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§1. INTRODUCTION

This note is concerned with the problem of understanding har-
monic maps from compact Riemann surfaces into flag manifolds. Since
minimal surfaces are harmonic in some conformal structure, special
cases are provided by minimal surfaces.

In the late 60's Chern [6] and Calabi [5] published several
papers on minimal immersions into spheres or more generally real
projective spaces, which are in the spirit of this investigation.
Then Simons [17], Lawson [16] , Hsiang and Lawson [15] published
important papers in this direction.

The problem was reexamined by physicists Glaser and Stora
[12] and Din-Zakrzewski [8]. They called the attention that the
right problem should be to look at harmonic maps into camplex pro-
jective spaces. Inspired by these ideas Eells and Wood [10] gave
a complete classification for harmonic maps from EPl to EPn,and
some important partial results for the higher genus cases in terms
of holomorphic data. A number of related results have appeared in-
cluding Burstall and Wood [4] , Chern and Wolfson [7],Uhlenbeck [20].
These authours have studied harmonic maps into other homogeneous

symmetric spaces like Lie groups and Grassmannians.

Oon the other hand, very little is known about the homogeneous
(non—symmetric) case. One reason that we want to understand the
non-symmetric case, beside its own intrinsic interest,is that the
finite dimensional flags model in finite dimensions the geometry
of the Loop group; i.e., maps from S1 to a compact Lie Group G.
In a well-known paper Atiyah calls attention to the identification

of holomorphic maps into the loop group and instantons [2]. See

also Freed's paper [11] for more details.

Secondly the energy functional whose critical points are the
harmonic maps is more tractable from the point of view of compu-
tations than for example the Yang-Mills functional, but appears

to share some of their important properties. See Wolfson's paper

[21] for more details.



If one wants to understand the problem of harmonic maps into a homoge-
neous (non-symmetric) space it is natural to start by understanding harmonic
maps from closed Riemann surfaces to flag manifolds. These are by
~definition the quotient of a compact Lie group by any maximal to-
rus. Some of the first work in this problem was done by Guest [14]

using a entirelly different approach.

In §2 we discuss some basic geometric facts concerning to

flag manifolds.

In §3 we develop our calculus in terms of projection opera-
tors. We derive the Euler-Lagrange equations and the expression -
for the holomorphic quadratic differential in terms of projection

operators.

In §4 we describe the holomorphic map equations. We define
the Eells-Wood maps and prove that these maps are the only ones
that are holomorphic and harmonic when F(n) has the normal Kil-

ling form metric.

We also prove several partial results that lead us to expect
that any harmonic map from mPl to F(n) must be holbmorphic with

respect to some almost complex structure on F(n).

Finally in §5 we analyse the effect on the index form if we

perturb a Kdhler metric on F(n). The main results are:

—— (F(n),g where
(al""'an-l'al+a2+el’""al+°"+an—1+€2))

Eqreeer€y are non-negative and Y is a Eells-Wood map. Then y is

stable.

THEOREM B- Let q‘-} = (nl, e o0 '"n) H M2 N )

— (F(n),q e o be a full
(@gse--sa_qra7%a,€ypeccartecta g ep))

Eells-Wood map where €yre-es€) are positive and a,+ta,-g) > Lo S
reees@gte.ata, (7€) > 0. Then ¢y is not stable.



COROLLARY. Let ¥ = (my,...,m ) : g R R

be a full Eells-
-Wood map where F(n) is equipped with the Killing form metric.
Then {y 1is not stable.

Furthermore we give a lower bound for the index of the full
Eells-Wood maps for any left-invariant metric that appears in
Theorem B, and compute precisely the inde%k of the Eells-Wood maps
when F(3) is equipped with the Killing form metric.

The contents of this paper are part of my'doctoral thesis[17].
I want to express my gratitude to my thesis -advisor Prof. Karen
Uhlenbeck for her profound advise, criticism and encouragement.

§2. BASIC DEFINITIONS

We call a flag manifold the quotient of a compact Lie group

U(n)

by any maximal torus e F(n) = U(1) X...x(0L)
1 ]

A\'4
n-times

Let S+ be the set of positive roots with respect to a choice
of fundamental Weyl chamber in ,u(l)X...Xu(l) . According to (3],
]

-
n-times

[14] or [17] we can see that F(n) has 2

structures from which n! which is equal to the order of the Weyl

+
s | almost complex

group of U(n) are integrable.

We define a family of left invariant inner products on

ih U(n)
F o) s, - ol

and consider the inner product

where u{(n) = p®u(l) &...6 u(l).Let A,BE€Ep

/

: ia
(A,B) 5 tr(AaiJEiAEjB*), where Ei .y 0] 1 ,a=(a 3)




with aij‘> 0. Note that we are using the Einstein summation con-=
i ij j i

vention. We can see that for each a = (a'Jd), a'd = al® >0, <'>a

is left invariant.

If we restrict our almost complex structures in F(n) to the

integrable ones, we can see that g(al’..‘,an'al+a2,__,,an_2+an_l,

' ' give all left-invariant
+a_ +a_ ,...,a,+a,+...+a_ )
n-3 "n-2 "n-1 ) ) n- o
Kdhler metrics on F(n). (See V.1ll, Proposition in [17] for more
details). It is worthwhile to point out that if we consider F(n)
with the normal metric induced from the natural bi-invariant me-
tric on .U(n) such metric is not Kahler (See [17] for a proof of
this fact). We will call such ncrmal metric on F(n) the Killing

form metric.

geee,d

§3. HARMONIC MAPS FROM COMPACT RIEMANN SURFACES TO FLAG MANIFOLDS
AND A CONSERVATION OF ENERGY FORMULA

We recall that F(n) is the set of n-tuples (LI""L)' where
Li is a l-dimensional subspace of c” ’ L
if i#j and Ll ®...0 Ln =
vector bundles on

is perpendicular  to Lj
t™. Then the toutolologously defined

F(n) have as fibres over a flag (Ll“u.,L) the

Lireee ,Ln respectively. We denote these bundles by

the same letters Ll""'L

As usual we identify a smooth map ¢ :M2 —_ mpn-l
subbundle ¢ of En = M2 X mn

vector spaces

with a

fibre at
X € M given by: ng = T¢(x) where T is the tautological line
bundle over cp" , i.e. d*(T) .

of rank one which has

4=
Any subbundle :E of _E? inherits a metric denoted by «(

and connection denoted by D,, from the flat metric and

° connec-
tion 9 on L . Explicitly: (V,w )¢=(V,W) for any Vv, we ¢
X

and (Dy) W = 7, (3, W), WeE T(g), z € pqwy 140

;)

r

2
X €M > Here
ﬂ¢: E_ ————+:£ ‘denotes the Hermitian projection on the subbundle
¢ . ' '



Note that we always describe F(n) in terms of the natural

embedding F(n) —~ e L« L «cp" 1 | so ¢ :M?® — F(n) is

n-times
described as ¢ = (ﬂl,...,nn) where "j :M2 — EPn_l and niﬂj=
= Gij"i .
Now consider ¢ = (nl,...,nn) :M2 —— F(n) be a smooth map.

¢ determines the tautologously defined vector bundles MyreeesTy

2 . o
over M°. Let 75% ='7§% be the covariant derivative of m, with
i amy L
respect to x and A_ the projection of —=¢ onto T, . See [17]

for more details.

3.1. DEFINITION. We call the partial second fundamental forms of
am, .

o L . 2 . ij — Iy ;
¢ = (ﬂl,...,wn) :M° —— F(n) the maps: Al wi(Ax) =My —é% if
i73. . .

Note that A;J € Hom(nj,ﬂi) and I A;J is the second funda-

J
mental form of the span the L in c".

. 2 5 ; N
Now if we think in M° as a complex one dimensional manifold,

Bni 1 awi ani Bwi
then we define —; =3 3% ~ /-1 Sy and —— =
9z
L ATy oy _ i3 o 5 ij
=35 (5 * V=1 —57)' We also define A - =T, —— and AE =
o
= —fg-. See [17) fore more details about some basic formal pro-
az

perties of the Atj's where u =z or z .

The following formula will be very useful.

n : i n . .
9
3.2. PROPOSITION. I (5%(Ai3) - —:(A;J)) =2 I [A;J'Aill +
: i,j=1 %/ = 3z i,3=1 3
- (i#.)

(]

n . o
+ I [Aij ,a3P + aPh
p,i,j=1 z 2



PROOF. Let 1i#¥j and consider

AP

e . am .
9 ,.17 3 .13 d i, d =
(A7) = —=(a))) = =(n, —=) - —(7 =l =
3z z 0 9z "4 9z 9z -
am, om om, om oT,
. i J 1 - I 1, » _
= . - . . But —= =A_ + (A))" =
0z = s 9 0z z
ki ig or m3
=SEE IR L A7, and —1 = s e e L
k (#i) % (#1i) 3z n(#j) =z p(#3)
Hence it follows that
om, om : : g
—g = = (Z A a) (a2 -z alh) =
9z k 2 m z P
= 5 A};i-AfJ -z Aiz-Afl + £ a;7-alP
k z 2 z P z°
Similarly
9T, O9T. : i ik S . St i
—em = 3 Ahmd - 3 A a0 = al%.a%i 5 ald.lpde
0z k z j z D A p .z 2
Then we get:
Ziealdy - 2aldy) = 5 akbali ol ki
rJ z 9z k,i,3 z iy = f
gl Aiz-Afj Aig Aij f F Aij.AjP
2,i,3 L,1,3 z prir:] ¥ E
- 3 adpi® 7 Attt g g Al



- ¢ akall o g A2i°A§j r AM.n’) +
k., i, = i,j =z L,1,3 z
s 3 abtaaf ¢ aldaing poaldaadta ald.alp
P VA ’ z = § VA - PR = A
£,143 P.i,] 2 i,] z p,i,J 2

i'j 2 l'j z plilj Z A
Now let u = z or z and
0 A12 o 1n
u H
21 2n
AU ’
A = .
H .
anl aAP2 o

We can rewrite the formula above as:

3.3. COROLLARY. 52 (A) - —=(A)) =[A_,A] + (A 2] where
z - - z VA FA
z 0z z z
[AZ,A_] denotes the diagonal part of the matriz [AZ,A_] .
z b z

We now study the energy integral in terms of projection oper=

ators and write down exprecitly the Euler-Lagrange equations for

our variational problem.

2 :

3.4. DEFINITION. Given a smooth map ¢ = ("l""’ﬂn) s M° - :
U(n) . )

) %... xo(L) ' we define the energy of ¢ as:

—_— F(n) =

n | Bﬂi 2 ani 2
z J ) (|5z| + |5yl daxdy .

1
E(¢) = 5 ay

i=1 M ;

/

We now prove some formulas that come from the conservations

laws associated with the invariance of E under the action of U(n)
according to Noether's theorem. See [L] for more details.



We call g :M2 ——— p(n) a angular momentum map. Given ¢ =
= (Myreee,m) Mo 5 el et [#, gl = v,a% ¥q*n, = Wyq ~an, .
The map q gives rise naturally a to variation of ¢,
§6(q) : M2 —— F(n) given by: (8¢) (q) (x)

= dl
- 'dt't=0
- -t - FACEC R 4
ade tq(X)nl(x),...,é%|t=0 exp ade q(x)ﬁn(x)) —([nl(x),q(x)]

L (%) ,q(x)]) .

exp

The we can compute the first variation of the energy for ¢.

' 2 smooth
3.5. PROPOSITION. Let ¢ = (Trl,...,nn) : M —— F(n) be a

map. Then:

n
(SE) (8¢(q)) = - i

0Ty 4
(55 oy (6my(@) ) )ax ay.

_But since the boundary of Mz is empty if we integrate .by
parts we have:

n n
(5E) (64(q)) = I ] (-Am 67, (q) ) dxdy = &
2 s

M

S s NI O BBRE-  THIE
i=l l_l l' l'

But by using the cyclic property of trace we can easily see

that
A, IB,.Cl)E =« [B*,A] ,C)). Then finally we can prove:

(8E) (8¢ (q))

]
1
N3

lm, A1 1,0 .
i=1 el o

We know that ¢ = (nl,...,nn) - M2 — F(n) is harmonic if
and only if it is a critical point of the energy integral;

i.e.,
for any variation 6¢(q) of ¢ we have

(8E) (8¢(q)) = 0. _Then by



9

using the fundamental lemma of the calculus of variations we prove

the useful harmonic map equations for our variational problem:

3.6. COROLLARY. Let ¢

(nl,...,nn) : M2 wecent PiN) . & 18 har-

n
monic if and only if % [ni,Awi] = 0.

i=1 o

It will be also useful to write the harmonic map equations in
a divergence free form.

3.7. COROLIARY. ¢ = (m,,...,7 ) : M —— P(n) is harmonic if
and only if 3 (3% (Aij) + —%(Aij)) = 0.
s z 0z

We will close this paragraph by proving a conservation law

formula for harmonic maps ¢ : TP~ — F(n) using our calculus,

which is the minimal map equation (see [9]).

3.8. THEOREM. Let u = z or z and

— 12 n =
Au e Ag
21 n
Au (0 Ji e G e Au
A =
u L]
il I i
i A | H

where Aij are the partial second fundamental forms of a harmonic

l .
map ¢ = (nl,...,nn) ¢ LP” — F(n). Then:

_ 2
0 = tr(éu) = tr(Au)

4
f

. :

PROOF. Clearly tr(Au) = 0. According to 3.3 Corollary EE(AZ) -

L Ji(A ) =[a_,A] +[A_,A] . We will prove the proposition for
92 7 - 2 Zh
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’ u = z but, of course the same proof works for u = Z. Since is

L)
harmonic 3.7 Corollary tells us that —%(AZ) + 5-(A_) = 0, there-
A z

fore 2(a) =20 _,a] +2[A A1 .
9z z z N

But —= (tr(al)) = tr(2 (a2) =
3z 0z o

- e 1 1
= tr(3 A, [AZ,A;] = Az[Az,AE]) ‘s tr([Az,A;] 5 B,

<+

2 i
= £ = nce A_ has
+[Aa,,Aa) "A) = tc(la ,A]) + tr(a, [Az,Az] ) 0 si . .

z h z h
cnly zeros in the main diagonal and [AZ,A_]' is a diagonal matrix.
z
Therefore tr(AE)dz2 is a holomorphic 2-form over mpl. But

then according to Riemann-Rock we have that tr(Ai) = 0.

4. HOLOMORPHIC MAPS FROM COMPACT RIEMANN SURFACES TO FILAG MANIFOLDS

In this paragraph we consider F(n) equipped with  the Kil-
ling form metric.'M2 will always denote a compact Riemann surface
without boundary and all maps will be smooth.

Let ¢ = (nl,...,nn) H M2 —— F(n) then:

n- i m
= 2 WU I
E(¢) = i Z f lAtJ, V.==| 1% J tr(AlJ Ajl)v
i,j=1 1,2 g W 8 i) P 5 9

il - ij ' .
where u =z or z and A'l are the partial second fundamental
associated to ¢.

Now let [l,n] = {x €% ; 1 < x < n}. Consider p = Ty
L E : E

- +
1l sd <0} opd 'S to be a partition of [i,n] x onl - 0 fean

2
: (n"-n
talng-——jf—l elements such that if ti,j) € st then (j,i) & st

Let S_+ to be the complement of 8% in l,n] x 1,n] - D We
call S by a positive system in [1,n].



i

il

4.]1. DEFINITION. Let E° and E denote the 3 and J-energy res-
pectively, defined by

o -
E, ($) = L 1al3|2 v ana
S =l 9 L d
(i,3)€8" M
E +(¢9) = L f |Aij|2 vV = P lAijlzv
S e o E g + /.2 7z g
(i,3)es M° 1,588 M
it
where S is a positive system in [1,n].
Therefore ¢ = (nl,...,ﬂn) : M2 — F(n) iz holomorphic

with respect to the almost complex structure determined by the

positive system st it ana only if a*d =0, v(i,j) € g
; z
As corollary we can prove:

4.2. PROPOSITION. Let ¢ = (ﬂl'HZ’WB) : EPl — F(3) be a har-

monic map such that Tyl EPl-———+ sz is holomorphic or antiholc-
morphic. Then ¢ is holomorphic with respect to some almost complex
on F(3).-

2
PROOF. By above LA EPl — TP 1is *-holomorphic if and only

if Atz Aﬁl = AiB Ail = 0. Now according to 3.8 Theorem we have

2 12 _21 13 31 23 .32
= = + A A + A B o
that O tr(Au) Au Au " i u By Theorefore

Aij Aai =0 , V(i,3j) such that 1 < i,3 < 3. Therefore ¢ is holo-
morphic with respect to some almost complex structure on F(3).

Now we prove a very useful formula, namely:

4.3. LEMMA. 7T, (A ), = a2y + [a}d,a ) 47, [A ,A ]7. ,where
d LU ) sy M B - s B L Tl
= ou u u u
=700 2 / :
aT.,
: ry
prOOF. —=(atd) = L(ma m) = —2 A m. ¢

e 37 j T
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9(a ) o ! g
g 10 Ma = Wl = (Z Afl = Z Ai ) .
sih Lol SR e
X j X a(a )
A vrafaatl o pal® e n o =
m B K u m u oy
‘ : 3(a.)
= n0a Al + (A a9 40— mo.
e = 3
9(A ) i
Hence: T, LS =-4%(A13) +‘[A;J,A_]'+ ﬂi[A_,Au]ﬂj .
toan S n n

We will make use of the formula above. We start bY.defining:

2
4.4. DEFINITION. Let ¢ = (ﬂl,...,nn) : M —— F(n) be a har-
monic map. ¢ is called totally isotropic if [AZ,A_] =0 where -
2 p
[a,,A_] denotes the off diagonal part of the nxn-matrix [a,,A_l.
2 p 'z

Our result is that totally isotropic maps behave 1like maps

into symmetric spaces as suggests 3.3 Corollary. In fact we con-
1

jecture that any harmonic map ¢ = (nl,...,nn) T8 BUEEREA F(n)
is totally isotropic.
4.5. THEOREM Let ¢ = (ﬂl,...,n ) & M2 ——— F(n) be a totally

isotropic Hap. Then atd e Hom(ﬂj.ﬂ i mE B, s holomorphic

section of the line bundle n; ® m; Over M2 when such bundle
has ‘a suitable complex structure.

PROOF. Let L be the canonical line bundle over EPn‘
denote by Ty the pull-back of Li via myoE

and we also
n-1

Tt M — P
Now let us define the connection

(1,0)

ji
v : D(M) X F(ng ) F(ng 9 w0 by:

ji, ._9Q ;
Vg (Q)_SE + [Q,Az] for any Q € P(Hom(wj,ﬂi)).

Similarly we
_g_z_ ’



i3

define vgl(o) = 38 + QA [
— 0z z
a9
g 3(A_)
On the other hand 4.3 Proposition tells that m, 2 Ty, ®
dz
s ij = gii 1]
= (A7) + [A; ,AE] + ni[AE,Az]nj = ZE o<l = ni[A_z_,AZ]wj (w) .

52
But since ¢ is totally isotropic we have that ni[Az,A_]wj =0
z

if i#j since [A,,A_] = o0.
i Z p
Cn the other hand, since ¢ is harmonic we must have:

e (o) =[a ,A]) - 1 (2 ,A] =14 ;2 ]. Therefore
= z ="z 2 ="z ="z
0z Z 2 P z
T ol (A B =0 1E 4. Hece By () we bove Ehat 70 Yy =0.
i 9z =l J- ; Y d Z

s
N|

Now by making use of the Theorem 2f ¥oszul and Malgrange we
can put on ng ® m,oa complex structure whose d-operator is given

ng . Hence with respect to such complex structure we have that
0z

Aij is a holomorphic section of Hom(nj,ﬂi).

O'O O.. -
In holomorphic coordinates (U,z) A'J o0 A7 has the form

dz © dz A;Jﬁ)A;l. Let s, be a elementary symmetric function of

2 TRl :
ald o A;l. It is clearly holomorphic on U. Moreover S1 = sldz 2]

®udz is globally defined on Mz. By above S, is clearly hole-

morphic. Therefore:

1 :
4.6. COROLLARY. If ¢ = (Wlauuwlﬂn) s P~ — F(n) is a totally

isotropic map then S1 = Og’Therefore AtJ Agi w0, Nl < 1,9<n
that is, ¢ is holomorphic with respect to some almost complex

structure on F(n).

2
2. %
PROOF. S, 1is a holomorphic section of @ T(S") . dence by
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: i . i
Riemann-Rock's theorem S1 = 0. Therefore tr(A;J Ag P =0, Vi 9.

HE o
But each A:J is analytic and rank of of Az

Aij Agi =0, ¥i,j , i.e., ¢ 1is holomorphic.

J Agl is less or

equal to 1 hence

Now suppose h : M2 —_— mPn-l is a full (non -degenerate)

holomorphic map. See [13] for more details. Let h be given 1lo-
then we define the k-th asso-

¢ally by fifz) = [”o(ﬂ""ﬂﬁrl(z)]
M- ——+ & (™) where

ciated curve of h called Ok by: Gk bl
u(k)(z)]. We can see that O) L

/'-
. {z) =spanlu(@) A P'(2) & «an B
k 2 n-1

—— TP given by:

well-defined. Then we consider hk :t M

h(z) = g, (z) N o (2

We have the following important theorem due to Burns, Din,

Eells, Glaser, Stora, Wood and Zakarewski.

4.7. THEOREM. For each 0 < k < n-1, we have that ch:M?———rmPn-l
~ is harmonic. Furthermore, given ¢ :EPl _— EPn—l harmonic, then
there exists a unique 0 i k n-1 and h :mPl —__—+'mpn-1 full

A

and holomorphic such that ¢ hk (Note that ho = h is holomor-

phic and h_ _, as antiholomorphic) .

PROOF. See [10].

Therefore we have canonical maps y : M2 —, F(n) called

Eells-Wood maps given by: P (x) = (ho(X),...,hn_l(xn. We can see
that the Eells-Wood maps are holomorphic. Moreover y is harmonic

and Aij = 0 - unless 1 and j are consecutive integers between 1
Z

and n.

Reciprocally, we can prove the interesting result:

4.8. THEOREM. If Y = (wl,...,nn) : M2 ——— BFint) s harmonic and
holomorphic with respect to the almost complex structure on F(n)

determined by S+. Then ¢ is a Eells-Wood map.
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+
PROOF. If X is a nxn-matrix we denote the by XS the matrix
T o M XT. .
(Lea) = 3 g ? o
By using 4.8 Corollary we see that (—(A))) = e AL e
2z z
=[A_,Az]-
A :
But ¢ is harmonic if and only if —%(Az) + 3%(A;) =0. There-
fore = .
+ +
(@)’ =31a_,a0%  (w)
0z z
But 4.3 Lemma tells us that:
+ + + +
S
(28 )5 =@ ) + a2 a0 + 14,817 () .
g Z z 2z

But by hypothesis ¢ is hclomorphic with respect to S* then

+
a> = o.
3 <" R
Therefore by using (**} we see that (=(A_)) =[a,,a] 5
' 4 z
+
Now if we use (*) we conclude that [AZ,A_]S = 0, But [A, .2 }* =
diLiE z
+
e [AZ,A_] then [AZ,A_]S = 0. Hence lAz,A_] = 0; i.e., ¢ must be
z z Zp

a Eells-Wood map.

§5. STABILITY OF HARMONIC MAPS FROM COMPACT RIEMANN SURFACES TO
FLAG MANIFOLDS

We start this paragraph by proving

R ol 2
5.1. LEMMA. G(A;J)(q) = [A;J,q] an %% LI for any g9i M ———F
—+uln) and p =2z or =.

a'n. M.
PROOF. 8 (my Tﬁ%)(q) = & () (q) A
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a'ﬁ- 371’. 371’. i'
j 89y _ B (10! J
[“iIQ] —ai' + ﬂi [ au rq] =+ Wi[ Trj ’ au] "lq au un *
b 9T . " 3
1] = Niyen T8 aj = iJ -7 = .
S SR L IR LM L TTIRE

Let g_ be the left-invariant metric on F(n) induced by:

(A,B)a = tr(aijEiAEjB*) where aij = aJi > 0. Also consider

o i v ® . 5 £ ai’
aA:J = a"Ia'd here u =z or z and Aﬁ = ( Auj)-

2

5.2. PROPOSITION. Let ¢ = (my,...,m ) : M° — (F(n),q,) be
any smooth map. Then (48E) (8q) = -2Re{aijf (Aij'gg )1 =
y2 H ‘ou

= -2Re{{( aAu,i% »} where u =3zor z and , ) _ denotes the

Lz-Hilbert inner product.

; 9T, 9T,
PROOF. E = aiJ (x, 4 P —24%v_ . Prom now on we will omit
2 i 2u i u g

M

the symbol I . Then: 6E = -ZRe(aiJ (AiJ,G(AiJ)) } =
MZ

by 5.1 Pro-

= —2Re{all (Aij,[AiJ,q ]- %3 2. 3] =
position H Y 19y 3

= —2Re(aij ([Aji,Aij],q) }- ZRe{aij (alld ,39 Y)Y =
m H ou

= 2Re{ ( %A*J ’ég >} since Re{aiJ ([AiJ,AJi],q) } =0
Bk - A AR

Then by using 5.2 Proposition we can prove that the Eells-

-Wood maps are harmonic with respect to any left-invariant metric

g, on F(n) (See [17] for a proof of this fact and [L4] for a dif-
ferent proof of the same fact).

Now let us compute the second variation of the energy.
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2

5.3. PROPOSITION. Let ¢ 1""'"n) : M — (F(n),g,) be a

harmonic map. Then

(m

||

(5223)(6¢(q)) = Iﬁ(q) ™ 2Re{f' <aij“i gg LEN
: 2 9z
M

+[Q:aA_]: gg) v .
z 92 g

j. g5 a
PROOF. We will omit I I . We have: GEa =-2Re{a13<AlJ,—g >}
Mz L. 9z
Hence:

5% = -2relald ([Aij,q] 2T 3% )} =

3 z 153

o
(-3
N

-2Re {([%A_,q] - alin, 2% T, ,3§ >} hence
z T T
(8%E.) (80 (q)) = 2Re{f (atd 7, M q +[q,A] g |
a M2 oz I 2 =8k

We now prove a very useful lemma, namely

5.4. LEMMA. Let § = (1 ,...,m) : M> — (F(n),g_) be a Eells-
-Wood map. Then:

¥

(al"'"an—l’al+a2+€l""’al+'"+an-1+eg)

e 13,2
= I(all---lan—l'al+azl-..,al+...+a i 48llG(Az )l 2

n-l)

s e o
+...+4e£|6(AZ }1%  for any /el,...,el _ such that a +a,+e, > 0,
"'°'al+a2+€£ > 0

PROOF. We recall that since y is a Eells-Wood map A;J =0 &F 1

and j are not consecutive integers. Therefore:
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Y o
I =
(al""'a 1’al+a2+€l""'al+'"+an-1+€2)
by 5.3 Pro-
2Re{J (lq,a; (|A12| lAzllz) o
position m2
(n-1)n,2 n(n-1) 2
+...+an_l_(|Az | |A )| ) +(agta+ )0 +...+
LS P - (N
tooot(ag+ +an-l+€2)'°] T - Ty +eoot
+.o..4 9

g
an—lnn-l Y% ﬂl+...+(a +a +sl)(n T, +

dq
1 a i Tl

3q 3q 3q
T, el s e Bl 0l o ar

= Iw i o 28 (|m ™ +

39 5|2
(al,...,an_l,al+a2,...,al+...+an_l 1 19z '3

9 2 9gq 2 9q 2
+ |w3 5% nll ) +"‘+2€2(|"1 32 "nl + lﬂn 5 ﬂll )

¥

(@a;,...,a

13, 2
N Pt eleald 2,

] l+a2,...,al+...+a

n-

. 12
+...+4e |6 (A |

Now by using the lemma above we can analyse the effect on

the index form if we perturb a Kahler metric on F(n). We recall
2

that g s M =y (F(n),g ) is called stable if I¢(q) >0 for
any q : M2 —— p(n). Then we will prove that the Eells -Wood
maps are stable with respect to a precise set of left-1nvar1ant
metrics which by Lichenerowicz's remark of Course include the
Kahler metrics, and are not stable with respect to another precise

set of left-invariant metrics which include the Killing form me-
teliec.
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Lemma we have

v
I =
(al,...,an_l,al+a2—€1,...,al+...+a -1"%g)

(q7° 13 2
s - 4de. |8 ) (@) |© -
(al,...,an_;yél+a2,...,al+...+an_l) 1 z

Vd
—...-4¢€ IG(Aln)(q)l2 - Therefore since ¥ is full if we choose a
holomorphlc variation q such that 6(A13)(q) #£0 o o
G(A )( ) # 0 and we have that:

v _ (q)
£ e < 0 . Therefore V¥ is
(al,...,an 1731%8)7€ e 03 4. 42 n-1"€g¢)
not stable. We will show later that such holomorphic varia-

tion always exists.

5.7. COROLLARY. Let ¥ = (T ,...,m) : VC I S S e

Eells-Wood map, where F(n) is equipped with the Killing form me-

~tric. Then Yy is not stable.

PROOF. Just apply 5.6 Theorem for al=...=an_l=l, slzl,,,,,€2=n—2.

Now we will compute the index of the Eells-Wood map with res-

pect' to those metrics that such map are not stable.

Let S be a positive system. We call q: M2 —— ufn) a S—
holomorphic variation if G(Alj)(q) = Iy 4 ﬂ] = 0 when (i,3j) est

A S —holomorphlc variation q is called a Eells-Wood S-varla-

i 3% m. =0, ¥(i,j) €S and i and j are not consecu-

tive integers.

tion if m,

Let V3+ denotes the space of S+-holomorphic variations minus

+ e
the space of Eells-Wood S -variations. Then we can prove:

5.8. COROLLARY. Let ¥ = (7 ,...,m) : M® — (F(n),

g Sy b _. y) be a full Eells-Wood
’ (al,...’an-l'al+a2 El’ou.,al+...+an-l € )

map holomorphic with respect to the almost complex structure
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+
determined by S and €yreees€y > 0 such that ayta,-e, 0,

,...,a1+...+an_l-nl > 0, Then index . W > dim vs+ .

PROOF. Let q € vV + * According to 5.4 Lemma we have:
' 2 S

I (q)
(al' LY 'an_l,al+a2"el, o6 o ,,al+az+, o "+an-l-c£) i

=TI 13 2
(al,...,an_l,al+a2,...,a1+u..+an_l) - 461!6(Az ) (@) | -

=t sl (@))2 <o

\
(q) =0

Y
becausa I
( l,...,an_l,al+a2,...,al+...+an_l)

according to Lichnerowicz's remark and G(A;j)(q) 70 for some
(i,3) € S_--where i,j are non-consecutive integers because q is
not a Eells-Wood S*-variation.

Now we will compute precisely the index of the Eells-Wood

mapé when F(3) is equipped with the Killing form metric.

5.9. COROLLARY. Let Y = ("l'"2'"3) : Mz iasmenas! 40 ) (b > (- lee full
Eells~Wood map holomorphic with respect to S+, where F(3) is

equipped with the Killing form metric.'Then index V = dim v +

PROOF. According to 5.8 Corollary, index 1y > dim V + + Therefore
S
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o prove our Corollary we only have to show that index y <dim vy
S

2 v (q)
Then, let q : M° —— u(3) be such that 1(1’1'2_1) =

(
> I(l(q)Z) - 4]6(A )(q)] < 0. But then 1(1'212) =0 and
(q.

((A )(q) #0; i.e., q € §+ . Suppose not say, (l 2) # 0. But

is a Kahler metric and ¥ is holomorphié with respect to gr

b 9(1,1,2)
then:
(l(q) i 2|6(A )(q)l + zié(A (q)l + 4|6(Ai3)(Q)|2_>
'Therefore
(q) i (q) B ;
maoy D) 4|‘S(A RICUE i
= 2(|6(A 2y (@) |2 I6(A )(q)l

impossible according to the choice of gq. Therefore q € v, and

index @ < dim V 4 °
5 S .
Now let us compute dim V . See [13] fore more details.
S

We can see that the dimension of the space rof holomorphic

maps from M to EPn—l of degree d is 2nd-1 .
H

Therefore the dimen51on of the space of 8 -holomorphlc vari-
ations is n(n-1) (24 - —) and the dimension of the space of Eells
~Wood S” -holomorphic variatlons is 2nd-l “hence

dim VS+ = n(n-1) (24 —_3) + 1 - 2nd.
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2
5.5. THEOREM. et U = ("l’f"'"n) : M° —— (F(n),

) be a Eells-Wood map
g(al’ oo o ,an_l,a1+a2+€1' LRI ,al+a2+. . ‘+an_l+€9‘)

and Cl""’el are non-negative. Then ¥ is stable.

PROOF. Since V¥ is holomorphic with respect to some almost complex

structure on F(n), according to Lichnérowiz's remark (see [9] or

; v
7] fore more details) we see that I(al'”.'an_lﬁﬁfazﬂ,,,a1+.uﬁan_ﬁ

is positive semi-definite. Then if we apply 5.4 Lemma we have:

Y (CI)

Ha a a,+a,+e At e e
ll"'l n_ll l 2 110--, 1--. n-l 2
R (q)

i3 2
=1 + 4de_ |8(AZ) (@) |© +
(all...'an_l’al"’az'.-o’al+...+an_l) l Z

oot 452|5(Ain)(q)l2 > 0 since El""'el are non-negative.
Therefore Y is stable.
Now let ¢ = (T ,...,%) : M2 — + F(n). We say that ¢ is

full or non-degenerate if for all i < n there exists j such that
4] =
Au] # 0 where uw =1z or z .

Then we can prove:

2
5-6. THEOREM- Let w = (ﬂl,...,ﬂn) H M ——— (Fn r

19 e i )) be a full Eells-Wood
Ayseeesd qs87FA,7E e BT o a _17%g

map where Eyre--s€) are positive and al+a2-—el >0 ,00epeeesay *
ta +...+a

= i le
plreatd g e, 0. Then §y is not stable.

PROOF. According to Lichnerowicz's remark we know that the index form of the
enerqy functional is the same that the index form for the 3-energy when the

Metric is Kdhler. But ‘ is Kahler there-~
g(al' .4 ’an_l,al+a2, eo e ,al+.- -+an_l)

fore, if g is a holomorphic variation in the same almost com-

Piex structure that V¢ is holomorphic, we must have:
03 (q)

= 0, Hence, if we aplly 5.4
(al' iy ’an_llal+a2, LR ,al+- 9 ..+an_l)
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