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ABSTRACT. In this paper we present a Reduced—Gradient—type algorithm for solving
large—scale linearly constrained minimization problems. During each iteration of the
algorithm linear systems are solved using a Preconditioned Conjugate Gradient scheme.
The Preconditioning scheme uses orthogonal transformations, thus providing numerical
stability. The total storage used by the algorithm may be predicted before beginning the
calculations. We present some numerical experiments which seem to confirm the

reliability of the algorithm.
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1. INTRODUCTION

Many practical problems reguire the solution of large -scale
linearly constrained minimization problems:

Minimize f(x)
st e

(1)

where P is a polytope in .

The best-known algorithm for solving problems ' of this type
is the system MINOS [ 23,24], developed by the Systems Optimiza-
tion Laboratory of Stanford University. MINOS represents the poly-
tope P in the standard form:

(2)

1A i
I
[ -

and classifies the variables of the problem during each iteration in
basic, superbasic and nonbasic, in such a way that the matrix A
is partitioned in the form A = (B'S N) and linear systems involv-
ing the sguare matrices B and BT need to be solved. These sys-
tems are solved usAing the L -0 factorization of B, and the
factorization is updated from one iteration to another, using well-
known schemes [3,4,5,27,28]. . ‘

Other authors improved the techniques used in MINOS for spe-
cial structures of A. For example, the L -D factorization of
staircase matrices is considered in [12] and its wupdating is
studied in [13]. Staircase structures are important because of
their application in control problems (see [13]).

Our work was motivated by the following observations:

a) We found many problems where the representation of P in
the form (2), using slack variables, is inconvenient because it
leads to much larger systems of linear equations than those which



must be solved considering only the original variables (see [1]).

b) The storage locations used by codes based on the updating
of L -U factorizations are not predictable a priori, and, in fact,
the storage reguirements may be prohibitive for moderate computer

environments.

c) In spite of the numerical stability of the calculation
and updating of L -U factorization based on classical schemes,
this stability is severely challenged in critically ill-condition-
ed problems.
In order to deal with problems where we had dif-

ficulties wusing [23,24], we decided to develop a system where:

a) The constraints which define P are considered in their
original form, and many of them may be dropped from the active
- set simultaneously (see [16]).

b) The linear systems are solved using a preconditioned con-
jugate gradient scheme, so that the storage used by the method may
be predicted. The same preconditioning matrix is used during some

iterations.

c) The preconditioning scheme uses plane rotations [14,15] to
generate an upper-triangular banded matrix, in the sense of [2,22] .
This scheme, combined with the conjugate gradient approach, proved
to be numerically stable.

The organization of the paper is as follows:

In Section 2, we explain the active-set strategy which under-
lies the development of the method. The active-set .strategy is
used in many algorithms for linearly constrained optmization. We
decided to write a nearly self-contained paper, so we included a
convergence proof for this strategy. This proof turns to be a gen-
eralization of Theorem 1 of | 25].

In Section 3, we show how to use the change of variables of
Bertsekas (7] to identify Rubn-Tucker points, and to transform lo-
cally the original problem into a problem with only bounded variables,



in order to generate efficient descent directions.
In Section 4, we describe the basic algorithm.

In Section 5, we explain our strategy for solving the linear
systems which appear at each iteration. .

In Section 6, we make some remarks concerning the computa-
tional implementation of the method.

In Section 7, we describe our numerical experiments.

Finally, in Section B, we draw some conclusions,and suggest
same lines for future work.

2. AN ACTIVE SET STRATEGY

Let us consider the. problem (1), where P is defined by the
set of linear inegualities:

T
ajx >b, , i=l,...,m : (3)

For each subset I of {1,...,m}, we define:

= ; g i
Py = {x €ep /aix = hi o SR G ajx > bj

for <3 & iy wiy. Lumd ) (4)

Let us call dimfrr) the dimension of the smaller linear

manifold which contains FI'

= ¢ 4f I #J , and P = U S ST

Obviously, F. N F
* L tert )

J
Suppose that (xk) is a seguence generated by an algorithm in-

tended to solve (1), x° € P, and assume that (xk) satisfies the
following axioms:



k

(i) If x~ is not a Kuhn-Tucker point ([16,21]), then
xk+1 is defined and f(xk+l) < f{xk).
(11) 1f ¥**! i defined, and x* € F, , then one of the
following poasibili;ies holad:
(a) xk+l € Fy
k+1 . 5
{b] x & Fy and d1m(FJ) < dzm(FI)
k

{e) -2 is the minimum of £ on FI

(£31) Por emch: keI, " € 5

B
xl g F, + 0T x is a Ruhn-Tucker point.

, there exists L > k such that

Using the axioms above, we may prove the following theorem,
which turns out to be a generalization af the Theorem 1 of [25].

THEOREM 2.1. Any seguence generated by an algorithm satisfying
the rules (i)-(iii) stops after a finite number of steps. (That
is, there exists a k such that xX is a Kuhn-Tucker point).

PROOF. Let us prove that, for each - I C {1,...,m} the set of ite-
rates xk which lie in FI is finite. We prove the assertion by
induction on v, the dimension of FI. For o =0 FI contains
exactly one point, so the proposition is true.

Let us suppose that, for each FI with dim Fy £ 0% 1, the

set of xk which belong to FI is _finite. Suppcse now that

dim Fe =% and xk € F, for all - x & 21 , where !1 is an in-

finite set of integers. Let k be the first index of &.. By
1 i

ky¥ay W

(1ii) there exists q; > 0 such that x & Fr - 5 = SR
k,+q,-1

is the minimum of f in Fre then f(xl) < £ix 171 ) for
kl+q1-1
all L > kl
is not the minimum of f in F
k,+q
x = L € FJ

and so, x* & PI for -all =% > kl' Now, if x

1 it turns out, by (ii) , that

3 + Wwhere dim FJl £ v=1l., Now let kz > k1+q1-l such
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k,+g
that k, e z,. Using the same reasoning as above, we find x 272
= F‘Iz' where dim FJZ €9 =], Repeating this argument, we cons-
. k.+q. _ ¢
truct an infinite set x - =  contained in VU {F /dim F  <v-1].

This contradicts the inductive hypotheses.

REMARK. The problem of minim;zing on the set -FI is, essentially,
an unconstrained minimization problem. The axiom (iii) states that
the subalgorithm used to handle this problem, either finds the so-
lution in a finite number of steps or finds a point in an FJ with
dim FJ < dim F.. Usually, F

I J
Oof course, the existence of such an algorithm is restricted to

is contained in the boundary of F..

some classes of functions, such as linear; guadratic [25], homo-
geneous [19,20] , polynomials, etc (See [29]). However, the algo-
rithmic conseguences of the principles above is that a powerful
minimization algorithm and a strict convergence criterion should
be used for the unconstrained minimization on each face.

3. THE REDUCED GRADIENT STATEGY

Let us consider again the problem (1), with the constraints
given by (3), and, additionally:

v L=
c;x = di , i=1(1)g (5)

Let < be the k-th approximation to the scolution. Suppose,

without loss of generality, that:

aTx =b

Suppose, further, that {al,...,a = cl,...,cq} is a linearly

P
independent set of vectors, so x is a regular feasible point

on P,



The following change of variables, due to Bertsekas [7], trans
forms locally the original problem in a minimization problem with
bounded variables. : ;

Define the new variables:

vy, = azx s —d=3itIip
(7)
X RIS

Define
=i =T o
g

Woees

>

i
e .
ST T

a3

Suppose, without loss of generality, that the first p+q columns
of A are linearly indebéndent.'Sc. A = (B,N), where B is a
sguare nonsingular matrix. We complete the definition of the wvari-
ables y, setting:

Yorgel = ®pages - 1 =1{lin-pg £

So, by (7) and (8),

B N
b ety - SEEE (9)
(o] &

and M is a nonsingular n x n matrix.



Therefore, the original problem may be written, in a neigh-
borhood of xk, as

Minimize &(y)

s/t 'yiibi y  1=1(X)p

yi- di—p » I=ptl{l)ipiqg (10)

y. free for i=p+g+l(l)n

where ¢&¢(y) = f(H"ly).

Setting yk = Mﬂlxk, it is clear that the K-T conditions for

(1)i5 5635 o 1D) AT

= (yk) 3l secfor - cf=1 {110 (11)
Byi -
and
% (¥%) =0 for i=p+g+l(l)n (12)
i 3

So, if (11) and (12) holg, xk is a Kuhn-Tucker point of (1).

29
9y .
: e et

then ¥y is a stationary point for the problem:

1f (12) holds, but (yk) < 0 Tor some i € {1,.-.,p] .,
Minimize &(y)

s/t ]:|1 , i=1(l)p

G i=p+1(1l)p+tg (13)

¥5 free for i=p+g+l(1l)n

and z = {zl,...,zn)'r is a descent direction for (10), provided



St k o k s
z; -;; [ . % 3;: ty )1 < 04 1S TiEp
=0 otherwi_se (14)

If (12) does not hold, then any direction 2z satisfying:

2z, =0 , i=I({1)p+g

{15}

1
ar
-
~

L
i=p+g+l

is a descent direction for (10), and anf point y = yk ¥ AZ sa-

-

tisfies the constraints of (13).

The discussion above outlines the procedures which we shall
use to detect a K-T point and to obtain a descent direction from a non-
staﬁionary point. Of course, once a descent direction has been
obtaining using (14) or (15), it must be transformed to the ori-
ginal space by means of

W =N Tz (16)

and, conseguently,

k+1 k
x X Ay, ic , (17)

is a feasible point for lk small enough.

It is easy to see that the calculations used to find V&, and

to calculate z, wk,need only the resoclution of linear systems

where the matrices involved are B and BT .

0f course, for many problems, (12) is not going to hold exact-

ly at any point, so the annihilation of 3%1 (yk} is going to be
i

declared up to a tolerance «c.



4. BASIC STEPS OF THE ALGORITHM

Suppose that x° is an arbitrary regular (see [21]) initial
approximation in P. Once a regular xk is calculated, the steps

used to obtain xk+l are the following:

STEP l. let I be the set of indexes i such that a?xk =b.

k : |
i€ I ka >b; for i€ 1,. Using the change of variables de-
fined in the previous section, test the K-T conditions in xk .
If they are satisfied, stop.

a

STEP 2. If the eguations (12) are satisfied, calculate w using
(14) and (16). Go to Step 5.
2% k.

STEP 3. If I, #1I, , or k=0, set z, =~ 3;; =) =sin-. (15).

Compute W using (16). Go to Step 5.

STEP 4. Compute 2z satisfying (15) using some conjugate gradient
type formula [11,16,17,18,21] in the space y and use (16) to
compute W, .

STEP 5. Define:

k

Amk = max {1/ [x%,x +x ] C P)

Find lk € (0.lrax] such that
£ 4 m) < < £068 (18)

STEP 6.

k+1 k
x — X +lk‘k .

REMARKS. In our implementation of the algorithm we used the Flet-
cher-Reeves formula in Step 4 because it is the CG - type formula
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with less storage requirements [6,11,16,21].

The hypotheses on the regularity of xk may be relaxed al-

lowing a steplength Ak =0 in Step 5. However, a very careful
roundoff analysis is needed in this case to prevent loss of fea-

sibility, and, theoretically, cycling may occur.

For guadratic functions we used

MAX]I

k k
fix +kak) = min{f(x" + 3w X

k) e &€ 10, X

in order to take advantage of the finite termination properties
of the methods of Conjugate Gradients [11,16,21]. i

For more general functions we used the Armijo condition:

£R 4w < £ 12070 (vee) w0 (19)

with a first initial estimate for lk given by l: = Z(Q(Yk) -
& o(y"'l))/(V¢(yk>.wk> and a safeguarded cubic interpolation
scheme for achieving (19) (see [11,16,21]).

5. THE RESOLUTION OF THE SYSTEMS WITH BT AND B
As we pointed out in Section 4, we need tc solwe, during each
iteration, linear systems of the form

Boxap , BN (20)

Since our objective is a method with predictable storage re-
guirements, the schemes based on the L-U factorization are not
well suited for this purpose.

Moreover, We desire numerical stability, s© orthogonal
factorizations seem to be more adequate. However, although
the fill - in produced by orthogonal factorizations may
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be predicted:. 118,231 widti turns out to be . very high
in many cases. So, we decided to nsé an iterative scheme for solv-
ing (19), where the preconditioning strategy, based on orthogonal
factorizations was the one successfully used in [ 22].

Let R be an upper triangular matrix such that BR™, is “nearly
orthogonal®. The system B§ = y may be decomposed as

BR '8, = v (21)

R§ = &, . (22)

1

The system (21) may be solved using some specially oriented
conjugate gradient algorithm, such as LSQR [26]. If Br 1 is close
to an orthogonal matrix, it is expected that only a few iterations
should to necessary to solve (21) up to a reasonable accuracy. We
use the same preconditioning matrix and iterative procedure for
solving BTw = B, transforming this system into

R “Bw=R B . (23)

Now, suppose that Nonz(R) € {1,...,m} x {1,...,m} xepresents
the "Non-zero structure® which is desired for the upper - triangular

preconditioning matrix R = (ri.). That is, T will be necessar-

3
ly egual to zero if (i,j) & Nonz(R).

We obtain R performing the orthogonal factorization of B us-
ing plane rotations as in [15,22] and neglecting sy when (i,3)
# Nonz (R) .

If Nonz(R) is carefully chosen, we expect that the precon-
ditioning matrix R obtained with this algorithm should not be
wery different from the upper-triangular matrix R which arises when
performing the complete orthogonal factorization of B. The ad-
vantage of this scheme over preconditioning schemes based on the
Cholesky factorization of BTB is that it provides a numerically
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stable direct method to solve the systems when Nonz(R) is large
enough to contain the tfue non-zero structure of R. In our im-
plementation, we used a band-matrix structure for R. That is,
(i,3) € Nonz(R) if j > i+b, where b is an integer given by the

user.

Now, in fact, B changes from one iteration to another, and
repeating the preconditioning procedure at each iteration should
be very expensive. S50, we decided to use the same preconditioning
matrix B at consecutive iterations whenever this 1is possible.
If the order of By s lower than the order of B, we ®cat”
rows and columns of R so that Byl and R turn to*" have the
same order. Conversely, if the order of Bk+1 is greater than the
order of B, , we add rows and columns corresponding to an iden-
tity matrix.

Usually Bk+1 tends to be close to Bk ana so the

preconditioning matrix wused for Bk tends to be efficient

for B, ,. Of course, we do not expect the matrix R to be a good
preconditioner throughout the whole process. Therefore, the pre-
conditioner R is re-computed when the number of iterations used

to solve (20) exceed a given integer IGAT.

Ideally, we choose IGAT with the expectancy that the comput-
er time used by IGAT C-G iterations for solving (21)-(22) is sim-
ilar to the computer time used by the preconditioning process.

6. REMARKS CONCERNING THE COMPUTATIONAL IMPIEMENTATION OF THE METHOD

' During same stages by the algorithm, given the full-rank m xn
matrix A, whose rows are the gradients of the active constraints
at the current point, we need to choose a full-rank m X m sub-
matrix B. In some cases this is very simple, for instance, when
n-m rows of A are vectors of the form (0... 01 0 ... 0), but
in less structured cases we need a special algorithm to detect m
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linearly independent columns of A.
We used the following heuristic strategy:

Let 1j =3, 3=1(1)m. I =4¢. Perform the following steps:
STEP 1. For j = l(l)m, perform Step 2-3..
STEP 2, Let k = “fma"”‘ijnl R Y (D B 1)
STEP 3. 1 =1V {k)}

STEP 4. Construct B as the matrix whose columns are the columns
of A with indexes in I, in increasing order.

If the procedure above fails to find a nonsingular matrix B,
we repeat it with ij =m-341 , § = 1(1)n.

This heuristic strategy worked very well in practice.

We must stress that singularity, or severe ill -conditioning
of B is going to be detected in the phase of the iterative so-
lution of the linear systems. In this case, more than IGAT itera-
tions of LSQR are used and, so, we turn to the preconditioning
scheme. If the heuristic strategies for finding linearly indepen-
dent columns fail, the code stops with an appropriate error mes-
sage.

7. NUMERICAL EXPERIMENTS

We ran many experiments concerning linearly constrained op-
timization problems with staircase structure [12,13]. For small
problems (up to 150 constraints and/or variables), our system,
BUGRE, behaved well, but in most cases MINOS used less computer
time for arriving to the solution. The situation changed dramati-
cally when considering large problems (more than 1000 constraints
and/or variables). In fact, none of the problems which we are
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going to describe next could be solved using ﬁINOS; some of them
because of storage reasons (more than 250000 REAL+*B positions were
needed by MINOS), and others because of stability reasons (111~
conditioning stopping in subroutine CHUZR) .

The first set of tests concerns problems of the type:

Minimize f(x)
8-k Ax < b

P'<x<nu

where A € ™ *P

same size. The elements of A are generated randonly between -20

has a staircase structure with blocks of the

and 20. The elements of b are generated randonly between -100

and 100, in order that x° be a feasible point.

In some cases, we generated the elements of A independently,
and in other cases, all the blocks of A are egual. We consider
three objective functions: "Linear® (f = - [ xi). "Quadratic"
(=¥ 1/2) % xi) and "Entropy” (f = I x; log x;). In all cases we
used the tolerance e = 10°¢ and BUGRE stopped with a diagnostic
of "Convergence".

The tests were run in double precision using a VAX785, and
the codes were written in FORTRAN.
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Problem 1 2 3 4 5 b
m 1200 1200 3050 1 1050 1000 1000
n 1202 1202 1052 1052 1602 1602
Type of Blocks 3x5, 3x5, 3%5, 3x5, 5x10, 5x10,
equal different! equal ldifferent equal different
Number of Blocks 400 500 350 350 200 200
Density of A 0,422 0,422 0,472 0,471 0,622 0,627
Bounds 0<x<50|0<x<50/1<x<10 [1<x<10|2<x<b6 |2<x<6
Objective Function LINEAR LINEAR QUAD!;ATIC QUADRATIQ ENTROPY ENTROPY
huicial Point ] 0 3 5 (] L]
Number of bands of R 8 8 10 10 15 15
1GAT 4 4 5 5 4 4
Iteraiions 450 ’ 282 : 78 290 425 963
Number of different By 451 : 283 65 266 426 964
O A ——— 59 94 6 45 23 92
ing routine
Evaluations of { and Vf T 451 283 95 332 427 965
Mean Size of B 155 x155 }152 x152 | 103 x103|106 x106 | 33 x33 | 42 x42
REAL* 8 positions used 38802 38802 33893 33893 53785 53785
CPU Time 82.5° 42.9' 5.09" 23.2° 21.4"' 53.6'

TABLE 1 - First Set of Experiments with BUGRE.
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The second set of tests involves problems of the type
Minimize f£(x)

s.t. Ax = b

ooy c

where, as in the first set, A has staircase structure with blocks
of the same size, and its elements are randonly generated in the
interval [-20,20]. b is calculated so that x° is a feasible
point. We also consider cases where the blocks are independent
and other cases where the blocks are equal. The linear function
considered in this set of tests is f(x) = -x1.=ﬂe also show the
results with the Quadratic function (L2 % xi and the entropﬁ
funytion Z x; log X, « As in the previous set of tests, € = 10
and BUGRE converged in all cases.

A final test concerns a linear problem with 100 constraints
of the type ag x = b, and 3900 constraints of the type afxlsbi.
The results for this problem are shown in Table 3.
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Problem 7 8 -8 10 11 12
m 1000 1000 80O 800 900 900
a 1801 1801 1204 1204 905 905
Type of Blocks 5 x10, 5x10, |4 x10, 4 x10, 5 x10, 5 %10,
equal Hifferent| equal |different] egqual |different
Number of Blocks 200 200 200 200 180 180
Deusity of A 0,552 0,552 0,831 0,831 1.1% 151%
—_ 00 <x <100-100<x <108 3<x <5 |3<x<5 [5<x <10 f5<x<10
Objective Function LINEAR | LINEAR |QUADRATIC|QUADRATIC] ENTROPY | ENTROPY
Initial Point (] ° & L] £ 2
Number of bands of R 15 15 10 10 15 15
IGAT 10 10 4 4 5 5
Messtians 55 7 R 3 e
Number of different B 56 8 28 b4 3 13
SRS AT —— 2 1 15 52 1 5
mg routine
Evaluations of [ and Vf 56 8 125 713 5 85
Mean Sizeof B [1000 x 1000|1000 x 1000 800 x 800|800 x 800 P00 %900 [900 x 900
REAL*$§ positions used | 74348 74348 51613 51613 55089 55089
CPU Time 55,27 6.75" 33.8' 195" | 24.6" 545"

TABLE 2 - Second set of experiments with BUGRE.
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JProblem 13
m 4000
n 6002
Type of Biocks 2\!5, diffn"ent
Number of Blocks 2000
Density of A 0,0832
Bounds 0<x<10
Objective Function LINEAR ("‘1)
Number of bands of R 6
IGAT 5
herations 8 !
Number of different B, 9
Calls to the Precondition- 3
ing routine
Evaluations of { and W 9
Mean Size of B 100 x 100
REAL* 8 positions used 156914
- CPU Time 3.99*

TABLE 3 - Performance of BUGRE with
problem 13.
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The results presented in the tables above are typical. How-
ever they represent only 10% of our tests. In the whole, BUGRE
failed in about B% of our experiments, with a diagnostic of "loss
of feasibility". On the other hand MINOS never found the solution
of a problem where BUGRE failed.

8. FINAL REMARKS

The numerical experiments presented show that BUGRE is a re-
liable alternative to MINOS when either conditioning or storage
is critical in the problem under consideration. So, additional re-
search is merited in order to improve and to fully evaluate the
potentialities of BUGRE. We are planning to continue our research
~along the following lines:

(a) Implementation of alternative,less expensive, precondi-
tioning schemes.

(b) Incorporation of a clever Phase I algorithm (At the pre-
sent stage, the user must code his/her own Phase I).

(c) Testing BUGRE with different structures of the matrix A.

(d) Symbolic apriori manipulation of the structure of A in
order to minimize the £ill-in in the preconditioning phase.
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