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ABSTRACT. We introduce a new family of least-change secant methods
for solving systems of nonlinear algebraic eguations. At each
iteration of the methods of this family the matrix Bk is repre-
sented as a product of the form A;J'Rk, where the matrices A, and
R have a determined structure and A,  ,.R, . , are chosen using a
least-change secant rule. The first and second methods of Broyden,
Schubert's method, Johnson-Austria's and Chadee's method are merbers
of the family. We prove local and superlinear convergence results.
We introduce particular members of the family which seem to be of
practical usefulness.

1. INTRODUCTION

We wish to consider the problem of finding a solution of the
system of algebraic nonlinear equations:

Pix) =0 (1.1)

F = (fl,...,fn)'r

1

where P : IR® —— TR” is a ¢ function and its Jacobian matrix



is denoted by ~J(x).

Least change secant update (or Quasi-Newton) methods (see
{1,2,3,7-10,18]) are the most successful algorithms designed for
solving (1.1). They are based on the Newton-like iteration:

L Nen B'l;lfok‘) (1.2)
where, for each k, Bk+1 is the "closest" matrix to Bk which sa-
tisfies

- i
s =0 2 Uy p s ek (1.3)

and, perhaps, some additional conditions, such as sparsity pat-
terns or symmetry, using some matrix norm. Egquation (1.3) is known
as the "secant equation" (or Fundamental Equation of Cuasi-Newton
methods) .

The first method of Broyden ("Brccyiien‘s good method") is ob-
tained using the Frobenius norm, and yields (see [9]):

by = Bk s) er
B =B % (1-4)
k+1 k S’fs
Very efficient algorithms have been cbtained using formula
(1.4) (see [(18]). The best-known implementations of (1.4) store
the Q-R factorization of B,, and obtain the (Q-R factorization
of Bysi using otnz) arithmetic operations.

It is generally accepted that the "first™ method of Broyden
is more efficient than the "second” (Broyden's " bad” method) ,
which is based on the formmla .
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- {1.5)

k+1 k YT BkS
This formula is equivalent to:
Vi B re . B;l Y (1.6)
k+1 k YTY
It is easy to verify that in (1.6), B,  is the solution of
the problem:
Minimize N8 -B_
i B Ty
s.t. Hy = s (1.7

The reasons why (1.4) should be better tham (1.5)-(1.6) are
not yet absolutely clear (see [9]). ;

Now, when n is large, and J(x) is sparse, it is desirable
that the B 's keep the same pattern of sparsity as J(x). Formula
(1.4) doesn't have this property, so it is not well suited for
large and sparse problems. This observation gave origin to the
"sparse Broyden update® (or "Schubert's update”) [2,21, 16]. In
Schubert's formula, Bk+1 is chosen as the matrix with the same pat-
tern of sparsity as J(x), satisfying (1.3), which minimizes
s - Bklr -

Unlike the correction (1.4), Schubert's correction is not re-
presented by a rank-one matrix, so it is not easy to obtain a fac-
torization of B)r.-l-l using the factorization of Bk' as it so hap—
pens to be with (1.4).

This observation motivated Depnis and Marwil [6] to introduce
the first Quasi-Newton method with a direct'update of the L -U




factorization of B, - Essentially, the idea of Denpnis-Marwil's me-—
thod is the following: Set Bk = I‘kuk and keep l} fixed through-
out the process, choosing Dk+1' for %=0,1,2,..., as the matrix

which minimizes U - UkllF . having the same sparsity pattern as

nk and satisfying (1.3) (if possible). DUnhappily, Dennis-Marwil's
method doesn't seem to have the local convergence properties which
are typical of other least-change methods. In fact, local and
superlinear convergence is only obtained if the method is restarted
with B, = F'(x*) when k is a multiple of a fixed integer m. Re-
lated methods were introduced by Martinez [ 13,14] . These methods
don't need periodic restarts for obtaining local linear
convergence, but restarts seeh td*bPe necessary in practical com-
putations. g

Johnson and Austria [12] were the first to introduce a Quasi
-Newton method with direct updates of factorizations which do have
local and superlinear convergence without restarts. The idea of
the method of Johnson and Austria is the following: Set Bk =u;lnk,
Uk upper-triangular, llk lower—trianqulalr with 1's on the diagonal.
Now, choose uk+1 and Uk+1 with the same structure of Hk' uk' sa-

tisfying (1.3), and minimizing IM - Ry = Hkl - Numerical ex-

periments reported in [12] seem to indicate“that this method is
competitive with a standard implementation of Broyden's "good”
method. ]

Chadee [ 4] adapted the method of Johnson -Austria to the
sparse case. So, he included the condition that M . and U, ., keep
thesamesparsitypattemofnkmduk Ofconrse,nktnm out
to be Lkl where Bk 1...‘0 is the 1L-0 factorizaticm of Bk. The ob-
vious drawback of Chadee's method is that t.k is wusually less
spamthanLk.Ontheotlmrhnnd the convergence proofs impose
that the same pivoting strategy is valid for Bo and P*(x*), a
restriction which suggests that restarts are strongly recommended
in practice.



In thisl paper we introduce a family of Quasi-Newton methods
which represent a generalization of the method of Johnson and Aus
tria. The idea is the following: Suppose that the matrices of the
form: 1

J = [0 J(x + t(z - x))dt

may be factorized as J = AR , where for all x,z in the domain

of definition of F,A and R belong to the linear manifolds SA
and SR respectively. Por example, in the case of the methad cof
Johnson-Austria:

-‘- nm = = -
SA {(aij’ € IR ¥ a ; R o o 4 LY L n)

ij

S, = {(nij) ™ Uy =0 . for yeid= . SO 1

Assume that l-la and l-lb are two norms, derived from

scalar products ®™™® | In most cases g I-lb - H-IF - Set
A €S, ,R €S . Forall k= 0,1,2,... , define B, = A;lllk "

and choose “‘k-rl 'Rk-rl) as the solution of the problem:

Minimize alla -Akll‘: + (1 -u)IR—RkI: 0 <o <)

s.t. s~ Ay =0, A€S8, , RES .

Under mild assumptions we prove the local and superlinear
convergence of the methods of this family. The methods of Johnson
-Austria and Chadee, the method of Broyden-Schubert, the first
and second methods of Broyden and the sparse symmetric secant met-
hod of Marwil-Toint [ 15,25,26] are particular cases of this family.

" Moreover, the method cf Dennis-Marwil and some variamts of it
may be interpreted as "limit cases” of the family (a =0 or a =1).



Some “"new members” of the family may be of potential useful-
ness. In the dense case, a method with A dense and R upper tri-
angular is suggested. For convergence we need a 0-R factorization
of the initial Bo' but the orthogonality of A is mot preserved
~{and not needed) in the process. In large and sparse situations,
we think that some ad hoc factorizations which take advantage of
the special structure of the Jacobian, may be used to generate
potentially useful methods in the new family.

NOTATION

-l will always denote the 2-norm of vectors or matrices.

".F will denote the PYobeltins norm of matrices

I+l W-f,) will denote the norm in m""’; induced by the
scalarprodllt.'t(,)a ((,)b). So, lxla-<x,x)a

(lxlg = (x,x}b ) for &1Y XE TN s )

2. THE NEW FAMILY

Assume F:QC]R“—-»IR“,O<¢<'1.SAMSRMlin-
ear manifolds in ™™ , x°€q, A €s ,R €85. two non-
() o R

A
singular n xn matrices. 3

For all k =0,1,2,... , define

xh'l -—xk - B;ll’(xk) 4 (2.1)

B, =At R

and suppose that (ﬁﬂ_l.n’“_l) is obtained from (Ak,Rk) as the so-
lution of the problem:



Minimize o BA -Axl: # 0 -n)lll-n.klz (2.2)
sit. Rs - Ay = 0 (2.3)
e L R b

A€ S RES (2.4)

R" R

Before setting the hypothesis which makes the method well-
defined in a neighborhood of a solution, we shall exhibit some
particular, and well-known, members of the family. For all these
methods, k-1 = Rt = -ty -

Different methods in the above defimed family diverge ac-
cording to the way in which the manifolds shndsnmchosan.

In most cases, S, (sg) is defined by a, possibly incomplete n*n

matrix 6'“(0") and n sets of indexes I?(I‘?) C {1,..:¢a}, such that

A= hi‘j’ € s‘ (R = ltn) € SR)

if and only if

ni:j = eij (rij = Onﬁ) for all j & 1‘: 5 & I?)

= Q00090 «

This is the case of most the examples which we are going to
exhibit in this section.

EXAMPLE 1.

Broyden's first method: In this uethodhk' 1 for all
B 02,2 00 tu S0y

I? = ¢ , i= l'---.n ’ eh - I' I!;_“[l,---,n} v .‘l'l,-.-,ll -



EXAMPLE 2.

Broyden's second method: Contrary to Broyden's first method,
R = I for all k = 0,1,2,..., I? -9, =1, z: = {1,...,n} ,
i=1,...,n. . >

EXAMPLE 3.

Schubert’'s method: As in Broyden's first method, - e I, B0
BAV=I,I=¢ for all J,a-l..-.,n..autnkneeds to reflect
the sparsity of J. so,letnsdef:me_:

a‘f

Id = R {1.---.n}'/ 3§<.4x) .0 fut all x € g}, 1-1,...,n‘.

Sp should contain the utxieu with the sparsity pattern defined
by I' - 0, : :

R i 2

I, = {lseeepnl} - I;

R

eij

=0 for all jE‘Ii'_ e S s FIUEERR
EXAMPLE 4.

Johnson—-Austria's method: In this methbd A.klllk should be
the L-U factorization of Bk So,

A A : A
I = {l,.e0d-l) , 65 =0 if 3 >4, 6, =1, i=1,....n

SOHE L5 A aR

If 3y =0 4f F<d d=don .

EXAMPLE 5 .

Chadee's method: As in Johnson—Amstria's method, A;ka should
be the L-U factorization of B, » but the sparsity patterns of A,
R, are to be preserved. So, suppose that, for all =x € Q, J(x) =

-L'(x}-l U(x) where £(x) is lower triangular with diagcnal entries



g 1,50 %= 1,.--,1’1 , and, Mttanallg' L = 0. lnl' Q,ll jEIi,
1-1,--..,:,::! H(x)- (‘j’ 1lupp-rwntht1-0
_for all jE I}. o SR S TSR AR WL mm. for - 1*].,..-,1\». -

L

-4 ‘.

't

r: e« D s, W

f' u......; v i

A A : L

o34 Gifj>1,eii 1,6, ~0 wigen;

R -
wsgyy e 0 Af j<1,.oij-o ar 3 &) g

Poth 1n. Sl ARt b an i Ckiiee S met AR 2D .
EXAMPLE 6. . v

The “Quasi-Dennis-Marwil® method: Assume the hypothesis  of
Chadee's method. The solution (A,R) of (2.2)-(2-4) may be _deter-
mined row by row as follows:

(!)13),?-\ g /ta‘{r’

E‘. -(rj) '-'Ak. 7:-_‘---{‘31

X (r:)r_ . \ lak)r

‘k’

e R

Then, for i = 1,...,n" we want to.solye the problem:



n n
; kol k .2
mn & T "1j“ij} + (l=a) I (’11 “} :

=1 =1
n n
T e T TN gl 0

b ey
rij'o IF i er j,S:I:1

gy =0 3£ 3 >4 oe jGIi'

‘ii‘l’

10

So, dropping the index i, *or simplicity of notation,

we must solves:

i-1 n

Minimize a (aj-a]‘)2 * (l-a}) I (=x —rlf')z
=1 J =i 33
L ¢4
jg:[:l mi
n i=-1

€ GRS S i
s.t o xjsj Aod ‘jyj ¥, =0
jg1y s}
Using standard Lagrange multiplier theory, we see that
.~ = 1 L
a(aj aj) ij % Flsecd=lr, F @ I
u-curk-r’j‘) a8 =0, i, 3 )
So,
= s S e 5 L
yjtaj aj) i & 0, 3=l,e.e,i=1l , 3 @ 1

s:trj-r';) + -i%sg =N e T I:'



g == S

11
Adding this set of equations, we obtain: . -3 .
5 i-1 " e A, A
2 X K; 1 R gk S Y
vy j-z-i rjsj jil 'jyj"'l,iu jil ’j+1-u 351 sj] 0
L L U
I%I, i®T] 2 I,
Therefore : : 3 “dg %
. - G S d=1 . &. i-1 g . _n
1 Piys 28 ssg
A= A 3
o : : Tl 5 U
Ty P, e 381)
and: o
Fongs .j o ‘ag 3 % Yj o ;'19*.'—-- r:.l-']- . j # 3[‘:: irZ';-S_)

22 X e Ty _.', = _-_ : A
rj?z_;z-r_)‘_—;sj > j-l,....,_n ’ ‘j#IE-'_;;l_' 5% (2.6)

consi.d-r now A = ‘l.(c.), an '-_aj.(ﬁ) ':j -:l:jh.l. and suppose

3 ey it e
R
j=1 3
U
In this case, it is easy to see that L = 11.'-.‘:‘}4_2&- exists
. and ' a+1
M '-5-1 ; :..n‘ ; ]
k =1 x . 2
Lia gy, '+ B X E, = LY R Sl 7w (Ruid)
& : d r i et ¥
b2 9 L, 3 €1,
Similarly, % e
vm Malooo o (2.8)

a+l
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So, combining (2.5)=(2.7), we have

a. = lim a_(a) = a

k
j pei j j . 331. -'--vi"l

= k o
. = 11 = - e J=l,cace il , =
rj a-'ll rj(u) rj !"j j=1 n j?li

But the expressions for ij and ¥, are exactly the ones which
define the Dennis-Marwil method, which, in consequence, may be
interpreted as a "limit case" of the new family. Members of the
family with a close to 1 may be called "Quasi-Pennis-Marwil” met-
hods. We will see, in the next section, that all these - methods
have local and superlinear converqenee without restarts, a pfo-
perty which is not shared by their "limit cases”.

EYAMPLE 7.

The Symmetric Secant Update and the Sparse Symmetric Secant
Update (121,15,25,26]): In this case, we know that J(x) is sym-
metric for all x € Q. Additionally, let us assume that J(x) has
some sparsity pattern, and, aceord:lngly, define II si=1,...,n as

: tn Schubert's method. Alsc, S, and S are defineC as in Schubert's

me thod by imposing the add:lt:onal ctmstraint of R being symmetric
for all R € sn -

3. CONVERGENCE RESULTS
Assume that r=QCn"-—-—-m“.  an open and convex set,
F € clm), x* € Q, J* = J(x*) nonsingular. Assume, further, that
there are constants M, p > 0 such that
1) - J(xMi < Mix - xP (3.1)
for all x € Q.

This impliecs that, for all x € Q, i=1,...,n ,

PUE () - VL (XN < WX - x* P (3.2)
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and (see [3]), for all x,z € Q:

IF(x) - Fix) - J(x*)(x—-z)f <Mix-2zl o(x,2) (3.3

where
o(x,z) = max{hx -x*[P , Bz -x*1P} (3.4)

Let us suppose, without loss of generality, that Jix) is
nonsingular for all x € Q.

Lt AR ir WG T e W N

J*, such that

ta) A(J*), R{J*) are nonsingular, and, for all JEW ,
J=an"t R,

», W an open neighborhood of

(b) There exists ¢ > 0 such that
BAG) —A@ < c BT -3% , (3.5)
IR(I) -—l!.‘r‘)lb <c iy -t (3.6)

for all J € W. In consequence, A and R are continuous in J* and,
without loss of generality, we may assume that A(J), R(J) are non
singular for all J € W.

1
{c) For all x,z €Q ,J = I Jix¢ti{z-x))dt €W ,
0
Al € .'.‘.A v oAk LIy € SR - 3.7

Let a € (0,1). We define the following scalar product, in
nxn nxn
the space IR x IR :
CAR), (A" .BR") )c =alAA" )a + (1 -a) (n,a',)h

The associated norm ."u is given by:



14

S 2 2
I(A.RH“ -d-lﬂn od (lﬁc)lﬂb

Let us call S the cartesian product SARS.R-Letx and 1z
be two arbitrary points in Q. Define s = z-x , y = F(z) - F(x).

Define:
Vv = vi{x,z) = {{A,R) €S / Rs - Ay = 0}.

Lemma 3.1 qunr-rmea that problem (2.2)-(2.4) has a solution

if xl‘,xk'.'1 € 9.

LEMMA 3.1. Por all x,z €0 , V= Vix,z) # ¢.

Let us write

1 »
y = Fl(z) - Fix) =1 f Ji{x +t(z =x))dt]ls = Js (3.8)
0

But, by (3.7 ,

JEW , AP €s, and R(T) €s,

Thus, R(F)s - A(F)y =0 and (A(5),R(F)) € 5. So
(A() ,R(3)) € V.

Since the linear manifold V is nonvoid, it makes sense to



define the orthogonal projection (related to I-l ) of any pair of
matrices on V. The following fundamental lemma gives a bound for

a—-distance of (A(J*), R(.‘!')) to V. Let us call A, = A(J") ,
R, = R(J*) and define:

(A,R) = Argmin{l (aA,R) - a,.RM_ / (AR €V}

LEMMA 3.2.

(AR - (A..R..)l. < c Molx,z)

PROOF. Let J defined as in (3.8), A = A(J), R = A(J). So,

J €V, and, by (3.2):

13 - J* < Mo(x,z) .
Therefore, by (3.5) and (3.6),
HA(T) - A(J*)I‘ < € Mo (x,z)

IR(3) - R,

In

c Mo (x,z).
Thus, by elementary calculations:
1A R - (A, R & cMolx,2) .
e by the definition of (A,R) ,

HR,R - BRI < DAY, R - (A, RO .
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so the desired result is proved. _

We are now able to prove the following "Bounded Deteriora-

tion" result:

LEMMA 3.3. Assume xk,xm’1 are defined by (2.1)-(2.4), and

x,xk'ﬂ € Q. Then:

T R =R < BIALR)I-(ALRIE_+ 2cMo(x,2)  (3.10)
PROOF .
T 1 Riear) " BB | < B R )-ARIE | +

+ AR - LRI . (3.11)

4 But tAH-l'RH-IJ is the s—projection of (Akrkk) on V, and
(A,R) €EV, so: :

< NALR)-(A, RIS+ 1WA, R)-(.RM_ (3.12)
So, by (3.11) and (3.12),
DA g Ry )~ B RE L < HALLR) - (AR +
+ 20 (A,.R,) - A0,

and the thesis follows by using Lemma 3.2. _

Let us assume now, in addition to the general hypothesis of
this section, that PF(x*) =0, 0 < r < 1.
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LEMMA 3.4. There exists 91, a neighborhpod of x*, and N, a neighbor
hood of (A,,R,) such that, for all x € nl. (A,R) EN

Ix - R CAF(x) - x*I <zhxr— 3%
and 1AL, BRI, BA" 0, IR™M  are uniformly bounded.

PROOF. Using standard arguments (see, for example [10]), it fol-
lows that there exist neighborhoods '1 and Q“l of J* and x* res-
pectively such that, for all B € .1 s X € Ql >

Ix - BTIPx) - x* Cria=a- (3.13)

Row cons:i.-der the fumction ¢ (A,R) = A—Ll. This is a conti-
nuous function in (A_,R,), so there exists a neighborhood N of
(A, R,) such that ¢(N) CN, . Thus ky (3.13), for x € Q_, (A,R)

1 1
EN

Ix - R Iar(x) - x* < rix - x*,

as desired.

Finally, if N is contained in a closed ball whi¢h is small
enough, the boundedness of U, IR, §JA™M, IR M1 follows from

elementary properties of continuous functions on compact sets. _

We are now ready to prove the local linear convergence the-
orem.

THEOREM 3.1l. There existneiqhborhoods 8,5 of x* and
(A,.,R,) respectively, such that 11' x° e B v o'xo} € 86, then
the -algorithm defined by (2.1)-(2.4), with the hypothesis intro-
daced in this section, is well—-defined and for all k=0,1,2,...

1x5*t - xm < rix® - x*
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PROOF. Let 61 be such that

B, = (R €m™" x V™ / HAR - (A RN <8} CN .
1

Suppose & ,€ small enough so that:

P
6-!-&.3...!:.__.(6

1-rP .

and Bes{xemn/lx-ﬂ<elcnﬂn

1
Suppose x° € 8_ and (& ,R) € B;. By induction on k, we will
prove that: 3

(1) x*'!  is well-defined

S

(14) 1L xm < rix® - x*

(1ii) I=x L x*I irk"'ls
x
i P 3
(19) DAL R 1) = (ALRIN <6 + 2 cMe jz F<s, -

For k = 0, the thesis follows directly from the definition
of 6§ and €, and the previous lemmas.

Let us suppose that (i)-(iv) are true for all §=0,1,...,k-1.
So, by (iwv),

k-1
o= P 3
T R — (AR <64+ 2cMe j:o P
2 cmeP
< 8§ ¥+ — < &5, .
e 1-rP A

Therefore,

(Ak,Rk) EN (3.14)
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But, by (iii),

Ix® - x# <rfe <e ., so
et o (3.15)

(3.14) and (3.15) imply, by Lemma 3.4, that x = is well -defi-
ned, ka+1 - x*l < rlxk - x*|, and ’kaﬂ‘

by Lemma 3.3,

it < k4 o € . Finally,

AL Ry) - AL RIE S TALR) - TR

+ 2 o max(hx® - x=tP , 1xX**1 - xqP) <
*-1

<s+2cmP 1 P42 omax” - xP <
3=0
k-1 .

<§+2cmefP : P34 2 emeP X =
3=0
x

=52 el? LR w
3=0

In Theorem 3.1 we proved the local linear convergence of the
algorithm. We now want to address the problem of proving g-super-
linear convergence. From now on, we will assume the hypothesis of
Theorem 3.1.

LEMMA 3.5.
kl.i: DAy eRyyy) - AR, =0

PROOF. Suppose, by contradiction, that the thesis is not true. So,
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there exists <y > 0, and an infinite set of indexes IICJ!I.
such that

'(Ak'.'l'nk'.‘l) il (Ak'nk"u _>_ ¥ (3'16,
for all k € K,

Now, the same reasoning of Theorem 3.1 leads to
k .
l(kk+j,Rk+j)-{A,.R,)lu < I(Ak.Rk)-(A,.R,)Iu + Kliix -x‘lp (3.17)

with
,20.!

1-rP

Let kEKI.SO.hyﬂntyﬂlaqorianﬁeoul:

~

K o " Bor SL1:iNeS 22, vecud i ®

F gy Ry )~ ROE2 = h A R, D -GRoin] + 1R B- (812 =
= WA R~ (B, R02 -1, R - LRI 4 AR - RO .
Therefore, by (3.16) and Lemma 3.2,
PRy oR )= By ROEZ <IH A LR )= (A RN+ Ay R) - (R, B ) 2
-y s (em? - P
BOALRD - (A, RIZ « 20(A LR )= (A, RO I (A,,R)-(R,R
+ 2tcm2 ™ - x‘lzp - 72 <
< DALRI=ALRIZ + 26, om #x* - x=1P

MW P P o (3.18)
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Thus, by (3.17) and (3.18), we have, for all & > k3l

' .2 2
iml.nl)’m..n.nﬂ < lmkﬂ.nkﬂ)-(n,.n,uu -

M xot® R -, RO K205 ey 2P

- 2 K_yxapP K _ oy 2P
AL R AR + 2k Bx -xn® 4 kX -y

Ia,
| A

IA

- 2 1 e
'mk'nk) (IL,,.!i..,)lcI + (28 cm +2KE,) IxT -x%

+ 2iem? 4 5% X oxm?P 2

But ,{-1_: T -x* = 0. So, there exists k, €N such that,
for all kexl,hg_ko, 1 > k+1l, we have:

2
2
DAL R RMZ < Ay RO =, RZ - X

(3.19)

let us consider {10.11.12,... b K, » such that
ko < !'o <8y < .!.2 < +-- . Inequality (3.19) implies that
2
: 2 2
Ry SRy IR < B LR -, RO - i .
J 3 ]

But this implies that | (A, Ry )—(A,.R,)l: <0 for large

enough j, which is a contradiction. =

LEMMA 3.6.
lim 1 -BI =0 .
N Bre1 k

PROOF. By Lemma 3.5, we have:
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r N WY s e 2
“1lim ulak.#«l - Rk-l'a 4 n“”“xu"}'b

-+

This implies that: ‘

fpan i oy e .
S Xim A S = 1im g =R Il
i~ B o e L * "o
And sb; -
lim A, ~A § = Lim fR  -R 1 =0 . (3.20)
ke 1 Ak e 1 A%y : ; .
Now

S Pc® n . i o T
L Rx' * "xm A “x’

Al ll?jﬂl—kkl +lls‘l n;iliakll <

a_lh I%I—Ril +0artacl .llhl-h];l I,

mdﬂxedesiredmltfoumf‘rmhothﬂzm andthe unifm:n—
ly boundedness of lAkll,ll?kl on N.

Ia .M

IA

THEOREM 3.2. Dnderﬂ:ehypoﬂlesis of'!heom-:i-l, xk‘conv-ixﬂqahq-
supexlinearly o  xt,

PROOF. Byﬂrebamis-m:é’conditionlﬂ,uemlyneed to . prove
that:

1B, ~a%) (K

lim =9

s PO S




23

Ll -am o - X 15

B - ) (x
i K kel
lxk+1 -xrl e hx k+1 --xk!

+

= | S
ka1 7 (X )l

lxk"1 - x‘l

(B

+ <

ir et - ipe®) o - 2N

Ix'"l - x

'nk-nk-rll +

But the first term in the second member of this inequality
tends to 0 by Lemma 3.6, and the second goes to zero by (3.3).
So, the theorem is proved.

4. SOME KREW METHODS IK THE FAMILY

A. DENSE PROBLEMS

Consider first the dense case. Particular methods in the new
family differ in the way the norms l-sa and l-ih , the mani-
folds Sy and S, and the parameter o are chosen. In Section 2 we
analyzed three particular choices of SA and SR , which lead to
Broyden®s "good" method, Broyden's "bad” method and Johnson-Aus -
tria's method respectively. But, many other choices are of course,
possible. Let us comment some of them.

(1) The "dense-derse” method: Here S, = S, = IR" . This met-
hod may be interpreted as a combination of Broyden's good and
bad methods. Wher a is close to 1, it approaches Broyden's "goed"
method, and when a in close to d. it is close to Broyden's "bad”
method. See Figure 1 for a geometrical interpretation of this sit-
uvation. We observe that the pair mk-rl"kd-l)l“" in some natural
way, closer to (Ak Rk) when a is close t:o % . Thus, it may be
conjectured that the "dense-dense” (a ~ -) method is less subject

~N
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(%1"5&1""*" Aproyden bad™ (a = 0)

. R A

Pigure 1r ‘!he 'dem' me thod

= = 8 TR S el

to deterioration, and thus more stahl.e than both the f.i:r:st and

seccmdmthodsofnroyden e M

The implementation of this mthod houevex:. should be more
expensive than the previons ones. In fact, A, may- “be abtajned
directlyfmAk,uinBruydun's bad‘-sthod' butao-!fac-
torization of R should be stored, and updated, as in ll&] in
order to solve (1.2). Inaddition.ue-honldneqd 0(25n)stnr-

puaiﬂw,,;norauﬁoml;kmdtheo-k facm!imion of
nk.So.-edmtmifmnuapncumxnme ihown is

.uhmldbeinmtingto:tn&yitspropérﬁesraardetbo mder—

stand the stability properties of other methods. It is curions
Muuetmmmmdiﬂemtiﬂﬂalpnn ¥ mw
(Ao.n h con:qspoading bo different initial factorizations of *

-J(.'xd}. -ror c;ulplo, we may . dnq!e (a) A = J{x“)“l, R= 1,

) A =T, n-au“) (_ela-nl',k-iu,‘mﬂnt P ix°) =1u,
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or (d} A = QT . R =0, so that QU is the "Q-R" factorization of
J (x°). The validity of these ,ch,oic:es,' in relation to the conver-
gence theorem, is justified in the following Lemma:
£ - :
LEMMA 4.1. Let J* be a nonsingular matrix, J* = L*U* = Q*R*, the
_ L-U and Q-R factorizations of J* respectively. Let us write, in a
neighborhood of J*, J = L(J) 0(J) = Q(J)R(J). Thus, there exist
C17CyeCy > 0 such thgt. for J close enough to J",

W ce b - (4:1)
L) -LETNDE, < c g - g 14.2)
2y 1 2 .
LT @) ~LT (TN, < e, BT -J* (4.3)
IBCJI-U(J*IIF £ el ~a* : (4.4)
1D Q"M < c T -J™ (4.5)
IR({I)'-RIJ‘)I!,' < el =% (4.6)

PROOF. See Appendix.

(1i) The "dense-triangular” method:

pefine s, = m™™ Sp = ddry,) € - Fagre SAL54.23)

As in the case of the "dense-dense” method, we way interpret
that one iteration of this method approaches Broyden's "bad" met-
hod's iteration when a is close‘to 0. But, when o — 1, the met-
hod is related to Dennis-Marwil's method, in the sgnse that only
R(the upper-triangular part of the factorization) tends to be
changed, ard the dense part tend to keep the same. All the “"fac-
torizations” which may be used to implement the first iteration
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of the "dense-dense” method may also be used for the “dense —
triangular” method, except (b). But, of course, the most natural
situation is to begin with the Q—-R factorization of Bo. Onlike
the "dense-dense" method, this seems to be a practical algorithm.
In factz'., Ak+1 and er*l may be obtained from Ak and Rk using
0(1l.5n") flops, and system (1.2) may be solved directly using
backward substitution.

We implemented the "dense-~triangular” method for a = 1/2
and we ran it with some functions of the set presented imn [17].
The results were encouraging. The situations of convergence and
number of iterations were sinilar to Broyden's good method, and
the computer times was much less becam of the simplicity of the
implementation, in comparison to the rather expensive updating of
the Q-R factorizations in Broyden's good method.

{iii)} The "demse-diagonal™ method:

Set 5 =™ 5 = {(r,.) EWM™® s =0 31f 1 ¥ j).
R .

A ij ij
Observe that this is Broyden's "bad™ method, where some
freedom was incorporated in the choice of R. In fact, in Broy-
den's "bad" method SR = {I}. Possibly, the method improves the
stability of Broyden's bad method.

{(iv) Other "dense” methods in the family: Some other choices
of s, and SR lead to methods which may be useful for particular
problems, or the stability properties of which deserve attention.
A reasonably complete list is obtained examining Table 1. For
understanding this table, let us define the following sets in

x
mnns
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nx
R e ¢ e

UT = {(bij) € mnx“/h‘lj =0 o’k N R il . vyl

UT1 = OT, N {(b, ) € R™T /b, =1, 1=l,...,n}

i3
LT = (B € B™™ /B =CT with C € OT)

Tl = {B € ™™ /3 =c' with C € OT1}

ns{u;ij)em””“/b =0 if i # j}

13
1= {1},

" So, different methods sre obtained choosing ,.‘3a and SR as

different sets in the list above. Now, Table 1 may be interpreted:

M uT UT1 | LT | LT1 : D 1
. . . | "dense- ] "dense— Broyden's
M dense-dense triang” new Dew | new diag" e
new {
oT (not inter— il \ i k- auI[ new \
esting) 1 5! '
new ’ i
uTl (not inter- | new
g : S I 2 | |
new i | '
ET (not inter— E new ! new | \
esting) ; ]
new 1
t

l
| X

D new | L § ‘a\{

Johnson—
LTl (not inter— Batrin \
esting)

g el v g X

Table 1: Methods in the "dense" family.

| | g |l |
R o

|
|

-
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B. PARTIALLY LINEAR PROBLEMS
\

\
Cx - b, L
Suppose that F(x) = i . S0, P'ix) = "
rztx} | . r'zlx)'
/ .
] g
The first method of Broyden is not well suited for this type of
problem because the whole Q-R factorization of Bk should be changed
from one iteratiom to another without taking advantage of the lin-
earity of the first components of F. In contrast, let us define
a method in the new family which seems to be adequate for  this
situation. Suppose that C € IRR" " , g=n-m: Let L € IR " such

that L= (L) is lower—trianqular, ¢, =1, 4i=1,...,m and

ii
A=0= (u,.), sech that u,__ =0 if - i > j.

ij ij
Define:
= m = - = =
S {(aij) € IR / agy 1.a1]. e e - . Ay "13
b Sl SR TR 1!---'II}
8y = Bty ) em"'“/rij-nij HB Kok B e B il 4

SA and SR reflect the structure factorization of the 1~U0 factor-
ization of C. The whecle factorization of Rk may be completed with
a small number of operations if g is small as related to n.

C. SPECIAL STRUCTURES

Suppose that J(x) has the "dual block—angular structure”
(see [5]):
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Ji{x) = =

Bl(xl

C{x)

B‘ (x)

m_xn n
where BiCxJGIR1 i,c(xjem,m!,tni-zniwnrtn.

It is easy to verify that the Q-R factorization of J(x) has the
same structure of J(x) in the following sense: The structure of Q

is exactly the same structure as J, and R is upper - triangular
of

matrix such that rij = 0 whenever T:i-i' (x) =0. So it is natural

todeﬂnesaandskas the sets of matrices in IR

the structure patterns of Q0 and R respectively,

e which have

A similar amalysis may be done with respect to other part-
icular structures, such as staircase, staircase with dense col-
omns, etc.
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D. UPDATING THE PRECONDITIONER

The best way to solve many sparse linear systems of egua-
tions Cx = b, is to perform a "partial factorizatiomn", P-lc R a®
and to apply a Conjugate Gradient type method to C'x = P_lb (See
[20],122]). If this is the situation for matrices with the struc-
ture of the Jacobian of certain nonlinear systems F(x) = 0, it
should be interesting to define a method in this new family where.

SA = matrices with the structure of P

sR = matrices with the structure of C'.

5. FINAL REMARKS

In this paper we introduced a new family of Quasi-Newton
methods for solving nonlinear simultameous eguations, which turns
out to be a generalization of the‘method of Johnson-Austria [12].
The new family includes some well-known methods, such as the first
and second methods of Broyden, Schuhei't's method and, of course,
Johnson—-Austria's and Chadee's methods. So, the same convergence
analysis is wvalid for all these methods, as, they are seen as par-
ticular members of this new family.

We suggested some new methods which turn out to be “"new
members” of the family. For dense problems, the "dense—triangular”
method, with an initial Q-R factorizations semms to be of prac-
tical interest. Other methods, such as the "dense-dense”, the
“"dense-diagonal® and the "diagonal-dense” seem to be useful to
study the stability properties of least-change methods. They de—
serve future research.

For particular sparse structures it is possible to intro-
duce ad-hoc methods in the new family which may be of practical
interest. This in the case, for instance, of block—-angular, stair



31

case, and band-structures.

Finally, we interorete the matrices Ak as preconditioners
for the solution of Bks = -F(x ). So the solution of Rksz-AkF(x )
may be calcelated using a conjugate-gradient method. This point
of view deserves a careful computational and theoretical analysis.
In particular, Inexact Quasi-Newton methods (see [24]) based on

the new family should be studied.

APPENDIX. PROOF OF LEMMA 4.1.

.1) is a well-known result, based on Banach's Lemma [ 19] . (4.2),
(4.3) and (4.4) were proved by Dennis and Marwil [6]. So, let us
prove (4.5) and (4.6).

Let us write Q = (qij)' R = (rij)- Analyzing an algorithm
for obtaining Q and R, it is easy to verify that

qij = qi:.| (3

rij = rij (J)
where qij' rij are compositions of cl—functions. So, 94 and
rij are cl-—functions is a neighborhood of J*. So, for J belong-
ing to this neighborhood we have,

-k c
}qij qijl <

A
0
-
&
I
4
L]

Thus
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1o - o™ < /EES Iy - J*n

IR - R™ S_IEEGIJ-J"I

P
and the thesis follows using the eguivalence of norms in finite-
dimensional linear spaces.

ACKNOWLEDGEMENTS. The author is indebted to Fundacao de Amparo a
Pesquisa do Estado de Sao Pavlo (FAPESP) and to Conselho Nacio-
nal de Desenvolvimento Cientifico e Tecmoldgico (CNPq) for fi-
nancial support given to his work. A



33

REFERENCES

Il

21

131

[4]

[5]

l6]

e

[81]

C.G. BROYDEN (1965), A class of methods for solving non-
fj.near simul taneous equations, Math. Comp., 19, pp.577-593.
C.G. BROYDEN (1971), The convergence of an algorithm for
solving sparse nonlinear systems, Math. Comp., 25, pp.285-
-294.

C.G. BROYDEN, J.E. DENNIS and J.J. MORE (1973), Oon the
local and superlinear convergence of guasi-Newton methods,
J. Inst. Math. Appl. 12, pp. 223-245.

F.F. CHARDEE (1985), Sparse Quasi-Newton methods and the
continuation problem, T.R. SOL 85-8, Dept. of Operations
Research, Stanford University.

M.G. COX (1980), The least sguares solution of overdeter-
mined linear eguatians having band or augmented band struc-
ture, NPL Report DNACS 26/80, Natiomal Physical Laboratory,
Teddinoton , Middlesex, UK.

J.E. DENNIS and E.S. MARWIL (1982), Direct secant updates
of matrix factorizations, Math. Comp. 38, pp. 459-476.

J.E. DENNIS and J.J. MORE (1974), A characterization of
superlinear convergence and its application to auasi-Newton
methods, Math. Comp., 28, pp. 549-560.

J.E. DENNIS and R.B. SCHNABEL (1979), Léast change secant
updates for guasi-Newton methods, SIAM Rev., 21, pp. 443 —
-459.



[ sl

[ 10]

[ 12}

[ 131

[ 141

[15]

[ 16]

[17)

[ 18]

34

._I-E. DENNIS and R.B. SCHNABEL (1983), Numerical Methods for
Unconstrained Optimization and Nonlinear Equatiors, Pren-
tice—-Hall, Englewood Cliffs, NJ.

J.E. DENNIS and H.F. WALKER (1981), Convergence theorems
for least-change secant update methods, SIAM J. Numer.
Anal., 18, pp. 949-987. ¥

S.C. EISENSTAT and T. STEIHAUG (1982), Local convergence
results for inexact guezsi-Newton methods, Department of
Mathematical Sciences, TR £2-7, Rice University.

G.W. JOHNSON and N.A. AUSTRIA (1983) , A guasi-Newton method
employing direct secant updates cf matrix factorizationms,
SIAM J. Numer. Anal., 20, pp. 315-325.

J.M. MARTINEZ (1983), A Quasi-Newton method with a new up-
dating for the LDU factorization of the approximate Jacobian,
Math. Aplic. e Comput. 2, pgp. 131-142.

J.M. MARTINEZ (1987), Quasi-Newton methods with factorization
scaling for solving sperse nonlinear systems of equations,

Computing 38, pp. 131-141.

E.S5. MARWIL (1978) ,Exploiting Sparsity in Newton—type methods,
Cornell Applied Mathematics PrD thesis,

E.S. MARWIL (1979), Convergence results for Schubert's method
for solving sparse nonlinear equations, SIAM J.Numer.Anal.,
16, pp. 588-604.

J.J. MOFE, B.S. GARBOW anc K.E. HILLSTROM (198l), Testing
unconstrained minimization software, ACM TOMS 7, pp.l7-41.

J.J. MORE and J.A. TRANGENSTEIN (1976). On the global con-
vergence of Broyden's method, Math. Comp. 30, pp. 523-540.



[19]

[ 201

[21]

{ 22

[ 23]

[24]

[ 25]

[ 26]

35

J. M. ORTEGA and W.C. RHEINBOLDT (1970), Iterative Salution
of Nonlinear Eguations in Several Variables, Academic Press ,
New York.

clc. PATGE and M.A. SAUNDERS (1982), LSQR, An Algorithm for
sparse linear eguations and sparse least-squares, ACM TOMS
B pp. 43-371.

M.J.D. POWELL (1970), A new algortihm for unconstrained
optimization, in Nonlinear Programming, J.B.Rosen, O.L.
Mangasarian and K.Ritter, eds., Academic Press, NY, pp. 31-65.

M.A. SAUNDERS (1979), Sparse Least 3quares by Conjugate
Gradients: A comparison of Preconditioning methods, FProc.
Computer Science and Statistics: l12th. Annual Symposium
on the Interface, J.F. Gentleman editor, Univ. of Waterloo,
Ontario, pp. 15-20.

L.K. SCHUBERT (1970), Modification of a quasi-Newton met-
hod for nonlinear equations with a sparse Jacobian, Math.
comp., 24, pp. 27-30.

T. STEIHAUG (1980), Quasi-Newton methods for large scale
nonlinear problems, PhD Thesis, Scholl of Organization
and Management, TR # 49, Yale University.

PH.L. TOINT (1977), On sparse and symmetric matrix updating
subject to a linear egquation, Math. Comp. 31, pp. 954-961. .

PE.L. TOINT (1978), Some numerical results using a sparse
matrix updating forwmula in unconstrained optimization, Math.
Comp. 32, pp. 839-851.



RELATORIOS TECNICOS — 1988

01/88 — A Linear Ceontinunous Transportation Problem - Enrique D. Andjel,
Tarcisio L. Lopes and José Mario Martinez.

02/88 ~ A Splitting Theorem for Complete Manifolds With Non-Negative
Curvature Operater - Maria Helena Noronha. :

03/88 - Mathematical Physics of the Generalised Monopole without Strings
- W. A. Rodrigues Jr., M. A. Faria-Rosa, A. Maia Jr. and E. Recami.



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37

