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ABSTRACT. In a Banach Space with unconditional Schauder basis it is not true
in general that all holomorphic functions are representable by multiple power
series (the series of monomials) but, for Reinhardt domains, every domain of
existence is the domain of existence of a holomorphic function representable by
a multiple power series and, in fact, the domain of convergence of such a series.
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I. INTRODUCTION

In 1908, at the International Congress of Mathematics in
Rome, D. Hilbert outlined a theory of holomorphic functions in
infinitely many variables. For him a holomorphic function had an
expansion in series of the form :
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with the series being absolutely convergént on Xy S €grenny
1xk1 < €gr--» - His results were published in 1909 (see [17]) and
they were concerned with analytic continuation and composition
of holomorphic functions. After the works of M. Fréchet ([7],[8],
[9],020,(11]) and R. Gateaux ([12],[13],[14]) it became clear that
holomorphic functions in infinite dimensional vector spaces should
be studied as representable by power series of n-homogeneous
polynomials (obtained from n-linear functions) since this im-
plicit point of view had a far more range than the explicit repre-
sentation through the variables as it was proposed by D. Hilbert.
In a series of papers, A.D. Michal, a student of Fréchet , and
his own students A.H. Clifford, R.S. Martin, I.G. Highbert, A.E.
Taylor developed the theory of holomorphic mappings along this
line of reasoning and stablished definitely the equivalence of
the concept of holomorphic mapping between normed spaces (i.e.,
a mapping represented by a power series of homogeneous polyno-
mials in a neighborhood of each point) with the existence of a
Fréchet derivative at each point and with continuity oplus the
existence of a Gateaux derivative at each point. See [15],[20],
[22] and [27]. After that the research in Infinite Dimensional
Holomorphy was worked out by considering the concept of holo-
morphic mapping under this point of view. In 1978 P.J. Bolland
and S. Dineen (see [3]) brought back the multiple power series



representation when they studied holomorphic functions on nuclear
locally convex spaces with a basis. See also [5] and Dineen's
book [6] for a good exposition of results related to this line
of reasoning. In [21] M.C. Matos characterized all the holomorphic
functions in open subsets of Banach spaces with unconditional
basis which are representable by multiple power series (of mo-
nomials) and made applications concerning continuous functions
in [0,27] having absolutely convergent Fourier series. His ap-
proach is connected with the notion of holomorphy type introduced
by L. Nachbin in [24].

In this article we give examples of Banach spaces with un-
conditional basis in which there are holomorohic functions (even
polynomials) not representable by multiole vower series. It is
known that in open subsets of %, all holomorphic functions axne
nepresentable by multiple power series (see [21] and [26]) and
that in open subsets of Sy these functions representable by mul-
tiple power series coincide with the nuclear holomorphic func-
tions (see [21]). However, in general we prove here that , for
domains of Reinhardt, domains of existence coincide with domains
of existence of holomorphic functions representable by multiple
power series. We also show that these are the domains of conver-
gence of multiple power series, as well as the modularly decreas
ing logarithmically convex domains. Partial results in this di-
rection were obtained by G.I. Katz in [19].

II. HOLOMORPHIC FUNCTIONS REPRESENTABLE BY MULTIPLE POWER SERIES

We consider throughout this article a complex Banach space
E with a normalized unconditional Schauder basis (bj ;;1.
every z in E can be writen, in a unique way, as the sum of a

Hence

o
series I zjbj , where zg €T is called the j-th component
ik




of { and we denote by ¢. the continuous linear functional on
E defined by ey(z) = 2 for every j €%, = {1,2,...}. In order

(B4)

to simplify the notations we write I = IN , i.e., I denotes

the set of all sequences (uj);;l = o of natural numbers having

only a finite number of terms different from zero. If z€E and

o a,
@ € I we denote by z" the complex number zjll...zjjn, where
n

B ey O are the non-zero terms of a.
3" y B

A multiple power series around a point a € E is a series
of the form

Ec (= a’ (1)
A€l

where ¢ €T for every a € I. This series converges #to the
value £(z) at the point z € E if for every e > 0 there 1is a
finite subset J_of I such that

| Belz-a®- t@)] < e
a€J

for every finite subset J of I containing J_. In this case f(z)
is called the sum 0§ the series at the point z and we also write

£(z) = T c(z-a™.
€1 °

If B 1is a subset of E and the series converges to £f(z) at
each z € B, we say that the multiple power series conveirges
podintwise to £ im B. The convergence £s uniform over B if (2)
holds for every z € B with JE independent of z € B.

Since I is a denumerable set, once a linear order is fixed
in I, the multiole power series around a evaluated at a point
z €EE 1is a numerical series and the convergence defined by (2)



is the unconditional (or, equivalently, absolute) convergence of
this series. We recall that for a finite dimensional E the set
of points where a multiple power series around a converges either
reduces to {al or contains {a} in its interior. As it was pointed
out in [21] this does not happen when E is not finite dimen-

sional. In this case the set of points of E where B
a€l

converges is formed by those 2z in E such that (zj);lell and
lz41 < 1 for all j €XZ,. Hence, if E # ,, this set has emoty
interior and does not reduce to {0}. If E = %, it is clear
that this set contains the open unit ball of center 0. We say that
a multiple power series around a has a domain of convergence D
if a€D and D is the interior of the set of all points where
the series converges pointwise (it is easy to- see that D is
connected) . It was proved in [21], by using Baire's Theorem and
a result of M. Zorn, that if a multiple power series around a
has a domain of convergence D, then the pointwise sum f of this
series defines a holomorphic function in D and the series con—
verges uniformly and absolutely in a neighborhood of a. Therefore,
if U is an open subset of E and f is a complex function defined
in U such that there is a multiple power series around x con-
verging to f pointwise in a neighborhood of x for ewery x €0,
then f is holomorphic in U.

We refer the reader to the books of L. Nachbin [24] , J.
Mujica [23] and S. Dineen [6] for the notations and basic results
of the Theory of Infinite Dimensional Holomorphy.

We recall that we can always replace the norm of E by an
equivalent one satisfying

k
xl = sup{ﬂjzlljijjl: xj €tc, lljlil J.k € :+}- (3)

“In this article the norm of E satisfies (3) and it is clear that
lIxlh = I|x|l for every x € E,when we set |x| = T Ixj]bj € E. If
j=1



P belongs to the vector space P("E) of all continuous n-
homogeneous polynomials in E and P is the pointwise sum of

a multiple power series I cmz"I in a neighborhood of 0, then
o€l
it follows that P 1is the pointwise sum of the same series in

E. Hence we may define

P(z) = I eyl 2® (vz € E), (4)
a€l

and get S L P(nE) . It is easy to show that

vP) = Il = sup |P¥)| = suwp I fe | 1x{® (s)
fxll < 1 fixhl < 1 a€I

defines a norm in the vector space Pv(nE) of all P in P("E)
which are representable pointwise in E by the sum of a muml-
tiple power series. This normed space is complete and

Pl < v(P) (ve €P ("E)). 16)
In [21] it was proved that Pu(nll) = P(nl.l) with
v(p) < e™pl (ve €P("2)). (n

Since E has unconditional basis it follows that every continuous
linear functional in E is an element of Pv(lE) .. Hence , 1if
P, ("E) denotes the vector space of all finite sums of n—th powers
of elements of E', it is clear that Pf(nE) cr, ("E) for every
n € IN. The closure Pé(nE) of Pf(“B) under the norm Il .l of =
P("E) is the Banach space of all n-homogeneous polynomials of
compact type in E. LAk ] e



2.1. THEOREM. If n € IN then PU(“m crcx"m and this inclusion
is continuous.

PROOF. Since P.("E) C P ("E) and (6) holds for every
P € Pf(“m. it is enough to show that Pf(nE) is dense in Pv(nﬂ:}
for the norm v. If PEPV(nE) we have

Pi) = Z cx* (vx € E),
aGJn o

@«

where J = {a €1; jalm oy = n} and the series converges
i 8 = .

uniformly and absolutely in the closed ball BD{O) for sae p > 0.

Let (u(j));;l be an enumeration of Jn' Hence, for every £ > 0,

there is E>0 such that

R P T
Ixﬂsugp e ¢! x £

for each m >m . If y €E is such that Iyl = 1 we may write

y =o'z with z €5 (0) and
hﬁl jfmica(j?l Iyl"(j) < :n (8)
for every m 2 m_. Ifwgset
o (¥vx € E)

m

we have Q€ P.("E) and, by (8),

WL for every mZm .

o]



This shows that rfc“m is v-dense in f’“(“n). #8.5"

2.2. COROLLARY. (1) P,("%,) # P(™%,) for every n €N, n>1
m!‘ .l > > 3
(2) P ( P) # P( p) o p¥1l apd_n*p
(3) P_(M)) = (™)) for every n € IN.

PROOF. If Pv("m = P(™E) it follows from 2.1 Pc("m = P(%E).

By a result of R. Alencar [1], if E is reflexive, P(®E) 1is
reflexive. S.B. Chae proved in [4] that P(nlz) is not reflexive
for every n € IN, n > 1. By a result of R. Aron P(m!-p) is not

reflexive is p > 1 and m > p. Hence (1) and (2) follow . It

is clear that (3) follows from 2.1 and (7). e

In [21] it was proved that (Pv (nE)):=° is a holomorphy
type v in Nachbin's sense (see [24]) and that, for every open
subset U of E, the vecton space H (U) of all holomorphic functions
of type v 4in U (i.e., holomorphic functions in U such that

lim sup[u(-i—- ars (x))]l‘/n <+ = for every x € U) ecoincides with

o
.thté vecton space of afll functions in U which are nrepresentable
pointwise by a multiple power senies around x im a neighborhood
0f x fon eveny x € U. Hence it is clear that Corollary 2.2 and
(7) imply the following result.

2.3. COROLLARY. (1) Hu(m = H(D) ¥R = 11 =
(2) H (U) # H(O) if E = L, with p> 1.
The following theorem will be used in next paragraph.

2.4. THEOREM. If D 1is the domain of convergence of a mltiple
series around a € E, then its pointwise sum f is in HV(D).



PROOF. With no loss of generality we may consider a = 0. Let

D be the domain of convergence of X cuxa and let f be its
; a€I
pointwise sum in D. Since we always have pointwise absolute con-

vergence in D it is clear that |x| € D for every x € D . We
have to show that f is representable pointwise in a neighborhood
of b€ D by a multiple power series around b. We take p > 0
such that Bplb) and Bp(lbl) are contained in D. If zEBD(b)
it is clear that Hz -bll = ljz-bjl <p and lz = b| + |b| €
B,(Ib|) C D. Hence

) z @y 0~ |
BET }a:sc“(“)b [N :

A

I Z el ipl®Flz-blf =
BEI a>B

]

R T e Y L P YL
a€I B<a

[}

Z je ltip| + lz—bha‘<+¢-
o€l

for every z € Bo(b} . This means that

£iz) = 2(Z ¢, $1*® z-p)f
BEI a>8 ©

for every z € BD (b) with absolute convergence of the series.

Q.E.D.



III. REINHARDT OPEN SETS OF HOLOMORPHY

A subset S of E is called a Reinhandt set if for every

. @ , = 16,
xESs and 8= (9, , ER wehavex-!:e3ij €s.
j J'=1 é j-l j
A modularly decreasing aubset S of E is one such that
for every x €5 and y € E with iyjlille for jE€x _, we
have y € S. It is clear that in this case S is also a Reinhardt
subset of E.

FPOr X, wE€ B, x?.0 8 >0, r4s=1%  we can show that

x|y f® = jgllxj ¥ lyyI®n,

defines an element of E. Since m{ile, ]yjll = %(lxjiﬁ‘_lyjl) +
% %f lxj l-iyj || and ixj i3 lyj 1% < max{ ile,lyjl] for every

j €Ex,, it follows that |x|"|y/°® €E. A subset U of E is
called fogarithmically convex if for every x,y €U , el
s>0, r+s=1 weaget |x|"|yl® € |u| = {|ul;u € vl.

3.1. PROPOSITION. If D is the domain of convergence of a mul-
tiple power series around 0, then D is modularly decreasing
and logarithmically convex. ' ‘

PROOF. It is clear that D is modularly decreasing. et I cax“
SR
be a multiple power series around 0 having D as its domain of

convergence. If x,y € D we consider ¢ > 0 such that BE(lxI)
and B_(ly|) are contained in D. Hence if t € B_(0) we get

L egl [ixl+itiI®<+= anda I e |Uiyl+ |eh¥<c+=.
a€I A3 4l
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From the Holder's imequality we have, for r >0, s >0, r¢s=1,
t € B_(0),

r s = r S » s r | s
Ile lyjl + 1th Ile lyjl +itjt Itji < (ile*-itjl) (tyj|+|t]-i)
and
Z lig,l (!x}-rit|)“]rl|ca|(|yl+ Itl)ulsi
a€l
<L Z Iy lthel + €011 2 e | Gyl + 1€D®1% < + =,
a€I a €1 =
Hence

Z iyl ity i 1% % aélicuim (xFly® + 1Tl <

< Z Cleithxl + 1™ eyl tlyl + [£h*1% < + =
a€I

This means that the series converges absolutely at [x[T|y[f+t
for every t € B_(0). Hence x| |ly|® €.
Q.E.D.

If U is an oren Reinhardt subset of t® and 0 € U, it is
known that U is domain of holomorphy if, and only if, U is modu-
larly decreasing and logarithmically convex. This is also equiva-
lent to U being the domain of convergence of a multiple power
series around 0. We shall prove a similar result for U C E. For
this we need a few auxiliary conceots and results.

If K is a subset of E we set

=

= {x €E; |x]® < sup |t|® va € 1l.
tEK
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If A is a subset of an open subset U of E we denote
A(v,0) = {x€U, B < sup P(o)| = 1B, vPER®)]
t€n

o«

where P“ (E) = ® Pv (kE) is the set of all polynomials in E which
k=0

are pointwise representable in E by a multiple power series

around 0. It is clear that E(V,U) C E{V.E) C K for every K CU.

3.2. THEOREM. If U is a modularly decreasing, logarithmically
convex open subset of E it is possible to find an increasing

sequence (C of open Reinhardt subsets of E such that

. 3 4=1

0= 0 C and
=1 3

a5 vron) 2 3= >0

for every j = 1,2,... . Here dn(A) means the distance of A
to the boundary of U.

PROOF. We start by considering the following sets

1l
Aj={x€U; dU(x)>-—-j:-}

w
L}

i
: = : < 4 da -
3 {x Aj =N j and A (x) 3

c, = {x€ Bj i nsg[; IT, (x) - xh < dBj(x)}

n
where ‘I‘F(x) = jzl ijj and we set En = Tn{E). It is easy to

see that these sets are open and (i) U = GA. = UBj = f?cj,
Jud d TgelIT gmi

(ii) Tn(Cj) is contained in Bj n E. L mir o0 TR Bj nEn

is relatively compact in Aj nE, for every j and n. Now we
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may use proverty (3) of the norm of E (see paragraph 2) to show
that lxa-yﬂ = fIx - y_all for all x,y € E ad e=(ej);___1€IR""'.

This fact implies that Aj' Bj and C:.| are Reinhardt open sets ,

since U is also a Reinhardt set. If x €A , y €E and |yjl <

< ile for :-J = 1,25 s« -3 then there is o> —i- such  that

X * nrm C U . since U is modularly decreasing, we use proverty
{3) of the norm of E to show that vy + Br(O) € Bi. This implies
that y € A’k and A, is modularly decreasing. Now, if x,yEAk,

there is r > —i:l_ such that |x| + Br(O) and |y| # Brtﬂ) are
contained in U. Since U is logarithmically convex , we have
il sopely Stly b cjepfee g e o€ 1) , 0 50 TR

and r+s = l. By Holder's inequality we get
| T B g 4T s L 3 s
e 7 dygl= gl = bl hyy i 4 gl T Ig1R < G iy DT Cygle iy D

for j =1,2,... . Since U is modularly decreasing. we conclude
that |x[T|y/®+t€U for every t € B_(0). Hence IxT iy/® EP&
and Ak is logarithmically convex. If x € Cj(u,U} we choose
k >j wech that =x € Cy- We shall prove that

n n
-3 *
Tnx = Bj E (v, U B3 for n k (*)

We consider n > k and P € P,(E ). It is clear that P o TDE
= Pv(E) . As in the oroof of Theorem 2.l1. it is possible to show
that every element of Pv (E) has its multiole power series around
0 converging absolutely and uniformly over every bounded subset
of E. Since C_ is bounded in E, it follows that the multiole
power series of an o Tn around 0 converges uniformly and ab-
solutely over cn. If, €52 0 gthere is JE contained in I ,.J
finite such that

€
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sup z icuitu - I icnitu e
£&C s a€I
n €
if P_o T (t) = X c t* for each t € E. We @enote P(t)= I c“ta
n n acT a ']Ejg
2 i —~
for t € E. Hence we have proved that PE€ Pv (E) and l!P-Pn °Tn“<: <

< €. Since ST {x} = Ck o C we have

[Pt (x| = B o2 (x)] < Pt] .t <

I A

,.,," St
< <
e cj+s —-'Pa"Tn‘cj* 2. =

| A

"P“nBann *. e &

It follows that (*) holds true, since € > 0 is arbitrary.
Now we consider the natural topological isomorphism between E
and " given by ¢: x € En — Pp(x) = (xlr,..-,xn) e ¢”. since
uon E  and Aj N E, are modularly decreasing and logarithmically
convex in En' we also have (U ﬂEn) and W(Aj ﬁEn) with the
same properties in C”. Since V(B NE) is a relatively compact

subset of w(}\j ﬂBn) it is possible to find a finite set R of
points (rl,...,rn), with Iy > O,...,rn >0, and

nEn)

cIVE L= = D L
W(BJ n) X ;Eﬁ r(O) ’mj

where D _T0) ={zEt'u;izg[ £2g, Veil. .. nl. Sthoe X is the
smallest logarithmically, modularly decreasing set containing X
and {Aj' ﬁEn) has this property, we get

®. A n cxc n
VB, TTE) (VN EY) CX €y (A NEY.
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. . —
But we know that X is compact and rblBjﬂEn (v, UNEH] is a

_1 -~
subset of MBj"‘ E) (v.w(UnEn)). Hence ¢ “(X) is a compact
subset of Aj n En and we get

—~— -1 ~
B nEn(v,UnEn) C¥v " (X) CA

AE C R..
i n j

3

1

This and (*) imoly that dy (T, (x)) > for all n > k. Hence

aglx) > ; - This shows that a;(E;(v,0)) 3-—;—- e sy 3=

= Lo oe--

Q.E.D.

3.3. THEOREM. If U is a Reinhardt domain such that 0 € U and.
it is the union of an infmsing sequence (Cj) ;=1 of open
Reinhardt sets with dU(c:i (v,00) > 0 for every j=1,2,..., then
U is the domain of existence of some fEHv(U) and we may write

fix) = I cuxu

(¥x € 0O)
a€l :

where the €y EC for a €1 are uniguely determined.

PROOF. Let D be'a denumerable dense subset of U. For every x € D

we denote by Bx the largest open ball of center x contained in
U. Let (xj);=l be a sequence formed by the elements of D in
such a way that every x € D apopears in it infinitely many times.

1f we set A.j = Cj(\l,U) we have dU(Aj) >0 and B, 4 Aj for
-
every x € D and j € Z_. If necessary we replace ‘Aj)j=1 by
a subsegquence in order to obtain (yj);;l in U such that
- e . €A,
Y] xj' r .Vj € AJ Y_] A]+1
there isfj € P,(E) ° such that

for each j€Z . Since yjﬁhj
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lftyj)l Ak A ﬂ%'jncj N

If necessary we take suficiently high powers of fj and get by
induction a sequence lgj);=1 in Pv(E) such that

~ 1
Bgall oocoeads
ey oI
g % > A4 331 T -
lggtyy)l >34 ik<j 9 (yy) |

for 3 =-1,2,0.- - It follows that, for each: A .= 1.2,.6.,v we

- a
o : < 4+ ®_ He: =02 Sy — # e h
have 551 ﬂgjﬂcl nce g o gJ H(U). On the other
hand, since |§J (yg)l 2% for all % < j, we have [glyy)| > 2
for % =1,2,... . Since C; is a Reinhardt set we get |x| €¢

whenever x € C;. Hence, for x € C; , there is M; > 0 such that

z gyl S paciee.
I

ey 1 a o

T I = Dgyml ix|".

j=1 a€1 * f

It follows that

g(lxl) = ét(_zl|:—, p%g (0 ) 1x[®
J=

1 a Fe
g e s LR

for every x € U. Here D%g(0) has the usual meaning concerning
partial derivatives. This shows that g € HU(U')



O A——
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s = I 2 p%g01x°
Sy

for every x €U and g is not bounded in (Yj);-l . Now we

prove that qinnotboundedinBxforeve:vxED.IfXEDisaiven
-

we consider (ij — in IN strictly increasing such that x = xjk

for k = 1,2.,is4d-. ‘Hence yjkGBx for vk =clpd¢ves sand . guis
not bounded in Bx.nwve show that U is the domain of exis-
tence of g. If there were open subsets V and W in E and
h € H(V) such that V is commected and V £ U ,¢ #W CU NV,
h=g in W, we would consider a € VN3IWN3W and r> 0 such
that B2r(a) C V and we would choose x € DNW ﬂBr(a) . Then
du(x) L Bxcazr(a) C V. Since B,  is connected and contained
in Vv NV, we would have erCﬂo, where w, is the connected
t of U NV containing W. Hence h would not be bounded
in Bx’ hence in le,ta).Sineave-aychoose r > 0 arbitrarily,

h would not be locally bounded at a, a contradiction.

Q.E.D.

An open subset U of E is called an open set of v-holo
morphy if it is not possible to find open subsets V and W such
that V is connected, V ¢Z U, ¢#WCUNV and for every £ € H (V)

there is f]_GH(V) such that f=f1 in’ W.

3.4. THEOREM. If U is a Reinhardt domain in E such that
0 € U, then the following statements are equivalent.

(1) U is the domain of convergence of a multiple power series
around 0.

(2) U is modularly decreasing and logarithmically convex.
(3) U is the domain of existence of some f € Hv (0).
(4) U is a domain of existence of some g € H(U).

(S) U is a domain of v-holomorphy.




X7

(6) U is a domain of holomorphy

(7) U is pseudo—convex
(8) U is union of an increasing sequence u:j)'j'“1 of open

Reinhardt subsets of U such that d.u(Ej(u,U)) > 0 for every
4 R e

PROOF. The equivalence of (4), (6) and (7) is duve to a more
general theorem proved by Gruman and Kiselman (see [16]). It is
obvious that (3) implies (4), (3) implies (5) and (5)implies (6).
The implications (2) = (8) and (B) = (3) we proved respectively
in Theorem 3.2 and Theorem 3.3 . In [19] Katz has proved that
(7) implies (2). Since (1) implies (2) by 3.1., we only have to
show that (8) = (1). If we assume (8) we proved in Theorem 3.3
that U is the domain of existence of some g € “v (0) and

g(x) = Z % p%g(0)x® (vx € U)
a€r **

This shows that the domain of convergence D of this multiple power
series contains U. The sum of this series defines an element
hEHV(D) such that h =g in U. Since U is the domain of
existence of g, it follows that U = D.

Q.E.D.
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