3 = Blap ox-4 * Yiap-k-5 3n-3k-3

+ 6

Aox+m=3 = Braksom-3 * Yaxs2m-j 3m+3k-3

j ranging from 2m-3k+l = 2m+k+l to n-1 = 2k+m-1 .

We next break the congruences (III) and (V) as follows:

{III)G A +

Fheon-1 = Ppeomei ¥ P o-lim-t

here 2= F4=m , L =Ryidi; 0 $goiar it and L = 1,...,mo-1 if

o=t

(v) +6)

6 ‘x-om-t =B (g-1)m-2* T2 2= (0-1)m-2°2 2k- (0-2) m-1

swhEli~ipgrs R3ds.sme £F TP gRc el ~nand-- 47 1,...,m°*1 1L oo = L,

LEMMA. We can find A(i,o) € R, i=1,2 , independent of j, such
that
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AZk—cm—j 2, A‘2’°)Am+k~j

Ak-um—j 2 A(l}arkm+k-j
With 6 = =1 0.0, . .;¢  d=. . ..m Aif o # t and j=l,...,m61
tE - wg,

PROOF. We proceed by, induction on 0. For o = -1 our system be-

comes
Akem—g = A2imDA L A(2,-1) = (by (ID)
Do = MAARNE, s Al T s

For o0 =0 (IV) implies

Mg T Blyameg *t Yhogagg = MO0 A, 4
with A(1,0) =8 + yo: By (III)
‘=g T Mgy F Bhoyup-g B A2.000 .

with A(2,0) = aA(1,0) + Ba .

Assume next that our formulas are valid for all g=8
From (V}0 we get that

e,

= [BA(1,0-1) + yA(2,0-1) + 8A(2,0-2)])2X

Ak-om- 3 k+m-§ °

hence A(l,0) = gA(1,0-1) + yA(2,0-1) + 8A(2,0-2) and by (III)U

A?k-um-j & A(2,0)1k+m_j where A(2,0) = aA(l,0) + BA(2,0-1).

We look now at
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A = A(2,t) X

2k—t.m—j ' j=1'l'-'lm

k+m-3j [

Ak-(t-1ym-j = A2 t-DIN 0 g, JmoL, ...,

We set
2k-tm-j = k+m°-j = (k+m) -(m-mo+j)
2k=(t-1)m-j = ktmim -3 = (k+m)—(j-mo)
or
lk+m—(m+j—m0) = A(Z.t)lk+m_j oA B S m,
1k+ﬁ-(j-m°) = Afzft-l)lk+m~j y W+l < § <m
- kk+m-j = nlk-ﬂ-m-—u(j) PR |3 SRR
where
demm. . 1o e L
a(l) =
j=m 3 m0+1 A Em

and 2 = A(2,t) or A(2,t-1) according to j < m, or not. Hence
a(j) is a permutation of {1,...,m} and a(j) = j-m_ mod m. B

tteration o*(3) =: ata(*"1) (y))
(n,k) = g.c.d. (m,k) = 1 implies g.c.d. (m,mo) =] ‘or we ¢az

j-im_  mod m. Now g.c.d.

write u'm - v'mo =1 -for some. m';w:E. Consequently
L}
AL A

a‘v')(j) = j-v'mo £ j+1 mod m. Hence (j) = j+l. By iteratic
soc with AIv',5) = a2,8 54 102,00 ¥R |

Meom=3 & RIv 00 Ae+me -
= v - 3 = A =
2E1) + 2(2) v'. From Asm Ak Mo =8 el
1 (m-1 4 o
- ﬂ( )Xk+m-2 = .. =0 )lk-l' we get A = S{J)lo /. O X3

k+m-j
£ m-1l. Now (II) implies A, o, +Bhy - S(k)A . From
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Next
" - kkn[-(n—k)b-ljnP+"Bv"vn(an;1J(u+’V)n
but
nv = ksv + mv = ksv + uk-1 = k{ut+sv) - 1
(n=k) (u+sv) = nu-ku+usv = n{u+sv-v) - 1 .
hence

8" = o™Vl (axip ! z k"L L in-x)

and

n-k n.-k

sk - §Ms (- k)1 (- (k) ab~ ™Y 7T 2 x71a L,

REM. If n > 3k-1 we also have W 2R s* = C and 8™ s u
where ¥ = > %y , B = k(n-ka% ln"

B an

For a moment we shall impose no restriction on n and k.

LEMMA 2. Let ‘S be such that

k

£ = ~ta-k)b >

1

an”" and s" = -(n-x)p "1 .

If Ras )l then £(R) 2 £'i% = 0:mod T and 8, = 8.

PROOF. In fact

K- ag® - Bz bkl -(n-k)] "L -af=(n%) " Ybala) - b =

1

=(n-k) "~ b[k-n+n-k] = 0 mod T .

and from £'(X) = nx" ! - Ak o *Lnx™* _ ka2 and
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n{kan Y)-ka = 0 mod T == £'(R).Z ¢ mod L...

LEMPA 3. If £(R} = £°(R) 2 0 mod I.== R* = =bna Ytn-k}~l  and
" & ~bkin-x) 2 -,

[

PROOF. In fact,g.c.d. (I,b) =1 and £(R) = 0 implies R 70 mod T,
n-k i

and R regular. From f'(R) = 0 we get R z kan~ and from
£®) = B" (R"® ca-rR®p) = &% z ~xan"lea .z -ta-kyan"l  or
RS 2 ~(n-k)an p"1 .

REMARK 4. Let us now look at the case where n > 2k. We shall as-
sume that g.c.d. (I,b) = 1. We can write:

e B e e i R o S

b

with n > 2(n-k). If we call R' its root modulo ‘I, (7iven by Lem
ma's 1 and 2),then

Fly) = (y-R")%p(y) mod T and p(R') Z O.

Now
£ = x"" " Ved) - x - pr7?2 Py (X). We set

B LT Ao L plitL E D s g iR} I 0 Noduls E, since

-
"

1) p(b/%) . Hence  £(X) = (x-R)Z p,(X) mod L. Con-

p,(x) = x"(b
seguently Lemma 3 applies. :

Now we set p(j) = -(n-k)k'> , 0 <3 <k and p(j) =1
otherwise. Let

n-1
s MR, o
g(x) = X" -&" —a(x"-’%) ] /(x-0) = L ritign g gVl d

2 k-1 5 T n-1 S
ap BRI GG LT et
i= i=0 i=0
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X and p*(§) = 1 -ag"® = 1 -ag"k

mod I. Hence nu(j) = p*(3j) for a

e

where p*(j) =1 if 4
£ 1-ak 22ty s ~(n-kik
0 <3 <wl,

=
=1

1 and

IEMMA 5. let R satisfy the congruences R® = -bna” ) (n-k)~ :
2% 5 ~ink) "0k, If » > 2%, then (% (3)), A*(3) =: p(HR" P! ga-
tisfies the trace congruences.

o Lt w)

PROOF. We first observe that R™ * = kan —. Let wus now verify

our congruences.

VERIFICATION OF (I):

DA% (0) + (n-k)a)*(n-k) = n(-{n-k)k R™} 4 (n-k)ag?~ PRI+l .
E (p-k)R” ook 4 ar” %)) = 0 mod 1.

VERIFICATION OF (II):

We first observe that for j=1,...,n-2k, both n-j, n-k=j >k
(for n-j > p-(n-2k) = 2k and n-k-j > n~k ~-(n-2k) = k). Now

nb)*(n-3) + (n-k)ad*(n-k-§) = nbr® 1~ (P=3) , (1 y)ag™ - (0-k-3)

= R Y ob + a-0af®y = 23 Yab + @-Kat-Dbna Y = o
mod I.

*

VERIFICATION (III):
We have, for L = 1,....,k > A=

(n-k) aA*(k-2) + nbA*(2k-£) + (n-k)aZA*(n-2) = (n-k)ag® 1~ (k-2
A1) (n-K) k") 4 npRPTIT(ZR-D) L a2t lin-t)

Y 1) (000 2k 8% 4 bR 4 (0228 =

Y 1) e 2 L -e R Ya ka0 ¢ mib s 2 ey 2 o
(n-X)a?(-1) (n-1)b k"1 =

" il T I g Mo NP

m % m m

: 1 Y

and (n-k)k"' 4 1 +¢-1nk" 2 2 x Yoke-nl =0 mod L.



ST
Here we used the fact that k- < k, 2k~L >k and p=~i >k , fecr
P sk i L S

This concludes our verification in k=l.
VERIFICATION OF (1IV):

We have

nbl* (k-2) + (n-k)a’x*(n-k-1) + (2n-k)abA*(n-f) =

n

z nb(-1) (n-Kk)x IRPIK"L | (o k) a2gPTiT(RR=L) o xyabr? 1T (000,
= 1 oy nb(n-x)k"1a” "+(n ~x)aZn 2%, (on-x)abr™ =
n—1+l.

{ (-Dnbin-K0k b 1 la(n-k) + (n-k)a’k " 1a"1n 4
(2n-k)ab(-1)b Y (n-x)} =

+

B x el p-ken <(2n-%)] = 0 mod 1.

This calculation is valid as long as n-k-%, n-f > k, and if
n > 3k-1 this holds for all 1 < £ < k-1 because here n-k-f >
> n~k-({n-2k) = k, and ©p-f > n-(n-2k) = 2Zk. This concludes our sg
rification of (IV) and of the case n > 3k-~1. .

Finally let us verify (V), when 2k < n < 3k-1. We have

nbA*(2) + (2n-k)abi*{(n-k+2)+(n-k)aZi*(n-2k+2) +

n-1-£

+ (n-k)a>A*(2n-3k+L) = nbR (-1 (k) k"2

n-1-({n-k+2) -1_n-1-{n-2k+1)

+ (2n-k)abR +(n-K) a2 (1) (n-K) k1 .
¢ (a-k)adn® 120-Te)<L . ke i -1k A abr™ S

+ (20-x)abin-k) & 3+ (-kal-nx 2% 5 222

z 2 L () [ (-19x Lob(-1) (n-k) "Lxbe (20-k) ab(n-k) " (—nm'lm—m"-
(a-k) (-D)a’k b2n2a 2 (a-k) 24a (-1)b 02 > (o) -1 o-iob 3y 2

2 o3 lo 2k [(n-%) k- (20-K) k-nin-k) +n2] = 0 mod T.

*

This concludes our verification.
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. We shall close this paragraph with a
IEMA 6. Let g.c.d. (n,k) = 1. If we can find and ideal I, g.c.d.
(T, nk(n-k)ab) = 1, and S € R such that

3% - 5

g = —(n-k)ab  n"t and S = -(n-K)b k"T mod 1

A is a double root of £ mod I and I divides A(X).

then R = §°
PROOF. In fact, we can find u' and v' such that u'k + v'u=1l
Y L ] -

and necessarily (s¥)% (s™V' = s mod T (i.e. take u' = utsv
v' = -y), By repeating the argument of Lemma 1 we get C = sk zpcC,
hence fp = 1 and this is equivalent to ZI|A(x).



= R0
ke 555 4 SECOND. MAIN THEOREM
Now we put together our results:
k

THEOREM. Let f(X) = 2" - ax* - b , a,b € R, and let T be an
ideal of R such that ZI|A(x), and g.c.d. &1,n(n-k)ab) = 1. Then

(1) D(S’,_/'K) is square free and S, = Ry [x] iff (x) is square free
as ideal of ‘Rs. =

o, 1 n-2
{2). Tf J-= @gr T ggnare in S"I . then s’z =‘RI+...+'RI;

+137%2 , 2 = g(x) , and D(S A) = T* .

PROOF. Let n > 2k. We have proved that up to a multiplicative
constant the trace congruences have a unigque solution modulo T .
As the coefficients of g(x) satisfy these congruences we have that
g(x) = Ax for some A\ € R, . By Theorem 1, az € 5;  for all

a € 3-1 5 R S I‘, consequently D(S" Vo e &

Finally if n < 2k, then b being an unit in Rg, x is also an
unit and we can apply our results to F(y)= ynk-i-abk lyn-k s and
here we also have g.c.d. (I,nkab) =1 . Also (A(x)) = (A(y)) in
"Bg. Now A is square free iff SI R.‘ hl and S’ ?.le] » because

if A is not sgquare free ‘kz(x . z), and D( /X)) = 1*.  We
set g*(x) = xn_lz(y) = S’: and if one compute the DS for
So =Ry +...+‘le xnﬂz + ﬂ"lg*(x) one sees that DS =(A(x))/3 =

= J*_ Therefore SI = S’o riiz

As a final remark we have:

REMARK. We can state our theorem with 1 = (A(x)) and find lat-
tice pases for § over R. Other interesting situation is £(X) -xn..na_xk.._
+ (n-k)b where 8¢x) = ¢ b 1 (n-k)® *a" x*a™b""*} and here for

all -pfk"a" - b"* , we nave 0 < Np(D(SA)) < 1.
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