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ABSTRACT: A theory of magnetic monopoles without strings has been recently
formulated by Rosa, Recami and Rodrigucslzl using the Clifford bundle formalism.
Although that formalism seems to be a perfect mathematical design for the electrody-

namics with monopoles withouth strings, it is insufficient for the introduction of
analogous monopoles in a non abelian gauge theory without sacrificing the geometriza-
tion of the theory. Here, we present a geometrical theory of the generalized monopoles
without strings as a principal fiber bundle with group GxG (a spliced bundle). We obtain
the generalized field equations from the variational principle in the spliced bundle.
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The model of electrodynamics as a principal fiber bundle theory (PFB) is as
follows: Let (M,h,D) be a Lorentzian manifold and let x:P—M be a PFB with group
U(1)={e® B R) and Lie algebra (1)=(i8,8e R).

Let ® be a connection 1-form over Pjie., @€ A‘(P.ﬁ(l)), and let
M>U,6y:U—P be a local section; The pullback of @ is the electromagnetic

potential ,and we write

oy =0, ®=-iAy (1)
The electromagnetic fied Q®= dw relative 1© Oy is
iQU=FU=dAU y (2)

If oy:V—P is another local section, then from the fact that U(1) is abehan we
have that Fy=Fy. It follows that the curvature of the connection is in this case a 2-
form which is well defined in the base manifold M: in other words, the electromagnetic
field is gauge invariant.

Then, fixing UcM, if Ae A{U,R) is the potential , the field is F=dA with
A=AydxH, so thaFyy=dyAv-dyAy. From Bianchi identity it follows that

dF =0 (homogeneous Maxwell equations) (&)
As there are no reasons for 8F 1o be null ,we put
8F=-J¢ (inhomogencous Maxwell equations) (3"

where J.e AV1*M, is the current one-form here introduced in 2 purely
“phenomenological” way,

It is well known (1) that egs.(3) can be used to describe also magnetic
monopoles.Indeed, all we need is a situation where it does not exist a global defined
potential such that F=dA.This happens if the PFB x:P—M with group U(1) is non
rivial The nsual model is obtained by choosing as base of the PFB a non contractible
space-time,i.c., by deleting the world line of the monopole from M,which then get a
"moving hole”.

It is quite clear that this theory does not treat electric charges and monopoles on a
equal footing_A non trivial theory weating charges and monopoles symmetrically would

be described not by egs.(3) but by:
dF= -], (4)
1,#kJ, X areal constant
5F= I, (4"

Since eq.(3) is a immediate consequence of Bianchi's identity, the validity of
€q.(4) destroyes the simple U(1)-PFB model of classical electrodynamics. In 2] a
model given by eqs.(4) is developed using the Clifford bundle over space-time
(monopoles without strings). The theory obtained rivalizes in mathematical beauty with
the topological monopole theory,and can be casily generalized for non "abelian



"monopoles without strings 31 However these formulations lack a geometrical
interpretation since as presented t'hcy are not PFB models.

In what follows we shall present a theory of electrodynamics with mmbpoles where
eqgs.(4) resut from a PFB model. We emphasize once more that in our theory space-time
have no holes.

The mathematical structure we shall use in our gauge !hcox;y with monopoles
without strings is the spliced bundle %,5:P 0 P—+M with group GxG obtained from
two identical PFB each one describying an ordinary gauge theory.(ﬁ:P-—)M with group
G and base the space-time). We also observe that in what follows M may be a general
Lorentzian manifold with non zero curvature. We will follow the notations of [4], but our
coderivative operator is defined as, :

dwp=(-DP (" )'d *w,, @pe APTHM = ®)
In our theory we associate the gauge potential with a connection @ in Ty;:PoP - M,
i.e., given a choice of the gauge in the PFB, Ty: 115(U) = UxGxG with the associated
Jocal section Gy:U—P o P ,we define @y = Gy @ the gauge potential associated with
the chosen gauge.

We observe that there exist (4] two connections @ and @ in  7:P—M such
that @==1" ;%2 @y, It is fandamentally different to use, for describing the gauge
potential in the theory of generalized monopoles without string,

(i)  aconnection w=n!"w;®rZw, AP oP, 6SE ) in the spliced bundie, or
(ii)  two connections t,,m,€ A}(P,83) in the original PFB of the theory without
monopoles. : : ;

Let us consider first the case (i): Let then Ty:T; (U) »Ux(GxG) and Ty:TC I%V)
—Vx(GxG) be two gaugesin Ty: PoP—M and such that UnV=E, and let be

Gy:U—P o Pand Gy :V—3PoP the associated local sections. :
The transference functions gyy:UNV—GxG are such that gyyv(x=(EuvEDVED)
with xe UNV. Since o : :

o =n"*non*w, : ()
takes its values in @8, the gauge wransformation b&wq:h the g:nge potentials ey
and @y can be written as the two relations

(@i)v = ((guv) d(giuv + ((Bduv) Hedulgduv » i=1.2. o
In the case of standard electrodynamics, we can write
(@y)y = (0y)y + id)yy  ; (@)y = (B)y + idWyy ®

with  (g))yy(x) = exp ifyy and (g)yv(X}=exp iYyy, and Yyv .YPyv:UNV-R.
In that way a gauge ransformation of mUeA'(U,M) corresponds to two

independent gauge transformations of (,)y and (e AVUS).



In the case (ii) we have two conncctions oy and Gy in the PFB m:P—M with
group G. Let Ty H(U)—UxG and Ty: (V)= VG be two gauges an let UnVe=D .
Let moreover Gy:U—P and Gy:V—P be the associated local sections. The transition
function now is gyy:UNV—G , and we have

(@)y = (guy) dguy + (guv) " (@ygyy , i=1.2
In the case of standard electrodynamics we have
(a;)y = (@))y + idYyv ; Xuv: UNV—=R
These relations show that both potentials (w;)y and (wy)y change by effects of the
same gauge mransformation in case (ii. This makes clear the difference between (i) and
(i1). In what follows we adopt the choice (i).

To show the necessity of such a choice, let us consider first the case of
electrodynamics with monopoles described by two potentals: one related to the electric
charges and the other to the magnetic charges as in (23],

Notice that in the case of standard clccu'odynaliﬁcs without monopoles, itis G=U(1)
and the gauge potential takes its valued in iR=G,i.e., (®y)y = - iAydxie AWUIR) .
The gauge field is then

i(Q))y = Fpdxiadx¥e AXU,R) ©)
Observe that the field is invariant under the gauge mansformation
(@)= (o) +id) (10)

This information is interpreted geometrically as a choice of gauge, or local
mivialization, and the associated transition function is g = exp i) : UNnV—=G.

As is well known we can write
L iQpy = F(FudxOadxk + Fy,dx!adxm)

= (Epdx%adxk + By *(dx%AdxX)) ; kJlm =123, (an

and, since (*)2 = —] when applied to 2-forms, the Hodge star operator changes E into
-F and B into E. Let us now consider the electrodynamics with charges and
monopoles. The field generated only by electric charges can be described by the usual
potential

(Q))y = d(@)y (10a)
The field generated by the magnetic charges is a dual field: )

*(Qahy = *d(wy)y (10b)
The total field generated by electric and magnetic charges is given by

—-iFy = (Q))y + *(2)y (11)

In this way one of the potentials describes the field generated by electric, and the
other the field generated by magnetic charges.
We observe that, if we make two independent gauge transformations
(@ )y——3(y)y +idY ; (@)y—(@)y +idy



the field Fyy does not change. If we interpret the above ransformations as changes in the
local trivialization of a PFB, we must use a spliced bundle (due 1o the independence of
X and ). Once we justified our choice (i), we now go on with the theory.

Let us observe that the spliced bundle of rwo copies of the PFB m:P—M has
each point pe P o P associated with two points of P over the same fiber. This permits
us to understand that a gauge ransofrmation in 7,,:P o P —M corresponds to two
gauge transformations in T:P—M.Indeed, Gy:U—PoP corresponds to Gly=T'o Gy:U—P
and also to G2y=T2 0 Gyy:U—P . In this way we can associate 10 a given connection @
in P two gauge potentials iy=0,," ® and =03 ® . Observe that

@y = (Ko Opy)*e =Gy (T'*w) = 6y (T'*0d 0) (12a)
and

By = (M2 Oy)*e = Gy (M2*w) = 6)) (0BN2*w) (12b)
where w®y and Gy correspond o gauge potentials associated with the l-forms
T *wD0 and 0BR2"wm , which are possible exiensions of ® to the spliced bundle.
This shows that, given two connections &, and @, in m:P—M, we can associate with
them two distinct connections ®=N'*n, ®N12*®, and G=T'*w, ®T2*w, in
®y3:P o P —-M . It is well known that, given 2 connection ® on the spliced bundle,
we have rwo connections ¢, and @, well defined on the original fiber bundles.

We see now that, when both PFB are equal, the connections @, and @, can
generate another connection @ on the spliced bundle. We call @ the connection dual to
o . ;

Observe that we have two curvamres Q® = D® @ and Q® = D@ @ associated
to the connections ® and & . These curvatures must, by the Bianchi identities satsfy,
D®p=0 and D® &=0 . Before we analyse these identities, we must nnderstand some
of the properties of the horizontal forms in a spliced bundie.

If te AK(PjoP;, G,@G,) with the adjoint representation GyxGy— 6,80,
it holds
(a) we can write T=nt!*T;4+n2*1, with T1e AK(P; G;) and Toe AX(P; G,) ,where

we use the adjoint representations M:G.—ldi Ai=12. :
(b) DOT=R}*DOIT;+N2*D2T; ; for =Tt *0+T2*wy (13)
() Let v ?{P;oPg.dIQd,)—bI"‘*{P;oP;,d ,de)h: the Hodge operator for
horizontal forms in Py o Py, (n=dimension of M) and %75 A%(P; O )= Amk@.d));
TEAKPy By)»A"%(Py.6,)be the Hodge operators for harizontal forms in the original
PFB. Then #3271 = T1* (% T;)®N2* (7 7T2).
We employ the relations (a), (b) and (c) in the following way. Returning to the



curvature Qmexz(PloPg,(€1®(€2) we can write QP=1"0, &1 Q,, where

Q,.0,e AKP,8) are well defined. We now prove that if o=T!"m,®1" o, , we have
Q, =Q®1 =D@iw, and Qy=QW2 =D g,
Indeed,

QY = do + 15 [0 ®] =dr" 0O n, ) +11; [T 0@ 0,y T 0;@n"m; ]
=7n!"DPiw, & 17" DN, = T QW § 2" QM
Moreover, we have Q8 = 1*Qo,&n2" * QO,,

In this way, the Bianchi identiies D®Q®=0) and D® Q% =0 according
to (b) are equivalent, and correspond 0 D®;w;=D®2w,=0 , which are the Bianchi
identities associated to @y and ®; in ©: P->M . In elecrodynamics, these equations
imply that d(Q)y=0 and d(;);=0 , which physically mean that both the magnetic
field of electric origin and the electric field of magnetic origin have null divergences.

In what follows we are going to generalize the gauge principlel4] for a gange
theory with our monopoles.

Let be :PoP—M a spliced bundle with group GxG and let be  GxG—GL(V)
arepresentation of GxG . We remember that the space of 1-jets of the mappings from
Pw Vis:

J(PoP,V)={(p,v.0) pc PoP,veV and 6:TpP o P is lincar]

We call a Lagrangian the mapping L: J(P o P,V)—R such that for all (p,v.8)eJ(Po
P,V)and geGxG, we have

L(pg.g"'v.g7'8 o Rg1#)=L(p,v.0)
If Lip,g!v,g-8)=L(p,v,0) then L is said 1o be GxG -invariant, and in what follows
we suppose L to have this property.

Now given a Lagrangian L: J(P oP ,V)—R , let C be the space of the connections

in PoP . Define the action density by -

LC(P,VIXC— C=(M) (14)

where C=(M) are the set of the C™ functons on M.
We have,
£(x) = L{p,¥(p),.D®¥(p)) (15)

where xe M, pe wl(x) and the generalized wave function (mater field) describing the
electric and the magnetic particles is WeA° (Po P,V)=C(PoP,V).

Then L is not only well defined but is also gauge invariant in the sense that for all fe
GA(P o P), we have, L(f*¥ " w)=0(¥,0) .GA (Po P) is the gange algebra of the
spliced bundle, more precisely it is the space C(Po P.6@8) with the adjoint
representation GxG-bGL(&Q&) » B—Adg.



If we impose that £9(¥) is stationary with respect to ¥, we obtain the Euler-
Lagrange equations(4], We show now that, if we add an appropriate term S(w), to
LOCY), obtaining then the total action (£L+S5)(W,m), this density will generate not only
the Euler-l.agranﬁc equations for ¥ but also the non-homogeneous field equations.
More precisely, these results follow once we impose that (£+S) (W, ) 1is stationary
with respect to the pair  (W,w) . We will see that the non-homogencous equations
obtained in this way correspond in the case of electrodynamics to Maxwell equations
with monopoles without strings. We define the autoaction by

S(m)=-%ﬁku(fu-fu): =00 4+500,; fu‘ﬂﬁf (16)

where

fikyo: AX( P o P, 56@6) x Ak P o P, 6@6) — R
is the metric for horizontal forms in ( Geb ) (with the adjoint representation). We
observe that ki is the Killing-Cartan meric in ( 5@8 ) and that ky(A;®A2.B1@By=
k(Ay.B1)+k(A2.B7) , where k is the Killing-Cartan metric in & 141,
Let us observe that, as S(w) is F-equivariant, it is gauge invariant as required for the
autoaction term{4), Let us observe also that, had we constructed the autoaction term as
%ﬁkn (Q@.QW), there would be no interaction berween charges and monopoles. Indeed,
take the case of electrodynamics where QO=mt!"w,®72" 0, then Q, and Q,
cormrespond to the fields generated by charges and monopoles:

fiky, (Q©.00) = ik (QF), A+ Ak (QFF, QF) an
and there are not, in this expression, interaction terms between the fields Q; and Q5.
For 5(w), instead, we have
- thkia(Fy ) = 3 Bk(QY, Q) - LA(QP, Q) —Bk( QM +Q9) (18
where the interaction term appears explicitly.

Before we apply the variational principle to the total action, let us remember the -

definition of the current in terms of the Lagrangian
-g—{lx‘l‘, ®© + 0) | g = hikyo( JO(Y), 0)

Yoe Al (P o P, 6@8 ). In this case Jo¥)e A (P o P.E@6 ) and we can write
JO(P)=— 1" ;@12 ), so that we can asociate J; and Joe AYP,5) 10 the “electric”™

and “magnetic” currents, respectively.
Effecting the variation at =0 (0=nt""0,@n2°C,) we get

% [' (L+ S)(F+tT,0+1T)p

= LL(‘Pﬂi,m)p +% L S(¥,w+tt)pn
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_% J' % fik( Q+101, FOMHozy (19)
U

We have at =0 for the four first terms in eq (19)

d oL dL
= LL("?+!‘\’.,0H.[ -f;(an-— + w,-t)u

a

L L(¥,0+10)u = L k15 (JO(F),T)p

2|e

& [ dagonaoom—- [ aemamom
U

=1

J' %ﬁk( QU102 QOO — - [' Ak(E™Q"2 o)
U
‘Moreover:
%ﬁk{ nm+1c1;-mMHOz)
- %ﬁk( Qmmh‘i'nm}+gi-ﬁk( Q915 QUHI02)

and,at 1=0, we have 5-Q@#S=D® 611 Then
%ﬁk(nm+wumm*wz)

=hk( D®ig, Q02 4 fik( O

= hik( 3 (F0)0,) + Bk( §m2G0™),0,)
and we obtain for the last erm in eq (19)

% j fik( QP01 Q07 = I (hk( 3¢1(ZQ")0,) + fik( 372G 0Q"),0,)H
U U



Now.smnminglﬂliu: terms obtained and taking into account that t, G; and
O3 are all independem, and also that

* Rkyp(JO0¥),0) = - bk(},,0,) + hk(J,.07) (20)
we get the equations oy Py
a(Dm\V) + ﬁ (21)
FNQM 4+ FME Q) = -], 22)
5709 4 5270 = J, @)

Eq (21) corresponds to the Euler-Lagrange equation, which gives the equation of the
generalized field describing the motion in PoP of charges and monopoles. We are not
going to investigate in this paper the nature of £2 (W) .
Eqgs (22) and (23) can be written, putting Q=0 + *Q®; _as
39 =-J, . (24)
23 =), & D020 =-1*], 25)
which are the non-homogeneous equations of the theory.
In the case of electrodynamcics these equations reduce ©
30 = -], (26a)
dQ = - *), (26b)
which we recognize as the Maxwell equations for the electromagnetic field 0=0% +
*Q® generated by electric and magnetic charges. We have for Q1 and Q%2 the

equations.
3Q@) =~ J,; 3Q®2= -], @7

since dQ® = dQ®2=0 . Also, since Q®1=dw,, QUr=dw, we have

D‘bl" 3y m' Ja (28)
where D = —{(dd+5d).

In conclusion we presented in this paper a geometrical theory of magnetic
monopoles without strings. It is important 1o emphazise the crucial difference between
our theory and the usual presentations of the subject , namely the string theory by
Dirac and the topological monopole theory, where the monopole appears associated
with a change in the topology of the world manifold.

We succeed in giving 1o the theory of magnetic monopoles without strings a principal
fiber bundle structure: a spliced bundle with group GxG. We obtain the equation of
the generalized field in our theory using in the spliced bundle a generalization of the
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Principle of the Stationary Action. We postulate the existence of a Lagrangian density
LOY) for the generalized field, that describes in the sp!iceci bundle the “electric” and
“magnetic” matter; but we do not use explicitly any Lagrangian to deduce the equations
of the generalized matter field. Indeed, £L2('F) is used only to produce the currents. The
question of the exisience of £9(¥) and its form in this formalism will be investigared in
another paper.

Acknowledgements: the authors are grateful 1o Professor A. Rigas for discussions
andto FAPESP,CNPq and CNR for partial support.

REFERENCES

[1] Y. CHOQUET-BRUHAT, C. de WITT-MORETTE, M. DILLARD-BLEICK Analysis,
Manifolds and Physics, second revised edition, (North Holland1982)

[2)M. A. FARIA-ROSA, E. RECAMI, W. A. RODRIGUES Ir..,Phys. Lenters,B173,
(1986)233; B188, (1987)511; W. A. RODRIGUES Jr.,E. RECAMIM. A. FARIA-ROSA,
A. MAIA Jr.preprint 31/87,IMECC-UNICAMP; W. A. RODRIGUES Jr.,M. A. FARIA-
ROSAA. MAIA Jr_E. RECAMI in T. M. KARADE and V. de SABATTA (eds.) "Global
Conference on Mathemarical Physics " (World Scientific 1988) ( in the press)

[3] A. MAIA Jr. and W. A. RODRIGUES Jr..preprint 32/87 IMECC-UNICAMP

[4]) D. D. BLEECKER, Gauge Theory and Variational Principies,(Addison-Wesley 1981)



RELATORIOS TECNICOS -— 1988

01/88 - A Linear Contlnuous Transporiation Problem - Enrigue D. Andjel,
Tarcisio L. Lopes and José Marie Martinez.

02/88 - A Splitting Theorem for Complete Manifolds With Non-Negative
Curvature Operator - Maria Helena Noronha

03/88 — Mathematical Physics of the Generalized Mc;nopole without String
- W. A. Rodrigues Jr., M. A. Faria-Rosa, A. Maia Jr. and E. Recamu.

04/88 — A Famlly of Quasi-Newton Methods with Direct Secant Updales
of Matrix Factorlsatlons - José Mario Martinez.

05/88 — Rotation Numbers of Differential Equations. A Framework in the Linear
Case — Luis San Martin.



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11

