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CODIMENSION TWO COMPLETE NON-COMPACT SUBMANIFOLDS WITH
NON-NEGATIVE CURVATURE
ABSTRACT:

We study the topology of complete non-compact manifolds
with non-negative sectional curvatures isometrically immersed in
Euclidean,spaces with codimension two. We investigate some conditions
w'hich imply that a such manifold is a topological product of a soul by a

Euclidean space and this gives a complete topological description of this
manitold.

LINTRODUCTION

In [9], Sacksteder studied isometric immersions of manifolds with

non-negative sectional curvatures in Euclidean Spaces with codimension
one,under non-degeneracy conditions about the Curvature,namely, that at

least one sectional curvature is positive at each point on the manifold. Under

the same hypotheses we want to obtain a topological Characterization of :

complete non-compact manifolds isometrically immersed in codimension

two. This uses the existence of a compact scul in M, proved by Cheeger -

Gromoll in [6). Baldin - Noronha in [4], show some results along the same line.

Basically, it is proved that i this manifold ™" s SImply connected then M

Is diffeomorphic to AKx R”'K, where A is g K-dimensional soul af I+

obtain a similar conclusion without th

. We

€ simply connecteq condition ang this

allows us to know the tepology of the manifold as We know the topolagy of

the compact soul by [2] and [3). Our Tirst result states:



o

Theorem 1:Let  f: MR ™2 be a substantial isometric immersion of a
complete non-compact manifold with non-negative sectional curvatures,

such that at least one of them is positive at each point x in M and let AK be a

k-dimensional soul of M. Then if k22, M is diffeomorphic to AK xmn'k or

7 (M) is finite. In the latter case M has the homotopy type of the Real

Projective Space RP2 or k=3,

Remark. In the former case the possibilities for AK follow from [2] and [3]

They are that Ak is homeomorphic to a sphere, or a product of two spheres,

or a product of the circle S! by a homotopy sphere, or is diffeomorphic to the
total space of a non-orientable fiber bundle over S! whose fibers are
homotopy spheres.

This theorem is proved by showing that the two-dimensional flat torus

and also the two-dimensional flat Klein bottle cannot be a soul for this

“manifold and when k=3 we prove that, if TT](M) = 2, then the immersion is

reducible along a soul A (see definition (2.7) below-). This means that f
. reduces codimension when restricted to the soul.

Theorem 2 : Let f:MM=R N*2  pe an isometric immersion with the same

hypothesis of Theorem 1. If M {s simply connected there exists an isometric
immersfon of the soul A In Euclidean space with codimension two.



This,together with Proposition 3.3 in (2], imply that the Complex

Projective Space CP2 cannot be a soul for this manifold M.

Before we state our next result, we want to recall that the curvature
tensor R at x in M can be regarded as an endomorphism Kof T,MA TN

which is symmetric with respect to the inner product defined by the
Riemannian metric. The hypotheses of the above theorems imply that for

each point x in M, there exist vectors U,V in T, M such that RCUAYV )=0. A
two-form S(UA V) is defined to have rank 2p iff p is the largest integer such
that RIUAVIA..A RIUAV) (p times) =0. Since we are studying codimension

two, the two-form KR(UA V) has rank at most 4.

Theorem 3 : Let f: MP-R n+2 be a substantial isometric immersion of a
complete non-compact manifold with non-negative sectional curvatures and

such that for every point x in M there are vectors U,V in T,M such that
R (UAV )hasrank 4 Let AK be a k-dimensional soul of M, k=z0. Then k=2
and M is diffeomorphic to AKxRMK,

Moreover

i) If k=3, then M is simply connected.

if) If k=2, Ais either the sphere 52 or the real projective space RPZ,

Finzlly, we will consider the index of relative nullity of T at @ point x in
M as
U (x)=dim (Xe TM: oc(X,Y)= 0, V YET, M



where o is the second fundamental form. By Hartman [7), if M is not a

Cylinder, there exists a point x in M such that Vi(x)=0. If this point belongs

to a soul we conclude:

Ihﬁo.tem" Let f: MNaR M*2 po a substantial fsometric immersion of a
complete non compact manifold with non- negative sectional curvatures and

k-dimensfonal soul A, If there iIs a point xeA such that u,(x)=0 we have:

I) if k>3 M is simply connected andg dlffeomorphic to AKxRNK where AK is

homeomorphic to the sphere Sk
1) 1f k=2 then M" is diffeomorphic to S2xRM"2
RP2.

or has the homotopy type of

We want to observe that the results of Cheeger - Gromoll in [6] do not
allow us to know the dimension of the soul. However, under our hypotheses,

It the manifold has (M) =Z and 1s not a topological product of a compact

manifold by a Euclidean epace, W€ Can conClude that the soul is
homeomorphic to the circle S,



2. SOME KNOWN RESULTS OF THE SOUL

It is a well known result of Weinstein [10], that If the codimension of 3

isometric immersion is two then the non-negativity of the sectional
curvatures (K=0) implies the non-negativity of the curvature operator(X=0).

For the case where MM is complete non-compact manifold with ®=0, we
now collect some properties of a soul A of M. We denote Dy AK 2
k-dimensional soul of M, O<k<n. We consider the splitting of the tangent
bundle of M, TM= TA®TA , where TA is the tangent bundle of A and .TAl

is the normal bundle of the inclusion ACM . We observe the Tollowing
properties of a soul :
(2.1) If the soul is a point, then M is diffeomorphic to R". (Seel6])
(2.2) Asoul A of M isa compact,totally convex submanifold of M without
boundary and has ®=0. (See([6])
(2.3} The inclusion i:A» M is a homotopy equivalence and ™M is.
diffeomorphic to the total space of TA*. (See [6]).
(2.4) If XeTA and Y ETAl, then R( XAY )=0. Moreover, R(A 2(TANCAZ(TA)
and KA 2TA NCAZTA). ( See [4], lemma 3.1) .
{25) The normal curvature tensor Rl cf the inclusion i@ A = M vanishes
(See [4), lemma 3.2).

From these properties we can state the foliowing theorem (proved in
[4])
(2.6) Ineorem : If 1r,(M)=(0} and R=0 then M is a topological product of

a soul by a Euclidean space.



In order to prove Theorems 1 and 3 in the case that 7,(M)#(0), we need
an extrinsic property of the immersion, namely, reducibility along the
soul. |
(2.7)Definition : Let fMM-R "*P, p=1, be an isometric immersion of a
complete, non—compact manifold M with K20, non-trivial k-dimensional
soul A and second fundamental form cc. We say that f Is reducible along A
i for XeTA and YETA , c(X,Y)=0. ‘
(2.8)&3@_{11_: If f is reducible along a soul A then M is diffegmorphic to
AKxRNK ( see [4], Proposition (5.4))

In the rest of this paper <, >, V will denote the Riemannian metric

and connection respectively. If & is a normal direction, Ae will denote the

Weingarten operator and v‘e will be the normal connection.

3. BASIC LEMMAS. PROOF OF THEOREM 1
Consider xeA. We want to investigate if { satisfies the reducibility

condition at x. By abuse of notation, we will say “f is reduciple at x." If

1
for every XeT,A, &(X,X) =0 or for every YET,A x(Y,Y)=0, by the Gauss

equation, T is reducible at x, since k=0 and R(XAY)=0.

To study the general case, let r(x) be the Lie algebra generated by the

range of the curvature operator X at the point x. If U is the orthogonal



complement of the relative nullity subspace N(x), by Theorem 1 in |

5] we
have the following possibilities for rix):

(@) r(x)= A%U)

(3.1) (b) r(x)= A2(V) @ AXW), where VeW=U

(©) r(x)= w(2), the unitary algebra of some complex structure
on U, if dimU=4.
Moreover, if (b) occurs with dimV>1 and dimw> 1 then V and W are

orthogonal to each other and Rl(x)zo,where Rl s the normal curvature
tensor of f.

(3.2) Lemrna : If :R!AQ(T A) =0 and THMQ(T A+)=0 then T is reducible at x.
X X :

Moreover,there is an orthonormal frame (€,,€,) such that AE,]T A=0 and
: X

Proof: By (2.4), the only possibility is r(x)= AXV) & AXW) with dimV>1
and dimw>1 whence Ri(x)zo. Therefore, the lemma follows by Theorem D
of [4].

(3.3) Lemma : (a) Suppose 3{|/\2(T A)=0 and fR[AQ(T Al)zo, If o(Y,Y)=0 for
% X X
some YeTXAl, there is an orthonormal frame (8,8} in the normal space

such that rank r"'gi'—“ and AEZ}TX Ai= 0.

(6) 1f K27 =0 2N :HIA.?(TXAL y#0 With <X X)=0 for some XeTyA, we

have a similar conclusion with AEZITxAzo.



Proof : (2) Consider an orthonormal frame (X1, Xp) of TyM such that

X1, KgEN(X) and Ye Span( Xy,.. XgXs 4 1). We have

fR(Xi/\Xj)zo, i=1,.,8 and j=1,..n

Denoting by X' and X" the orthogonal projection of the vector X onto Ty A

i _ _
and TyA  respectively, by (2.4) we have:

ER(Y/\XJ)= fR(Y/\X'j) + fR(Y/\X"J-)=0, =

Then the range of X is contained in A2(W), where W:Span{xs+2,...,><n},
which implies
(3.4) r(x) coln-s-1)

where o(n-s-1) is the orthogonal group. If n-s=4 ,r(x) cannot be u(2),

since u(2) is not contained in o(3). Then r(x)= A2(V}eA2(w),where
dimv=1.

Then, following the proof of Theorem 1 in [S], there is one normal
vector g; such that rankAeiz 1. If €, is a normai vector orthogonal to & we
have -

(3.5 Ji= Agzl\ AEz

We will prove that this basis (y,8,) satisfies the lemma. Consider X,YET M.
We have:

XA Y)=(A82X)‘/\ (AEZY)"*' (AEZX)‘ A (A€2Y)“+(A$2X)"A (AEZY)I+ (AEQX)“A (ASZY)

where
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Q= (Ag 2X)"/\(A\,;azY)"=0

0)=.(AEZX).A(A€2Y). + (AEZX)"A (AEZY)' =0
since we are supposin.g :R],\z(Tx A1)=0. Let us suppose (AEZX)'¢O. Taking
interior product of w with (Ag,X)" we get

0= i((ag X1)w= [ (Ag X2 (Ag Y - K(Ag V), (Ag X)'> (Ag X)"
and therefore

no_ U [} [} -2 "
(Ag, )" = L(Ag ), (Ag X0 || (Ag XY[[7% (Ag X"
Taking interior product with (AEZY)' we get
=t ' = | ' ( \1 e " 2 "
0= i((Ag,V)) @ = <(Ag X)'(Ag V) (Ag,Y¥) | A YY[# (Ag %0
E llcae ZX)'II"Z{ {(hg,Y, (Ag X152 - || (ag ¥|%cAg P12 1 ag x
If (Ag 2X)"¢0 the above relation implies (Ag 2Y)'=>‘(AEZX)' and then
RXAY) = (AEZX)' A (AEZY)' = 0.

Hence,

(3.6) Hif RIXAY) #0 we have (AEZX)" = (AEIZY)" = 0.

Consider now the orthonormal basis (Zy,.., Z,} which diagonalizes the
operator Ag, such that Ag (Z;) =AZ; and Ag,(Z{)=0, iz2. Since =0 at X,
there exist Z;,2; such that R(ZAZ)) #0. By (36), for every YET,A we

have <x(Z;,Y), €2 = <&x(Z},¥),€> = 0. This implies ox(Z;,¥) = 0, as we
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can suppose that Ag(Z;)=0. In the Gauss equation this implies
{x(Z;,2),x(Y,Y)>=0, since R(YAZ))= R(YAZ{) + R(YAZ;")=0. Because

x(Z;,Z;) is orthogonal to §;, we have that «(Y,Y) is.orthogonal to €. Now,

writing the Gauss equation for the sectional curvature of a plane spanned

by XeT A and YeTxAl» we get
= : 20 vy 2
0 = CAg XX D Ag Y.YD = CAg YXDE= =(Ag VX%

This and (3.6) together imply AEZIT Al =0, concluding the proof of (a).
X

(b) This is proved in an analogous manner.

We observe that, under the hypotheses of lemma (3.3),in (a) there is only

one vector YETXAl such that o(Y,Y) 20 and in (b) only one vector XeT,A

such that «(X,X) #0.

(3.7) Proposition : If dimA=k=3 and T,(M)=2, then f is reducible along A.

PROOF: Let ?’=f|A A = D2n+2, the isometric immersion of restricted to

the soul. Since A is a totally geodesic submanifold of M the first
normal space of F is at most-dimensional. We can easily generalize to T
using the same arguments, Theorems (2.2) and (2.3) of [2] , obtaining the
same results, since they need only the fact of the first normal space
be at most two-dimensional. We will denote by v?(x) the index of rela-
tive nullity of the immersion f.

Since A is compact, consider x A such that v?(x) = 0. We claim that

«(Y,Y)=0, for every YeTXAl. Otherwise, under the conditions of Lemma
(3.2), all the sectional curvatures along planes tangent to A at x would be
positive. Also, under the conditions of Lemma (3.3), the index of relative

nullity would be n-k-1. Then in (3.4) we would have r(x)=o(k). This ]’mphes
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that all the eigenvalues of AE ‘T j are non-null and then all the section-
2' X

al curvatures along planes tangent to A at x would be positive.The slight

generalization of Theorem (2.2) of [2] to this immersion f would imply
that A and consequently M, is simply connected.

Now, we will prove the reducibility for xeA such that vr(x)>0. Let Ny(A)

denote the set of points in A at which the index of relative nullity is ¥.
Since we know that f is reducible on the closure of Nog(A), we will use the

inductive argument used by Moore to prove Theorem 2 in [8]. Let 321 and V
be the open set.

Ny(A) = CI [ U[Ng(A) 7 B<¥]]

where Cl denotes closure, a set on which the index of relative nuHity is
equal tb the constant %.

We recall that if n](A)=Z by generalization of Theorem (2.3) of [2] , X
has a_neighborhood isometric to an open subset of the product of the cyr-
;:]e S] by a (k-1)-dimensional homotopy sphere,which implies that there are
two integrable and parallel distributions T] and T2 such that dimT]=1 and

dimTp=k-1. If some sectional curvature of A is positive at x and 7 is
tangent to Ty, Z must be relative nullity vector. Otherwise

r(x)=o(m-1)@o(1) where m=k-¥. But in the proof of the Lemma (3.3) we
see that m+1=n-5, which contradicts (3.4). ‘

Now, consider ¢:(a,b)» V a unit speed geodesic passing through x whose
tangent vector o'(t) is the relative nullity vector ZeT,, for each te(a,b).
Assume that o cannot be extended béyond the interval (a,b) without leaving

V. Since A is compact, either a>-w or b< +o, Suppose b< +0. By Theorem
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(6.2) in (1], o(b) lies in the closure of U{ NB(A) / B<¥ ), a set on which f

is reducible by the inductive hypothesis.

We will prove that if f is not reducible at X, f cannot be reducible at

o(b), which will be a contradiction. If f is not reducible at x we can take
the frame (8,,8,) of the Lemma (3.3) such that A&‘ngxAl =0. Let us denote
by X and Y the unitary orthogonal projection of Z, (see the proof of Lemma
(3.3)) onto T,A and TXA1 respectively. Denoting by Z a vector in T,A

orthogonal to X and by V' the normal connection, we can apply the

Codazzi equation to X,Y,Z and &, to get

Uy &(ZY), 8> = {a(TyZY), 8> ~{K(Z, V), E,5=
X X X
={V7 oX,Y), 5> = <(Vz%,Y), € = <ox(X,T4Y), €5

Since «(Z,Y)=0, A‘G"z,TxAl:O and VXYeTXAl, the left hand side 1s equal to
zero. The same reasons will imply that the right hand side is equal to
(V7 &), 8D = = C&KY), V5 E0=0
As we are supposing that c(X,Y)#Z0, we have
(3.8) V; €& = V5 £=0
Now, with the same notation we will consider the vector fields X,Y and Z

Such that on o(t), Z(t)=0'(t). Applying the Codazzi equation to X,Y,Z and &

we get

UK &Y, &> = Cx(VyZ,Y), & - <x(Z,IyY), &=

=<V &, g - CoUTSX,Y), &> = <&x(X,VzY), &0,



which implies
(3.9) ZIK <oty &) = 2o, 1)) - <x(X,Y), V7 &>
Since XeT,, Z€Ty, and T, is parallel we have <Z,VyX>=0 and by (3.8) we

have in (3.9), 2(<x(X,Y),&>)=0 This implies that <ox(XY), &> s
constant on o(t) and then {x(X,Y), €&2#0 at a(b), which is the required
contradiction. e

Now, to comb\et‘ewthis‘ prbor, we have to consider the case when all the
sectional curvatures are null in a neighborhood of x. By our hypothesis

there is a plane o on T,M such that k(6)>0. From Lemma (3.3) we have &,

such that Ag,=0 and then < R (28,82 = < R (X,2)8,8>=0 for every

X,ZET A This implies ’reducibility at x, concluding the proof of the

proposition.

In order to prove Theorem 1, first we observe that if the soul A is-

-homeomorphic to the two-dimensional flat torus or flat Klein bottle, as

R(XAZ)=0 for every X,ZeT,A and every xeA, we would have in Lemma (3.3)

AEZIT”A=° and this would imply UT(X)>O, for each xeA. This is impossible,

since A is compact.

Now, Theorem .1 follows.from (2.6), (2.8),"(3.7). and: the: generalization
of Theorem (2.2) of [2]. i . s :



4. PROOF OF THEOREMS 2.3 and 4
(4.1) Proof of Theorem 2.

Let us consider the normal bundle of M along A, denoted by UM]A, and

define a normal connection

hn x ToM )+ ToM] )
by @Xlez'orthogonal projection of VXIE onto UM]A. Now, as the inclusion
of A in M is totally geodesic, we define a second fundamental form
o TA®TA-D M|, by &(X,Y)=cx(X,Y) where o is the second fundamental
form of f. It is clear that UM]A,V and o verify the Gauss and Codazzi

equations. Thus, we need to prove that the condition R(x)=0 for all xeA,
implies the Ricci equation. Denoting by ¥* the normal connection for

fzfA:A-»IR n+2 we have:

n
Uy 8= Uy 8-S <xX,Z),E> Z;
I=n-K+ |
where [Zn—k+ [ ,Zn] is an orthonormal frame of TXA‘. Thus, the Ricci

equation for f is

n
CRxvEn) = R’ XYVEND = & xX,Z)), EXx(Y,2),n>= < [AgApI X.YD
i=n-k+1 /

where Ag: T, A= T A is given by Ag(X) = orthogonal projection of AgX onto

. - " 3 b
TxA. Since by our definition of VXIE, K xens = CREYERD, 2l



we need is to prove is that
n
2 < &xl%,24,),8> <x(Y,Z)n) = 0.
i=n=K+ |
But this follows directly from Lemmas (3.2) and (3.3),

This proves that the soul can be locally isometrically immersed in

mk+2. Since A is simply connected, Theorem 2 follows.
(4.2) Proof of Theorem 3.

Consider xeA. If f is not reducible at x, we will have by Lemma (3.3) a
normal vector €, such that rank AE‘zl. Then by the Gauss equation,

R(UA V) cannot have rank 4. So f is reducible at x.

Now we consider X such that Uf(x)=0. If o<(\},Y)=O for every YeTXAl,
consider U,VET, A such that R(UAV) has rank 4. Denoting by Uand U’ the
orthogonal projection onto T,A and TXAl respectively, we have R(UAV)
=:}}(Ul/\ Vi), This implies k>4.We claim that M is simpy connected.For other

wise,by the generalizations of Theorems (2.2)and (2.3) of [2], we would have

r(x=0(k-1)©0(1) and then there would be a normal vector £ such that rank
Ag=1, which contradicts R(UAV) A R(UAV)=z0,

If there is YeTXAl such that «(Y,Y)=0, we have the conditions of Lernma
(3.2) and we can tzke that normal frame [81,82]. Then k=2 ( otherwise

rank Afa would be one ), and all the sectional curvatures along planes

tangent to A are positive. If k=3, M is simply connected. If k=2, A cannot
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be homeomorphic to flat torus or to the flat Klein Bottle.

Now Theorem (2.8) finishes the proof.

(4.3) Proof of Theorem 4.

Consider xeM such that uf(x)zo. By (24) and (3.1) we have

r)=AAV)@AAW) where V =T, A and W= TxAl. If dim W>1 we are under

the conditions of Lemma (3.2). If dimW=1 we are under conditions of
Lemma (3.3). In both cases, we have that all the sectional curvatures along:
planes tangent to A are positive at this point x . Again, if k 23, M is
simply connected and AK homeomorphic to sk If k=2 then A is
homeomorphic to S2 or [RPZ. Now, applying Theorem (2.6) to the simply

-connected case we finish the theorem.
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