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1. INTRODUCTION

The Hellinger’s distance (Hellinger, 1909; Hellinger & Toeplitz, 1910) has been proved to be
useful as a o-finite measure of nearness between probability distributions (see, for example, Beran,
1977). Bhattacharyya (1946) uscd it to define the divergence between two multinomial distributions
without any references to Mr Hellinger’s paper. Freeman & Tukey (1950) used the square root
transformations of functions of counts in binomizl trials in an attempt to stzbilize variances, and
Matusita (1951) gave the same Hellinger's metric definition of distance between probability
distributions in a gensral probability space. It has, therefore, been called Freeman-Tukey
goodness-of-fit statistic (Bishop-Feinberg-Holland, 1975, pg. 513), Matusita’s distance {Goldstein-
Wolf-Dillon, 1976; Khan & Ali, 1973), and Hellinger’s distance (Beran, 1977). Because of

This research was sponsored by FAPESP-Fundacio de Amparo 2 Pesquisa do Estado de Sio
Paulo, S%o Paulo, Brazil, grant no. 85/0557-1, and by the Deparument of Statistics, University of
Washington, USA, through the usage of computational and strucrurd facilities, during a sabbatical
year provided by my univefsity.



-2- > idiredistbudoiof (XY

precedence, we are going to call it, as we already did, as Hellinger’s metric or distance.

Let’s then consider an />J contingency table T = (n;;), where n;; is the count of individuals
with the caracteristics defined by the cell (i,7) out of a random sample of size n, f;; = n;;/n and p;;
being, respectively, the corresponding relative frequency and the true probability of cell (i,/). The
lexicographically ordered vector (n;;;1<i </,1<j<J) has then a multinomial distribution
M(r,(py;1<i <1,1<j <J)). Let py; > 0 for all pair (i.).

Khan & Ali (1973) proposed

ME Y)= A ) - Nf2 &), 0 0Pmdx & u* . | .

as a measure of association between two random variables X and Y both absolutely continuous with
respect to 2 measure m on the product space X xY. Here Fly)felx)and f ,;(y) are, respectively,
the joint and marginals Radon-Nykodin derivatives of the joint distribution of (X,Y) with respr*ct 1o
m, and of X and Y with respect to the respective sections of m.

-

They also proposed in the same paper
i
M =Y ¥ Npy -\pp 19" (1.2)
i=lj=1
as a measure of association between rows and columns ina I X/ contingency table, in which p; is
the marginal probability of the i~zk row and p ; of the j—th column.

Goldstein et al. (1976) generalized this association measure to higher dimensional tables and

did some Monte Carlo comparisons between this, the chi-squared and the likelihood ratio test

statistic for independence. Their study showed that these statistics behave quite similar in spike
ternztives for some particular tables.

In this paper we are going to deal with measure of association between rows and between
columns of a rectangular table, and show that if we add up the column (or row) dependencies, we

get the measure of association given in (1.2), and apply the technique on two examples, without do
any comparisons with othes analysis of the same data.

2. DEPENDENCY AND CODEPENCENCY

The definitions and results given below refer to columns of a contingency table, but ﬁucy are
extendible to the rows in the same fashion,

definition 1. Let p =(p;;) a probability distribution on a IxJ table as defined above, and let
=@ P2, b1 and p’, =(p 1 P 2, --P) be, respectively, the column and row true marginal
distributions. Then we call
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dfe = %‘é Wpij = Npip )P = Npip ) @1
the codependency between columns j a.ﬂd Plwnjtilorlsisl,

df; = Vz‘é (Npyj - Npip 12 @2)
the dependency of column j, and

Bj‘ = ‘\de} (2.3)
the standard dependency of column j,for1<j <J,

c
c i /i
e = (2.4)
9505
the codependency coefficient of columns j,j*, and
=y J :
d*=%3 T 0py - Vpip ;)= Tdj =

i=lj=1 Jj=1
the total dependency of the table, which equals the sum of the columns (rows) dependencies and the

square of the association measure defined in (1.2).

All these definitions, but the last one, are given along the rows (columns) and have their own
interpretations. So as the covariance between two random variables, the codependency of columns
J and j* can be viewed as a weighted mean product deviation of the square roots of the expected j
and j* coordinates of the row profiles in the general case, from the square roots of their expecied
coordinates in the case of independence, with the weights given by the row marginal probabilities
asin

I
%0 =Y 3 p; (Npij/pi. = NP ) )(NPije Ip;. = P ) 2.6)
i=1
or as a more geometrical one, the inner product of the deviations of the square roots of the column
& P

profiles j and j*, both from the square root of the columns marginal, weighted by the product of
the square roots of the respective row marginal coordinates

{
die =YaNp p o TONplp j = \&7:)( ‘JP.'," Ipje = "[.i:.) 2.7
3 i=1

The same interpretations are given for the dependencics, and also that
- df;=2p j(sin(8;12))® 2.8)

where 0; is the angle between the vectors square roots of the j—th column profile, and of the
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definition 2. We will say that the column j (1 £ j SJ) is independent of the rows if
Pif =PiPy - : (2.9)

foralli =1,2,..,7, and that the row i (1 <i <) is independent of the columns if (2.9) holds for
albj =320 0 .

proposition I. The codependency of two columns j, j* (rows i, i*) is zero, if one of them is
independent of the rows (columns).
proof : trivial from the definitions (2.1) and (2.9).QED

propom:an 2. The dependency of a column j (row z) is zero if and only if 1t is independent of the
rows (columns). :
proof : if the column j is independent of the rows, then by the definitions (2.2) and (2.9), d; =0.
Let us now supposs that dﬁ-uo Then each term of the sum (2.2) is zero, for it is a sum of
nonnegative numbers, hence the result follows. QED

.The total 'depcndcncy can be written as

FEENES ) Ny ‘ 210

i=zlj=1

+ and it is allways less than 1 in a contingency table.") The double sum in (2.10) is the affinity

(Marusita, 1951) between the distributions p in the general case, and in the case of independence.

proposition 3. The absolute valus of the codcpcndcncy coefficient 5., at most equals 1.
proof : By the Schwartz inequality we have that [df. | £9/0% . Then the rcsuh‘ follows. QED

"'This coefficient has an interpremuon which paraliels that of corrclauon cocfﬁcxcrt between
real valued variables, that is, if it-1s positive it means that when one column tends to depart from
independence (the expected situation), along the rows on one side, the othsr column does the same, *
and if it is negative, the departures are side opposite. ‘

(13- in e dednition (1.1) MUXY) assumes the value 1 if and only if the supports of X and Y are
disjoints. :
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3. SAMPLE DEPENDENCY AND CODEPENDENCY

So far with the definitions of the dependency parameters, we have to deal now with their
estimation, and with significance tests for them.

As pointed out in the introduction we will consider the multinomial model on the IxJ tble T.
So, out of a random sample of size n, n;; is the number of sample items which satisfy the properties
defining the cell (i,f), and fj; = ny/n is the respective relative frequency. As allways, 3 =n
and Eflj =1

Each parameter will be estimated by its maximum likelihood cstin.:ator just by substituting p;;
by fij, and the marginal probabilities by their respective marginal relative frequencies. Hence we
have

o
djje = *E(\(f_e.-:"lf;f.;)ﬂfg» ~Nfif ) s (3.1)
. _
dj; =%_E§(’{E‘ Nfif (3.2)
i=
and
of=Vdjj , ' (3.3)
and
25
5 = i _4
i = 35an 69
J
a*= Tdj 3.5)
Jj=1

as estimators of the parameters defined in (2.1)-(2.5). The estimators for the row parameters are
defined in the same fashion@ Under independence of rows and columns in the table, 8nd? is
asymptotically distributed chi-squared with (/-1)(/-1) degrees of freedom (Bhattacharrya, 1946;
Khan & Ali, 1973).

Let us apply these definitions on some examples before we deal with hypotheses testing.

example 1. The table bellow refer to a cross-classification of 7,477 women according to their right

(2)- for simplicity, we ere using the same notation for the paramzters and their estimators.

meonre







Tebie 3
Right eye grade codependency cogfficients
Best  Second Third  Worst
Best 1000  -223 - -679 -320:
Second -223 1000 -138 -265

Third -.679 -.138 ~ 1.000 278
Worst -.320 -.265 .278 1.000

We note in tables 2 and 3 the similar patterns of the codependencies for the left and right eye
grades. :

The dependencies for both left and right eye grades are shown in the

Table 4
Dependency of eye grade

grade

eye .
Best Second Third  Worst

Left 041 .022 030 .018
Righ: 040 023 .030 019

We note also that the dependencies of the grades for the left and right eyes have almost equal
values.

example 2. This ;xample was considered earlier by Srole et al. (1962, page 213), Habermzn (1974;
1979, page 375), Gross (1981), Escoufier (1982), Gigula and Haberman (1984) and Goodman
(1585).
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: Table 5
Cross-classification of 1,660 people according 1o their mental health
and pareris’ sociceconomic status

parents’ socioeconomic siatus

mental health

starus A B & D E F Total
Well 64 SEme=0T % 36 21 307
MildSF. 94 94 105 141 97 71 602
ModerateSF. 58 54° 65 71 54 54 362
Impaired 46 40 . 60 94 78 71 389
Total 262 245 0 787 8% 265 21T 166D
Noze: S.F. for Symptom Formation »

Table 6
Parents’ socioeconomic status codependency coefficients

A B & b E /3

1.000 958 434 -284 989 -931
558 1.000 963 -313 -940 -914
934 863 1000 T 5510 =BT =602

=284 <3137 - 551 1000 387 5 5 0al

-989 -940 -951 387  1.000 o]

-931 -914 -802 -040 .892  1.000

Ml O

]
-

Tables § and 7 bellow give the sample codependency coefficients for columns and rows of
table §, respectively.
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Table 7
Menztal health status codependency coefficients

Symprom Formation

Well Mild Moderate  Impaired
Well 1.000 710 -.281 -.956
Mild SF. 710 1.000 -.653 -.657
Moderate S.F.  -.281 -.653 1.000 070
Impaired -.956 -.657 070 1.000

Note: 8.F. for Symptom Formation

We note that the socioeconomic status D, in Table 6, and mental health statuses symprom
formation, in Table 7, are less codependent with the other statuses than these ones are codependent
amongst themselves. We shall test the significance of the codependcncics and dependencies later in
this paper.

Tables 8 and 9 show the dependencies for the categories in this example.

Table 8

Parents’ socioecoromic status dependerncy ( x107)

A B €D E F
Dependency  6.612 6967 909 .584 5542 15562

Table 9
Mental health status dependency (x107%)
Symptom Formation
Well Mild Moderate  Impaired
Dependency 1776 .085 133 1.660

Here we also note that the socioeconomic statuses C and D, and the mental health sympiom
formarion statuses have smaller dependencies than the other levels of their respective categories.






S

H =C3D,,C.D;C,y (G.14)
with

D,, =diag(C if) (.15)

D,y = diag (exp (C ylog (C 1f 1)) : (3.16) -

being diagonal matrices.

Let us test Hfju : djjis =0 (j#j*). By (2.1) the hypothesis Hx is then equivalent to

Vpi~\p:i.p )Npis—pip B (3.17)

which can be tested by fitting the model
Fip=Ajpp =Bjp (3.18)

where

Flie =((Np1=Np 12 )P jsNp 12 jo) s .. oy j=Nprp NP ~Vpip joyy  (3.19)

is the vector of the terms of the sum (3.16), and

A=ep(Cilo usgrt(lep(Clog CF M) (3.20)
with
¥ =(clichicly @Gl (321)
I; ©e!
Cim g I, = (3.22)
C, =5 ©1} 11xJ , (3.23)

't 011011 051 0y
i Oyp 1y O 011 Iy s e
- LXK+ 5 5 s
2100 0 ;. Oy Oy ) )

01y 01 01 Yy I

1-10 0
s= g o1 oy |0k sl (3.25)

and
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Co=[1 1101 :1x ,

The hypothesis is equivalent to
ngja . CB =0

with C = 1]"_! -
The testing statistic for (3.27) is

Q =(CfY(cv,Cchy ey

which is asymptotically distributed x{ under B, where

Vy=HV,H*
and

H =D,sC 4D iCsDAD,,C.DC,
with

Dy =diag (Cf)

D, 2 = diag (expC 1(logC 1f ))

D3 = 2diag (sqrt (I expC 2{logC f W)

D, ;= diag (Cysqre (Texp (C 5{log (C SN
and

Dcs =dllﬁg {FH')

(3.27)

(3.28)

(3.29)
(3.30)
(3.31)
(3.32)
(3.33)

€3.34)

3.33)

are diagonal matrices. For more details on the above,-see for example, Grizzle et al. (1969), or

Koch et al. (1984, page 2.46).

Let us now test the dependency significance in the examples we are dealing with.

example I - (continued)- all the dependencies and codependencies of the unaided eye grade data

are significant with p-values less than 1074,
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exarnple 2 - (continued)

Table 10
_significance test for dependency of Mental Health Status
Symptom Formation
- Well Mild Moderate  Impaired
p-value 000 .880 a9 .000

Nore: degrees of freedom = 5

Table 11 .~
significance test for dependency of parents’ socioeconomic status
A B & D iy F

p-value 002 014 750 a52 019 000

Note: degrees of freedom = 3

Tables 10 and 11 above show that there is no evidence that symptom formation statuses of
mental health are dependent of parents’ socioeconomic status, and on the other side, there is also no
evidence that parents’ sociocconomic staiuses C and D are dependent of mental health status.

Table 12
p-value for WLS test for significance of codependency
parents’ socioeconomic siamus M

A B € D E
B .000
. £ .025 022
D 590 552 422
E .000 .000 044 443
R .000 000 067 837 000

{1)- WLS for weighted least squares
Noie: degrees of freedom = 1
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Table 13
p-value for WLS test for significance of codependency
mental health stams®)

Well Mild SF@ Moderate S.F.
MildSF. 057
Moderate S F. 412 244
Impaired 000 . Amn 234

(1) WLS for weighted least squares; (") S.F. for Symprom Formation
Note: degrees of freedom =1

Table 12 shows that there is no evidence that the parents’ socioeconomic status D is
codependent to the other statuses. This is, in fact, a consequence of the no significance of its
dependency to mental health status (cf. table 11), nonetheless we know that logic implications are
in general not confirmed by statistical tests. The status C has its codependencies with the statuses
A,B,E and F reasonably significant, despite not been significantly de;)cndcnt of mental health
status.

* 4. GRAPHICS DISPLAYS

The most important feature of correspondence analysis (see, for example, Greenacre, 1984;
Lebart et al., 1984) is that we can display simultaneously projections of rows and columns profiles
into bidimensional subspaces, and see association structures between them. This analysis uses the
chi-squared metric.

‘With the Hellinger’s metric we can do an analog to correspondence analyis.

Suppose J<I, and let u be a unit wvector in R’, and
Pl={pi o ovy pylp ) fori=1,2,..,1 the row profiles in R’. Under the general model the
inner product of # and ‘V’?is B

w\pl = 2 u NP =12l @1
and under indcpcns‘cn‘cc inthe table T

- J .
u'Npf = Sulp;=u'p ,. *.2)
j=t

definition 3. We will czll dependency of the unit vector u in RY the value

d = ?pl Eu (\Pulpn ‘\f—-)}" 4.3)

i=1 Jj=
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To better "see” the cloud of square roots of row profiles on the unit sphere in R’, we ask
which vectors' would give us an orthoncrmal basis which show them from the side of their biggest
dependency, that is, which orthonormal vector set { ¥y, ...,7Y; } maximize (4.3). The answer to
this question is given by

proposirion 4. The vectors ¥y, ..., Y; which maximize (4.3), subject to /fy;//=1,j=1,2,..,J,
and Yjyjs =0, j # j*, are the eigenvectors of de column dependency-codependency matrix

AL {djcj.] sl (4.4)
related to its ordered eigenvalues A} 22, 2, ..., 24,1, Ay, where
2A = [py; =Npip )1 Ixd . (4.5)

is the matrix of the deviations of the square roots of the cell probabilities in the general case from
that in the case of independence. ;

proof : the dependency of the unit vector 4 in (4.3) can be written as the quadratic form
d,=u'AAu . (4.6)
Hence the maximization problem subject to orthonormality is reduced to the eigen-decomposition

of A'A. Since this matrix is symmetric and positive semi-definite, we have
A2,...,2%;,20,;20,and the set fy; , .. ., Y7} is orthonormal. QED

In the same fashion we deal with in R’ , but as J £17 it suffices to work in R’ , and solve the
eigenproblem in R 7 as shown by

proposition 5. If ; is eigenvector of A'A related to A, then y; =4y; is eigenvector of AN,
related to the same eigenvalue ).;.
proof :
A Ayj=Apy; => AA'(AY;) =A;(AY;). QED
Letus sety; = Ay;N;. Then we have vy =1
The maxi_mum likelihood estimator of matrix A in (4.5) is |
V2D =(fy; ~Nfif j1: 19 @.7)
and then, DD is the sample dependency-codependency matrix.
The sample total dependency (3.5) equals the sum of the eigenvalues of D'D, for

P
- - il
d*=urace(D'D) —El?\.j, anddy =%;.
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The eigenvalue A, refers to the size of the smallest sector of the unit sphere in RY containing
zll the square roois of the row profiles. The more scattered are these poins on the sphere, the bigger

- is A;. Is corresponding eigenvector has all the coordinates of same sign. In correspondence

analysis (Lebart et al., 1954) we have at most J -1 factors (sigenvectors), and here also we have the
same number of facto:*;, but the J—rh cigenvector has its usefulness by showing kow much the
points are scattered on the sphere, meanwhile the others J -1 show how thcy are scattered on the
sphere. The s2me interpretation is given when we are looking to the points on the sphere in R/,

definition 2: Let &1 2,..., 2A , k <J~1 be k the first eigenvalues of D'D not related to the
size of the minimal sphere sector containing the row profiles. The value

3 ﬁ :

ed({k)= ; 2 %x100% (4.8)
j=1

is called percentage of the total dependency explained by the k first factors .

The tables bellow show the eigenvectors of the examples we are examining, as well as their
sigenvalues and explained percentages. :

example 1 - (continued):

Table 14
eigen-decomposition of dependency-codependency matrices
left eye grade and right eye grade

Left Right

i % % edjX%) | Bt 2nd  3d Wst | Bst 2nd  3rd-  Wst
06278856 856 | T 006 .-599. 214 ] 951 -081 . 2607 . -239
028 254 SEO L. 056 <Ba6 . 185 4501 250 %853 - 224 306

015 131 941 | 230 186 579 -757| 42 -204 514 -821
007 59 - 1000 | 431 SO0 M- AMD RN A8 S 863 -3

B o I S ]

Noze: Bst = Best; Wst = Worst

The first factor, which explain 55.6% of the total dependency, opposes the Bes: to the Third
and Worst grades on both eyes, and zlso on both eyes the second factor (25.4%) weights the
Second grade much more than the others. If we go back to tables 2 and 3, we see that the Second is
that one with the smaller dependency with the other grades, on both eyes, and that the Best and
Third grades have the biggest dependencies. Factor 3 apposes the Third and Worst grades, which






—_— e ——

-

"v

. SO —

-18-

Given the eigenvectors ¥y ,..., ¥; of D'D we have the mawix = i lval - Y71 1Yy), and
respectively ¥ = (1wl .-+ Iy;_11yy) as the matrix of the eigen-vectors of DD, and do the
principal component transformation (PCT)

¢ =T ~py), (g°=¥@ =p ) “.9)
and plot the coordinates of the g” and g¢° projections simultancously on the planes
F\xFq,F\xF3,..., Fy_1xFy where Fy, ..., F; are factors representing the first £ columns of
I and of DT which achieve certain percentage of explainded total dependency (ETD).
The figures bellow show & | XF 4 projections of the examples we are dealing with,
example I — (continued) :
Figure 1 N
Unaided Eye data - Simultaneous projections of Right and Left eye grade profiles on
the two first factors subspace - percentage of ETD = 81.0%

y Factor2-(25.4%)

-4
B
L 2 1Y
B
B3 -2 2 Factor 1 (55.6%)
-2
s [ righteye
O lefreye
L -6

This figure shows that from the point of view of the two first factors, the Left and Right eye
grades are almost symmetric in terms of profiles. The model of symmetry doesn’t fii the data (see

Bishop ¢t al, 1975 page 284). This lack of symmety is more visible when we look at the
projections of the profiles on the fourth eigenvector, the factor of spreadness of the points on the
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Because we have nondependent classes in both categories in this example, we ¢an merge them
into the respective 'marginal distributions, i.e, we can reduce the data dimensionality by the
symprom formation statuses of mental health and parents’ socioeconomic statuses C and D, as in

Table 17
Reduced cross-classification of people according to their mental health

and parents’ socioeconomic stars

parents’ sociogconomic Status

mental

= health -~ A B e F Total
Well &4 57 " 36 21 178
Impaived - - 46 40 78 T8 s
Total 110 97 114 92 413

The codependency coefficient between the mental health statuses is now -.984 (it was -.956),
and the ones between the iaan:nts‘ socioeconomnic statuses are shown in

= Table 18
Parents’ socioeconomic status - codependency coefficients
A B E i3
A 1.000 1.000 -.991 -.983
B 1.000 1.000 -990 -982 :
/i =991 -850 1.000 999 ,
E -.083 -.982 D99 1.000

All the codependencies are significant with p-values less than 1074,

We zare not going to show the dependencies values, but instead the p-values for tests of their
siegnificance. -
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We see that by merging the classes A and B into another, the dependencies remain the same
(not shown), and also the p-values for their tests of significance remains pratically unaffected,
except for the merged classes. -

The only factor of association between the two categories of this example hold 99.237% of
ETD in both reductions, and also its interpretations are the same as the one given for the complete
data set.

The decomposition D'D =TAI" such that IT* =I*I"=1, gives us the interpretation of the
composition of column codependencies and dependendencies through the identities:

J
dfn = 211,7,,1,,_ forj=j* - (4.10)
m=, f
and
4 2
dj; = ¥ AnVim . @.11)
m=]

as being, respectively, a kind of contrast between the various factors with positive As, for

J
Y YjmYpem =0, such that the weight of the k—th factor is A;Y;;Yjex,» Which explain how the
m=]

dependency between columns j and /* is decomposable, and a proportional (or mean) factor
% J
decomposition of the dependency of column j, for 3, 'yﬁ, =1
= . m=1
The same has to be said of the row codependencies and dependencies as functions of the
entries of ¥ =RT.

We can then call
Do Yim ¥ :
o m = LT{‘?Ax 100% (4.12)
giNd ¥

- the percentual index of contribution of the m—z/ factor to the column codependency d ., and

J’m 2m 3
oS =~ 100% (4.13)
djj

the percentual contribution of the m—th factor to the column dependency df;.
The dependency of factorm (m=1, 2, ...,J) fs ‘
Am=YnD'DYn=VnDD'Y, ~ (4.14)

or

J
= TVondhi +2 L YenVemdly (4.15)
k=1 k<k
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or

= éwg,,d;b +2 3 VinWimdiy » m=1,2,..,J. (4.16)
k=1 k<k’

The equations (4.15) and (4.16) give us decompositions of A, in terms of linear combinations
of columns and of rows dependencies and codependencies. We still do not have a interpretation for
this decompositions, but they could give us out some light on the composition of the m=zh factor of
association between the two categories which compose the table.

Acknowledgment — Many thanks are given to Dr. R. Douglas Martin, and Dr. Michael Perlman of
the Department of Statistics of University of Washington, Seattle, Wa, for providing the necessary
environment I needed for work out my ideas.
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