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§1. INTRODUCTION

This note studies the problem of mlderst.anding harmonic maps
from closed Riemann surfaces into flag manifolds.

In the late 60°'s Chern [6] and Calabi [5] published several
papers on minimal immersions into spheres or more generally real
projective spaces, which are in the spirit of this investigation.
Then Simons [18], Lawson [l4], Hsiang and Lawson [13] published
important papers in this direction.

The problem was reexamined by physicists Glaser and Stora [11]
and Din-Zakrzewski [8]. They called the attention that the right
problem should be to look at harmonic maps into complex projec-
tive spaces. Inspired by these ideas Eells and Wood [10] gave a
complete classification for harmonic maps from u:Pl to I:Pn, and
some important partial results for the higher genus cases in terms
of holomorphic data. A number of related results have appeared
including Burstall and Wood [4], Chern and Wolfson [7], Uhlenbeck
[19] . These authors have studied harmonic maps into other homoge-
neous symmetric spaces like Lie groups and Grassmannians.

On the other hand, very little is known about the homogeneous
(non-symmetric) case. One reason that we want to understand the
non-symmetric case, beside its own intrinsic interest, is that the
finite dimensional flags model in finite dimensions the ‘geometry
of the Loop group; i.e., maps from Sl to a compact Lie group G.
In a well-known paper Atiyah calls attention to the identification
of holomorphic maps into the loop group and instantons [2].

Secondly the study of the critical points of a functional on
a space of maps is difficult to treat in general. The energy func-
tional whose critical points are the harmonic maps is more trac-
table from the point of view of computations than for example, the
Yang-Mills functional, but appears to share some of their impor-
tant properties. See Wolfson's paper [21] for more details.

If one wants to understand the problem of harmonic maps into



a non-symmetric space it is natural to start by understanding har-
monic maps from closed Riemann surfaces to flag manifolds. These
are by definition the guotient of a compact Lie group by any max-
imal torus. Some of the first work in this problem was done by
Guest [12] using a entirely different approach.

In §2 we state some basic facts about maps into flag mani-
folds.

In §3 we describe the harmonic and holomorphic eguations in
terms of projection operators and derive a topological restric-
tion for a totaly isotropic map ¢ TZ:EP]' ——="Fn) fo  be  holo—
morphic with respect to a non-integrable almost complex structure
on F(n). b

In §4 we construct some new examples of harmonic maps
¢ = 'Jl‘2 = S1 x S:L ——— F(n) which are not holomorphic with respect
to any almost complex structure on F(n). These examples are ob-
tained by studying some eguivariant harmonic maps with respect to
an S:L action. This method reduces a partial differential eguation
(harmonic map equation) to an ordinary differential eguation of
second order and therefore we expect in general lots of solutions.
The approach is based on [20].

We will consider throughout this paper F(n) equipped with
the normal Killing form metric.

The contents of this note are part of my doctoral thesis [15].
I want to express my gratitude to my thesis advisor Prof. Karen
Uhlenbeck for her deep advise, criticism and encouragement.

§2. SOME BASIC FACTS ABOUT MAPS INTO FLAG MANIFOLDS

A flag manifold is a homogeneous space G/T where G is a com-
pact Lie group and T is any maximal torus. We denote by F(n) the
flag with G=U(n) and T = U(1) L i ) L

T
n—-times




The Killing form of U(n) is a positive definite inner pro-
duoct (,) on the Lie algebra p(n), and one has the decomposition
u(n) = p ® u(l) ® ... ® p(l) . Note that there are X, Y, 2 in p

- n-times
such that [X,[Y,Z]] € p, hence according to Cartan's theorem F(n)
cannot be a symmetric space.

We have that p= I E_where S C h* is the set of roots
s€s * =
and E is the root-space corresponding to s € S. We have

s
€= LI E_, where A' is the subset of complementary roots.

p @
R ser” ¥

An T-invariant almost complex structure on F(n) corresponds
to an T-invariant endomorphism J of p with Jz = -I. Such endo-
morphisms correspond to some decomposition S = st € 57 with the
property S8 = {-a ; a € s*}, where by the decomposition p 8T =

R
9(1,0) S pw'n into (1,0) and (0,1) parts is given by:

The almost complex structure is integrable precisely when st s
the set of positive roots with respect to a choice of fundamental
Weyl chamber D in wu(l) @& ... & u(l).

A general (T-invariant) almost complex structure is specified

by whether or not is agrees with J on each Es ® E_
Pt

21571

4l so there

are possibilities. From these only n! = order of the Weyl

group of U(n) are integrable.

If we put on F(n) the metric induced from the Killing form
metric on U(n) and consider F(n) equipped with any integrable
almost complex structure we see that F(n) with the induced nor-
mal Killing form metric is not Kidhler.

Throughout all this note we will consider F(n) equipped with
the Killing form metric.



E_n denote the trivial holomorphic vector bundle Hz x ¢
over

Let

H2.
We use extrinsic differential geometry and think of
¢ : M ——— P(n) as a map or as a subbundle of C* via the pull-
back of tautologously defined wvector bundles on F(n). Note that
we also think of F(n) as the set of n-tuples (Ll....,Ln). Here
Li is a l-dimensional subspace of En. Li is perpendicular to Lj
if i#j and L, ® ... ® L_ = C'. Then the tautologously defined
vector bundles on F(n) have as fibres over a flag (Ll""'Ln)
the vector spaces Ll""'Ln respectively.

As usual we identify a smooth mao ¢ : Hz — “n—l with

a subbundle ¢ of " of rank one which has “fibre at x €M
given by: -ix = T¢(x) where T is the tautological line bundle

over CPn-l: i.e., ¢ = ¢*(T). Any suhbmdlei of € inherits a

metric denoted by (,)¢andcoxmectiondemtedby D¢, from the
flat metric and connection 3 on € .

Explicitly: (V,W) =4v,w), YWW.WE€¢ , xEM and (D) W=

[ A
(1,0}. Here ﬂ¢:¢n —— ¢ denotes

¢
= wd’(azm » WET({$), 2 € T(M)
the Hermitian projection in the subbundle $-

Note that we always describe F(n) in terms of the natural

embedding Pin) — tL'Pn-l N u:P“—l. So ¢ : MZ — F(n)
is described as ¢ = (wl,...,wn) where myoE M2 a:P“'l and
"= S W
e | . S i |

Let us now put these facts above in a more algebraic fashion.

Let G be a connected compact Lie group, g its Lie algebra
and T C G be a maximal torus with Lie algebra h. Since T is cor
pact, the set Ad (T) = {Adg(t): t € T} is compact. Then there
exists an Ad_(T)-invariant inmer product (,) on g and writ-
ting k for hl in g and w, I -7 for orthogonal projections
from g onto *h, k with kernels k,h respectively, we have
Adg('l') (k) € k, in particular [h,h] Cah, .kl Ck.

Now consider the fibration T -—== (G — G/T. This defines



a principal T-bundle on which G operates transitively on the left.
This principal T-bundle carries a natural left-invariant connec-
tion as well o‘f:her additional structures. On the one hand, the
Ad (T)-invariant inner product (,) on g and its restriction
to k extend uniguely to a left G-invariant and right T-invariant
Riemannian metric on Gg}. On the other hand, we also have two
distinguished l-forms on G with values in g, namely the left-
invariant Maurer-Cartan form g-ldg and the right-invariant.

Maurer—-Cartan from dg.g_l. The natural left-invariant con-

nection mentioned above can now be described in several equivalent
ways:

(a) left translations of G , g €EG to g = Ge and takes
the vertical spaces to h and the horizontal spaces to k.

(b) The connection form is the wvertical part of the left-in-
variant Maurer-Cartan formon G : A = n(q-ldq).

Now let g :n2 ——+ U(n). g can be thought as: g=(xl,...,xn)

where xi is a matrix with n-rows and one column and g.g* = I.

We introduce the orthogonal projections ﬂl(g) =Xl.}q,..-, l_1(g)= xn X;.

Hence we must have LAY I e I and “i“j =0 if i#j and
2 = * = *
Wy =Ty since g*g =1 and xi.xj = ﬁij 2

Alternatively we can think of 7 as: m,(g) = gE.g* where
i : g
- 0 i -
"o
Bi ) : Gauge transformations act on g as:
0
b o] hy
-
(Xl,....xn) —_— (Xl.hl.---.xnhn) where . € 0(n).
hn

The gauge potential is:



A = : = and the covariant deriva-

*
Xn 3u (xn}

tive is:

Du(xl,....xn) = (wl(au(XI)) ,.-.,:n(au(xn)n

where p = 3/32 or a/a; - By composing g with 7: U(N) ——

U(n)/T = F(n) we can think of ¢ =7 0o g : M2 —t F{n) ASISY =

= (wl,...,wn). Then each such ¢ deteminezs the tautologously de-

fined vector bundles Typre-+¢T, Over M- . We study the second

fundamental forms of these tautological bundles Myeeese® i .
am

Let —a—;' = 33 L be the covariant derivative of L with res-

X
pect to x. We.can prove:

a) v.(—x)ﬂ. =0

e )

e) ¥ e AN D%, =0
i'ax - 3

d) ‘NJ.' (-:;'-}1!

g) ﬂ.(Ax} =0

=
—~
b
—

[
o

h)



3 ; am, am,
PROOF. We have that — = -2 (‘i"i) A L n. =2 then

——)1r.-.——1:.2+1r.~—x.-u. » hence we have proved a).

_ 3 1 Bwi 31!';
Now 0 =-—==—(xn +ﬁi)=—g+"ﬁ hence follow b) and

1 1
c). But (Ii) e P then if we proceed as we did in the proof of
£

ey e
i(_THi = 0 , now by using b) we have d).

am,

s i i 1 i 15
On the other hand, ax—I—a-i—I—(-rri+wi) ax('rrii-wi) .

. . om, am .
: 2 R | e i izl
by using have: x C A YIE) = L (__33:)"1 + “i(Hﬁ;”i . Now
2 T 1 1
f), g) and h) follow from the fact that (:ri) = and LFELA

s
—wi‘li—o-

om
Therefore Ai is the projection of 3—1:' on wi .

We call the partial second fundamental forms of
2 i3 j
¢ = (wl.-..,‘nn) : M —— F(n) the maps: ij = ﬂi(A?() =

I, am. T,
= ﬂihrj e nj) =N -—18x ‘j = -—-13)( it b

Note that A;J € Hom(wj,rri) and I A;J is the second funda-
i <
mental form of the span of LI

Now if we think in Hz as a complex l-dimensional manifold,
then we define: 3

aw am am, an an an
_— iy Sk e, R Ly T g
% I L5y ana = P sl Sy)- We also
define:
3j 1 om . 15 A i
A= _351 = E AZJ Az = p atd
s i(#9) z  i(#) z



i3 amn i3 om ..
and A =g, - and a'd = o gl
- i -3 - i -
z F 9z

The following formula will be very useful.

n o v n e e
2.2. PROPOSITION. £ (39- @ -2 @l =2 o ald i
RO Zz ¢ -— z gty
i,j=1 z 2z i,j=1
(i#3)

5 ij .5k, ki

* B el e W e
k,i,3=1 z z
(i#3)

PROOF. See [15] or [i6].

Now consider p = z or z and

= 12 1n ]
0 SR A
Aﬁl S, R
A = Ly .
u . .
nl n2
'Ap g 0 |
We can rewrite the formula above as:
2.3. PROPOSITION. 335 (a) - —?—_(Az) - !AZ,A_} + [AZ.A_]
z 9z Z zh

§3. HARMONIC AND HOLOMORPHIC MAPS INTO FLAG MANIFOLDS

We now study the energy integral in terms of projection oper-
ators and write down the Euler-Lagrange equations for our varia-
tional problem.



3.1. DEFINITION. Given a smooth map ¢ = (ﬂ'l,--.,ﬂn) : M2 R

Fin) = U(n)/T where ¢i = ¢Ei¢'. we define the energy of ¢ as:

: n ani 2 Bwi b
s =% 1 [T+ 15 Daxay
E=1:t 2 ¥

|

We will prove next some formulas that come from the conser-
vation laws associated with the invariance of E under the action
U(n) according to Noether's theorem.

We call gq = M2 —— p(n) a angular momentum map. Given

¢ = (nl,.-.,'nn) o el F(n) let Ini,q] =7.9-gm,. The map g
gives rise naturally to a wvariation of ¢, &8¢(qg): Hz ——— F(n)

given by:

It

¢ (q) (x) (-'d%_ i - exp age SI(X) g = exp ad Tt o )

“1'..-'E
= (lwl(x) -q(x)l:----lﬂn()ﬂ ;q(x)])- Then we can compute the first
variation of the enery for the map ¢.

3.2. PROPOSITION. Let ¢ = (ﬂl,...,nn) : Hz —— F(n) be a smooth
map. Then:

n
(8E) (60(qg)) = - L ([ni,A'ﬂi],q) where €,)» is the L°-
i=1

Hilbert inner product on C°(M2,F(n)) .

n Bwi 3
PROOF. (&E) (8¢(g)) = = J “‘ai-‘ﬁ“‘“i‘q”’ +
i=1 ) 2
M
o T
* (‘—a‘; "3y .(é.wi(q))))dxdy.

But B{HZ) is empty then if we integrate by parts we have:
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n n
(SE) (89(g)) = I I {-An_,6n . (qg))dxdy = I €K-An_, =n_,gld} .
2 =1 4 2 474 i=1 i

But by using ‘the cyclic property of trace we can easily see that
€a,[B,C] » =4€[B*,A] ,CD». The finally we can prove:

n
(8E) (8¢(q)) = - I €[w;,an]l.qd .
i=1
We known that ¢ = (nl,._.-,'nn) : llz———-l’(n) is harmonic
if and only if it is a critical point of the energy integral, i.
e., for any variation d&¢(g) of ¢ we have (S6E) (6¢(g)) = 0. There-
fore ¢ = (wl,...,wn) L gt Bkl F{(n) is harmonic if and only if

n
$ I%,.0%,] =0 if andonly4f =2 ) + -2 {a) = 0. Then ‘we
e i i FF3 - = T
i=1 2 9z
proves:
% 12 1n
- 0 AII St Au
A21 0 A2n
A = " -
g = 2 < |
N et R L J
Then tr(Au) = tr(Alzj) = 0.

PROOF. See [15] or [16].

We have seen that the energy of a map ¢ = ('1"""::) :Hz —_—
F(n) is given by:
31ri .’h:i awi

Be) =1 T 3 St P R Sghes RS
4 3wy 4.2 az’ 2z 5T Tonle g
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n o7, 12 n P n e
i J |——£| . kT J 'A’L‘J‘ v =- I J trmiuj athv
2 9 i,5=1 23 e 2 n 9

where u = z or z and A:J are the partial second fundamental
forms associated to ¢.

Now let L,n} = {x €Z ; 1 < x < n}l. Consider D = {(i,i) ;
1 <d <:n.)and 5% to be a partition of ([l,n] x l,n] - D) con-
2

taining % elements such that if (i,3j) € S* then (5,i) € S™.
We denote * $° the complement of st in  Q,nl x 0,n] - D. We call
L e positive system in 1,n .

Let E° and E denote the 3 and ?-epergy respectively, de-
fined by:

R

E® (¢) = L |ai3|" v ama

- el - g

1.3 N
2 =
E (¢ = z lAij‘ v_= P J |A13| v
st -4z % s ey g
(i,3)€8” M (i,9res 'm

where $* is a positive system in [1,n]. Therefore
¢ = (‘H’l,...,ﬂn) : KZ —— F(n) is holomorphic with respect to
the almost complex structure determined by st if and only if

12 2
E (¢ = z |ni3| Vg = 0 if and only if Ai) = 0 ;
(1. 3pes® Ty« E
v(i,3) € s .
3.4. DEFINITION. Let ¢ = (1rl,...,1tn) s Mz —— F(n) be a har-
monic map. ¢ is called totally isotropic if [Az,A_] =0, where

zp
IAZ,A_I denotes the off diagonal part of the nxn-matrix [AZ,A__] -
20p z
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We can prove:

3.5. THEOREM. Let ¢ = (n ,...,m) : M —— F(n) be a totally

isotropic map. Then A‘i‘j € Hom('vlj,wii = w; 2] n is a holomorphic

section of the line bundle Trj’? @ i over M when the total

space of such bundle has a suitable complex structure.

PROOF. See [15] or _[16].

We now will prove a interesting result for harmonic maps
¢ = (Tfl,....'lTn) : '1‘2 = s"l x s1 —— F(n) which consists of a pu-
rely topological restriction for ¢ to be holomorphic with respect

to some non—-integrable almost complex structure on F(n).

3.6. COROLLARY. Let ¢ = (m,,...,m) : T> — F(n) be a totally

isotropic map, holomorphic with respect to some non-integrable
almost complex structure on F(n) but not with respect to any in-
tegrable one. Then Cll 111} =L, = cll wn] = 0, where Cll wi] de-

" notes the first Chern number of L

PROOF. We give the proof for n=3, and for arbitrary n the proof

is entirely similar.

Without loss of generality we can assume say, that A # 0,
al 0 and Az # 0 otherwise ¢ would be holomorphic H'lth res-
pect to some integrable almost complex structure.

But according to 3.5 Theorem T(T )* ] Hom(nj,ﬂ ) has a ho-
lxphic section if and only if -l Tzl + Cylm)=- Clml =
SLLEE B | ﬂ)l > 0.
Therefore Cll 1r1] > Cll -nzl, Cll 12] > Cll :31 and c1[u3] >
> cll -nl] i.e., c1[ 1r1] = cl'! 1r2] = cll 13]. But LAY + LS + Ty is
equal to the triwvial bundle over Tz, hence Cll 1rl]-+ Cll 112} +

L Cll 'lr3]= 3C1{ 1!1]== 0. Therefore Cll 111] =Cl[ 1r2} = Cli n3] = 0.
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§4. EQUIVARIANT HARMONIC MAPS INTO FLAG MANIFOLDS

In this paragraph we will study harmonic maps which are equi-
variant with respect to an S1 action from T" = Sl xsl to F(n).

Often interesting examples of solutions to non-linear pro-
blems are found by examining an eguivariant case. The assumption
of equivariance under a continuous group action whose orbits have
co-dimension one in the domain manifold reduces a partial differ-
ential equation to an ordinary differential eguation, then we can
use the theorem of existence and unigueness of solutions of ordi-

nary differential equations.

Now let us recall some useful facts from the general theory
of equivariant harmonic maps and the relationship between harmonic
maps and minimal immersions.

Let (Mn,g) be a Riemannian manifold and Iso(M) its . full
isometry group. Myers and Steenrod showed that Iso(M) is natural-
ly a Lie group which acts differentiably on M.

A Lie subgroup G of 1Iso(M) is called an isometry group of
M, and the co-dimension of the maximal dimensional orbits is de-
fined to be the cohomogeneity of G. The cohomogeneity of Iso(M)
is called the cohomogeneity of M.

Let G be a compact, connected group of isometries of M. An
immersion f :N — M is called G-invariant if there is a smooth
action of G on N such that g.f = f.g , ¥g € G.

The "submanifold” f is said to be minimal it its mean curva-
ture vector field vanishes identically.

4.1. DEFINITION. By an equivariant variation of a G-invariant sub-
manifold f :N —+ M we mean a differentiable variation f&:N-—rM,
= XN e, fo = f , through submanifolds such that g.ft = ft.g
for all g € G and all t. We recall the following useful result
proved by Hsiang and Lawson [13].
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4.2. THEOREM. Let N be a compact manifold and f :N — M be a G-
invariant submanifold of M. Then f :N — M is minimal if and
only if the volume of N is stationary with respect to all compact-
ly supported equivariant variations.

PROOF. See [13].

Now let us recall the close relationship between harmonic
maps and minimal immersions. We start by stating the following
easy consequence of Riemann—Roch's theorem, namely:

1

4.3. PROPOSITION. If ¢ : (TP ,g) —— (N™,h) is harmonic then (]

is conformal.

We also have:

4.4. PROPOSITION. If ¢ : (M,g) — (N,h) is a nonconstant, har-
monic and conformal, then it is a minimal branched immersion; i.
e., it is a conformal minimal immersion except at isolated points
where d¢ = 0, around the image of these points there are normal
coordinates in which ¢ is of the form

ot (2) =crez + (J2]), 6%(2) cI() + (1K), ....6%(@) = o(|2X]), for

L R ke

PROOF. See [9].

Therefore every nonconstant harmonic map from tl.’Pl is a min-

imal branched immersion.

Now let us study the differential equations found in [20],
adapted to our non-symmetric case.

Consider p = et U(n) given by plexp(vY=1 68)) = exp(A8)

where A is some fixed matrix in up(n) and we also assume exp(27A)
= I.
Let e be a basis of IR and consider (do)(l)(e) = A € u(n).
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Assume further that the set of eguivariant harmomic maps
F o= {0 €cT(s x m,Pm); lexsls T 0),¢ =

= plexp(/~1 @))}£(t) where £(t) = (f;(t),....f () ,
for all exp(v—1 6) ESII is mom—empty. Note that U(m) acts on
F(n) by conjugation:

U{n) x F(n) — F(n)

(A ,X) i R X

-

Let ¢ = (5y,-eom ) : s' x ® —— P(n) given by:

(exp(/~1 @) ,t) = (m(8,8) ,enc,m (8,t)) = exp(a8).(f(0,....f ()=

= exp(A8) .f(t), where fi‘s are projectiom operators and A € p(n).
Note that ti‘.,ﬂ = e::p(aﬂ)-fi(t)-ezp(-u)- We have:

4.5. LEMMA. Let #(8,8) = (v (8,£),...,7 (8,t):S'x ® — F(n)
be an eguivariamt bharmonic map. Then:

1 m P- 3fi
E(é(8,t)) == I ¢ g S - In. £ (0l IA.f (0] ) }ate
2,5, ot " ot
S xIR
3w, g2 am, g2 3w,
- i i e
PROOF. We know that ldlril = I_;?l IW - Bat —& =

af . om
= exp(A8) —. exp(-A8) amd —_ = A exp(a8)f, (thexp(-a6) -

—exp(AE) £, (t).A exp(-A8) = exp(A8) Af  (t) exp(-A8) -
- exp(A8) £, (t)A exp(-A8) = eup(no)ll.fi (tl)lexp(-A8). Therefore

Bti afi ij_
53] - srtemmn) 3 expi-am) expae) . (50" expi-any) =

Bfi af-
-tr(—‘(—l) I I . In a similar way, by uwsing again the
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3!12 2
cyclicpmp&:tyoft’hetxacevemseethatlw =|[A.fi]| *

Now we prove the harmonic map equations for our equivariant
case.

4.6. PROPOSITION. The Euler-Lagrange eguations for an equivariant
harmonic map into F(n) are:

n
I [£,(t),£7(0) + [AlA.£,(0)]]] =0 .
i=1
Hence the partial differential equation becomes a second order
ordinary differential equation.

PROOF. By above we have: : 1

v 1 D of, f;
¢) =35 L {({—=——=,—— )+ {[Aa,£f.].IA,f, ]1Y}dt . Hence
2 at " ot i i
i=1 Lw

n afi 3 :

(8E) (64) = Re{ T (—a‘-:';ﬁ(Gf.) Y+ CEAa,£.],[A,8F, ])dt}
p i i
=1 ¢lom

[ c-pee 0+ canIn 108 ) avd =
parts i=1 Sl*IR

n
2
= Re -{ifl([fi.f‘i] + L£,,[A0A,£111, q?7} =

n
=Re{ £ Cf,f7 + [A[A£]],q) 7). Therefore
i=1

¢ = exp(A®) (£, (t),... £ (t))exp(-AB) : S' xR —— F(n) is an
n

equivariant harmonic map if and only if I I[f;,f] + (A, (A, £,]]1]=0
i=1
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by the fundamental lemma of the calculus of variations.

Now by studying special cases of the general ordinary differ-
ential equation found in 4.6 Proposition we will construct new
examples of harmonic maps ¢ = (ﬂl,...,un) :'1'2 = S:l x Sl —y Pn)
which are not holomorphic with respect to any almost complex
structure on F(n) where F(n) is equipped with the Killing form
metric.

2 2

Consider a local chart U C IR for a Riemann surface M~.

Now consider B, and B, in u(n) such that IBI,BZI = 0. Then
we can define locally the following map:

L8} __¢.; U(n)

Xy} ——r exp{le + Bzy) =

We have seen that 5 induces a map ¢ = (ul,...,nn) :0 —— F(n)
given by:

- Pha ¢Ei¢* = exp(B]_x + Bzy) .Ei-exp(—le-Bzy)

where

We can prove:

4.7. PROPOSITION. Let ¢ = (ﬂl,...,nn) ¢ 0 ———=TFmn) given by:
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ot " ex‘p(le + ‘Bzy)Ei exp(-nlx -Bzy) where 51,82 are in p(n)

and lBl,le = 0.

Then:="" K =" 1 exp(le-rBzy)EiBlEj exp(-—le-Bzy)

x 1.9
73
and
AY = izj exp(le + Bzy)EiBZBj exp(—le -Bzy}
i#j

PROOF. We will prove the expression for AL and the one for AY is
proved similarly.

.

ia aw,
TE e e - -
- 11'3. o s wj(Bl exp(BIx + Bzy)Ei exp( le Bzy)

- exp(B;x + B,y)E;B; exp(-B;X - B,y)). But since B,.B,=B,.B,

we have:

5L g et
B s (exp(le + Bzy)Ej exp( B,x Bzy))(nl.expmlx - Bzy) -

.Ei exp(—le - Bzy) - exp(B;x + Bzy)fial exp(—le - Bzy)) =
= exp(le + BZY}'EjBIEi exp(-B;x - Bzy).

Now by using the remarks after the proof of 3.2 Proposition
we can find the Euler-Lagrange equations for an eguivariant har-
monic map.

4.8. PROPOSITION. Let ¢ = (Il,...,ln) : 3 =— F(n) be a smooth
map such that =; = exp(B;x + B,y)E, exp(-B;x - B,y) where B, and
B, are in u(n) and [BI,BZ] = 0. Then ¢ is harmonic if and only
if lBl,diag B].] - [Bz,diag BZ] = 0, where diag Bi denotes the

diagonal part of B, , i=1,2.

i
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PROOF. According to 3.2 Proposition is harmonic if and only if

) = % T | 4
H(Ax) + a_y“‘y’ = 0. Hence let us compute 3% (A;) and 5y (Ay).

3 o
7% (By) = By exp(B;x + Bzy)EiBlEj exp(-B X - B,y) - exp(B;x +

¥ Bzy)EiBIEj exp(-B;x - B,y) = exp(B;x + Bzy)[Bl,iZj EiBIEj} 2
r
i#]

.exp(-BIx - By) = exp(le + Bzy) .[Bl,diag Bllexp(-le - Bzy)

Similarly we prove that

3 =
W(Ay) = exp(B;x + Bzy)!Bz,dlag leexp{—le = B,y). Therefore

3 9 => =
3x(B,) + '5?‘“}:) =0 if and only if [Bl,diaq Bll +[52,d1ag B,] =0.

Now let us study f : IR —— U(n) where f(x) = exp(Bx)
and

]

0 a/=1 0 0 i vl
av=1 0 0 0 DR |
0 0 0 BY=1 A%
B 0 0 BV=l g 0 ° g €um) , n> 4
[0 @ 0 0 0 vienil

and a and B are non-zero real numbers. Then exp(Bx) = I + Bx +

T e

FP-- T8 L AT I e

+ . But
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[ <ax? 0 ) gt OF StagEiA
0 -a xz i} 0 o 2t v A
0 0 R T | TR
(Bx) 2 = 0 0 0 .. .0 | etsmoon...
e 0 0 S iy
Therefore f(x) = exp(Bx) =
" cos ax 0 0 0> o]
0 cos ax 0 0 it Sl
] 0 cos Bx 0 oyt AR
= 4] 0 0 COBBX « o o D +
Lol 0 0 (] S v IS
2 0 sinax 0 0 el O_E
sin ax 0 0 0 TG
0 0 0 sinifx ... . - 0
+ /17 0 0 sin Bx 0 B ega s
g 0 0 0 A 2

Now let us consider for example:
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~— -

0 arv=1 e

av=1 0 0 N sl

0 0 Q. BT unw B

By 0 BY-1 8. ...510
0 0 0 e

and

s % Bv=1 0 0 iis wBiE)
Bv/=1 0 0 Bl

0 0 0 av-1 ... 0

Bz= 0 0 ay—=1 oS
- ™ 0 0 ¥ sor B4

where a and B are non-zero real numbers such that c:/B or B/ﬂe z.
Then B, and B, € u(n) and fBl,BZI = 0,

Now let us consider ¢ : ]:R2 —— U(n) given by:

{x,y) — exp(le + B,x). Since cn/s or B/u € X there is

such that ay = 21‘!8!11 or af = 2'vrcm2 where n;, n are arbi-

5 2
trary integers. Then ¢ induces:

mZ

$ie F{n) given by:
(Z ® %)

$ = (x +yn, vy + ym) = é(x,y) tEl....,Em)i(x,y} = exp(le + Byy).

«(By¢+eerE ) exp{-B.x - Bzy). But diag B, = diag B, = 0. Then
1 n 1 P X g 2
according to 4.8 Proposition ¢ : T = slx & —> ¥in), n>4 is

harmonic. Therefore we have proved the following result:

4.9. THEOREM. Let ¢ = (",...,7): T° — + F(n) where n =
= exp(le + Bzy).Ei.exp(-le - Bzy) where Bl,Bze B(n), n> 4 are
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as above. Then ¢ is harmonic but is not holomorphic with respect
to any almost complex structure on F(n).

PROOF. By above we have seen that ¢ is harmonic. On the other hand,
12 12 12 21 21 —~ 21

Az ok /=1 A and e M V=1 AY are both non-zero
according to 4.7 Propositlon. Tberefore ¢ is not holomorphic with

respect to any almost complex structure on F(n).

Clearly the same method produces different examples of har-
monic maps ¢ : T2 —— F(n) that are not holomorphic with res-
pect to any almost complex structure on F(n). It is a intersting

problem to classify all harmonic maps from 'l'2 to PFin).

Finally, we want to point out that we cannot expect to use
this equivariant harmonic map method developed above to produce
harwnic maps ¢ = (wl,...,w ) -ﬂ:E':L —— F(n), because in general
tr(n i ;f 0 wbich contradicts 3.3 'rheora- In fact tr(a ) =
—tr(.l\ +Ay) + 2/-1 tria, .A).But tr(A) =tr(B) and t_r(AY)—

= tr(Bz) hence - tr{;‘.x + A}Z’) # 0 in general. This fact provides

another piece of evidence to our conjecture that any harmonic map
¢ = EPJ' — F(n) must be holomorphic with respect to some almost
complex structure on F(n). See [15] or [16] for more details.
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