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ON THE IDEAL CLASS GROUPS OF

- REAL ABELIAN NUMBER FIELDS )

Franeisco Thaine

Departamento de Matematica

Universidade Estadual de Campinas

13100 = Campinas, SP., Brazil

INTRODUCTION.

In this paper we show a relation between the ideal
class éroups and the groups of units of real abelian
number fields. It is obtéined by means of an extension
of the method of Kummer that leads to Stickelberger's
Theorem but, on the contrary. of this theorem, the re-

sults we got are more naturally stated for real fields.

Let K # Q be a real abelian number field , e

a primitive m-th root of unity where m is the least
positive integer such that K Caol,) , E the group
of units bf the ring of integers of K, A the ideal

class group of K and A the Galois group of K/Q.

!
/

(*) This research was partially done at Queen's University
and at the University of Maryland at College Pfark where

the author was with a fellowship of the Brazilian CNPgq.



For j > 1 we define the following sets of rational

functions in the indeterminate X:

0 { j m-1 xl K aik
Ca B0 = 151X == T 0 & ~ic’) n.. E% i €
J ] ey m ik 4 e
€ K(X) and £(1) € E}.

7= Al S — Y Cj (i) - Since B .43 ‘a noetherian Z-

=1 |
-module, there exists ¢ 21 cuch that C = Cz(l).
It is a subgyroup of finite index of E that we call
the group of circular units. This set cerfainly con-
tains the set of circular units defined by Sinnot in[11],
but I don't know whether or not it is substantially larger.

Let W ="E/C and, for p prime, let (A)p and (W)p
be the p-Sylow subgroups of A and W. Our principal aim
is to obtain annihilators (in Z[A]) of (A)D from annihiliators
of (w)p. Tne main result proved in the article (Theorem
3) is that if p f[K:@] and if 6 € Z[A] annihilates (W), »
then 26 annihilates -(A)p. It is due, in this complete form,
to Washingtcn and Rébin (see below).

In the first section we work in an extension L = K(i;q)
where ¢ is a q-th primitive root of unity and a is an odd
rational prime, greater than £, that splits ccmoletely in K.

Let 8 be a primitive root module g @and T the
generator of the Galois group of L/K such that 'T(Qf —
=¢S. Given £(X) € C,(X), the norm Ny, (£{f)) is

q
equal to 1 (Prooosition 1) so, by Hilbert's Theocrem



that Tt(a) = f(Cq)u.

We study the prime ideal factorization of the

principal ideal (a) generated by one of such elements.

It results that

. ‘ i r
(1) {e) =D © l(B) o
where D is the lift of an ideal of K, B is a prime
ideal of L above g and where we denote by ¢ both, -

the element of A and his extension to L that fixes

Cq.

We also show that
. :
(ii) g ¢8 @g(£(1l)) med @, forall B SA4A;

where Q = B N K (Proposition 2). This determines the

exponents I, modulo g-1.

It has been pointed out by washington that the

principal ideas of this section were already developed
by Kummer in [5], and that in fact it seems to be the

first time in which Hilbert's Theorem 90 (which is due
to Kummer) appears and is applied.

In the second section we relate the factorjizatlon

of the elements a mentioned above with the structure
of the units of K. To induce an order in K we fix an

amheddina of K into IR and define |x| = sw {x,~x} if xE€K.



Let 6 € C\{x1l}, & = £(1) with f(X) € CQ(X).
For each prime ideal Q of K above an odd rational-

prime @ > £ splitting completely in K, let s = SQ

be a primitive root modulo g and .= ro(Q) as in
(ii) . Given an ideal class C € A and a positive in-

teger b, we define P(C,b) as the set of all prime

ideals 0 &€ ¢ . aboye odd rational primes g > & split-

ting completely in K ang such that g £E1mod b .

if P(C,b) is non-empty and o € A let g be the

greatest comun divisor of b and of all the rG(Q)

such that DS PlC,H) . Given ¢ € g r €F %1, we define

¢(g) as the dreatest integer k such that s==uk for

some u €K, Denote by (a,b) the greatest commecn divi-

SOr of the integers a and b. We prove (Theorem 1)

that when P((,b) isg non-empty, g = (¢(s8),b) % & B N

1S odd.; g = {a(6),B) or o
and ©(8§) >b

2(¢(8),b) if b is even

r @and g divides

{(¢(18]),b) ana
el

is divideqd by (4(8),b) in any case.

The result above is based on a 1ocal~globaliﬁae

rem (Proposition 4 (d)) which proosf deppends  of

Tchebotarevy Density Theorem. The help given and the
beautiful theorems of class fiela theory shown to me
by Professors Lawrence Washington and René Schoof were

essential to get this theorem. The strategy of the

ingten and  the
Proof was suggested by Professor Washingtcn and



principal point was solved by Professor Schoof.

The condition P((,b) non-empty, in the statement

of Theorem 1 is satisfied, for example, if the order

of C 1is prime to [K:(Q] (Proposition 4(b) , due to

p

Prime and r,n positive integers (Proposition 4(c)).

Washington) or if K C Q(Cpr) and b = p? with

In the third section we use the results mentioned

above to obtain annihilators (in Z[A]) of ideal clas-

ses of K.

Let CE€ A, b a positive integer and suppose
that P(C,b) is non-empty. Let Q € P(C,b); from (i)

we get

AR e
(iii) (NL/K(OL)) -RQ ong Q)

for some ideal (RQ () SN - i 1 ﬂg is principal, then

the element X ro(Q)o-l € Z[A] annihilates the class:
o€A
C.

Suppose that ag is principal for each Q € P(C,b),

then we get a family of annihilators

(iv) 2r(ol, ge€ri,b),
o€l g

/

of C, which are related with the unit & by Theorem

1. This apparently complicated relation between anni-

hilators of ideal classes and units becomes simpler



when we consider classes of prime power order (as we
can do without loss of generality) and when we choose

adequate units 6 € C to start with.

n

If p is a prime @and B is an exnonent
n
of (5 S — (A)p and g€ p(C;p '}
P
then , for & and 1t _(Q) as above , We have in

g
b
Q

5). So, whenever ‘P(C,pn) is non-empty, we have a

=
(iii) that &2 is principal with b = p (Proposition
non-empty family (iv) of annihilators of C. This con~
dition is satisfied, for example, if p ¢4 [K:Q] , or
if KC Q(Cpr)_for some positive integer r (by Propo-

sition 4,(b) and (c)).

Suppose that we are in the situation above. For
a convenient choise of the unit ‘5 €EC we can get
from (iv) an annihilator,of classes C € (A)p ;s with
a simpler expression. In fact, by using Theorem 1, we

prove that if c , o € A, are integers, non-divisible

by p, such that

CO' 'n
(v) g(e] = 6 mod EP ,

then 2(¢(|6]),p") EA coo—l annihilates a1l the
o€A -

ideal classes (C of lA)p such that P(C,pn) is non-

empty (Proposition 6).

The above result shows the importance of scarching



for circular units § satisfying (v) and such that
¢(|5|,pn) i1s minimal. When p 4 [K:Q] and the c, ocome
from non-trivial p-adic valued Dirichlet characters
X: A » x; + the situation is particularly good. Let
pk be an exponent of (W)p N E Z[Ad ~ the
idempotent corresponding to ¥ , and Pa the exact
exponent of eX(W)p . We show (Pronosition 7)

that there exists & € ¢ such that pa+l t ¢(8) and
such that

k
o(d8) = GX(U) mod EP , for all o € A.

The original version of this proposition was improved

and the proof simplified.by Washington.

From the results above (Propositions 4,6 and 7)
we obtain the following (Theorem 2): If p 1 [K:q] |
and if X , ey and pa are as in the preceding para-
graph, then p? annihilates eX(A)p. As alcorollary
we show that when K is a real subfield of Q(z) .,
every annihilator of (W)p also annihilates (AJp.When
K =0l + ;;;1), this result can also be deduced from a theo

rem of Mazur and Wiles(reference [9], see-also [12] page 146).

After reading the first version of this paper ,

Professor Karl Rubin observed that we can also con-

sider higher dimensional characters of A (with values

in Zp) to obtain annihilators of (A)p. That idea



greatly'strengthens the method. It allowed Professors
Washington and Rubin to obtain the beautiful result
mentioned at the beginning: If p 4 [K: Q] and if 6 € z[A]
annihilates (W)p , then 260  annihilates (A)p- By a
suggestion of the referees (for which I'm vefy grate-
ful) I include in the paper the proof of this theorem.
It is done in the fourth section . Professor Rubin

also obtained recently a wide generalization of this

method in [10] .

As can be seen in this introduction and in the
course of the article, my debt to Professor Lawrence
~VWashington is enormous, his help and ‘his wonderful
Vlectures at the University of Maryland were indispens—

able to the conclusion of the fi¥st version of this

paper. After that, the suggestions and the permission

Professor Washington gave me to use his notes, were of

a great help to improve both, the substance and the

presentation of the actual version.

I'm also very grateful to Professor Ren@ Schoof

for his proof of the crucial point of the second sec—
tian,

1. FACTORIZATION OF CERTAIN PRINCIPAL IDEALS

We denote by OF the ring of integers of a nuber

field F and by (a,b) the greatest common Jlvisor of



the integers a and b. Let K# @ be a real abelian

mth root of unity, were m

K CQlg)sE

number field, Cm a primitive
is the least positive integer such that

the group of units of 0, and A the Galois group of

K/Q. For j > 1 we define
ml i kik,
o)

j -
c.(x) = {(fxX) =t T (X' -¢
J =1 k=1

ay € %, £(X) € K@) and

£(1) € E} ,

where X 1s-an indeterminate.

Let C= U Cj(l), it is a subgroup of finite
j=1
" index of E that we call the group of circular units

of K. Let & >1 be fixed such that C = Cél) (note
that the ascending chain Cy(1) € Cy(l) € -.- must
be stationary).
In this section g 1is an odd rational prime
greater than % , that splits completely in K, Cq is .
imiti - unit L=
a primitive g th root of ity, K(cq) and NL/K

is the norm from L to K . The following fact is fun-

damental for this article.

PROPOSITION 1. If £(X) € CE(X) then NL/K(f(cq))=l.

i
/
’

PR "
OOF. We have that f(z;q) € L , hence NL/K(f(Cq))

, | ; £ ml 3 k.aj
is a well defined element of K. If f(X)=xm 1 (XJ-:Ck) Ik
=Lkl



it e t
with a]k Z , then

k\ 29k
2 m-l kK ¢ wlf1-22 ]
Ne.pifle )y =11 -1 (C =g ) = 1 Il =
Lic 0 Ty e "1/k'%q " 521 ke=l\1-zF

o Pt |
=&

- q 1 0 3 'n
where oq. T ™ O 1S the Frobenius map fo q i
the Galois group of Q(Cm)/qg . Since g splits com-

pletely in K, oglg 1is the identity map of K, hence
og-1

= o i

NL/K(f(Cq)) = £(1) 1 , as we wanted to prove
Let s be a primitive root modulo g and let

s
q
The Galoie group ©of L/K dis cyclic, generated by T .

T be the K-automorphism of L such that T(C_q)=§

From Hilbert's Thecrem 90 and from Proposition 1, we

conclude that 1f f£(X) € CZ(X) , then there exists

o € L such that
() T(a) = f(cq) a ;

we are interested in the prime ideal factorization of

the principal ideal (o).

Let Q be a prime ideal of XK above gq and B
the only prime ideal of L above Q. Since K ﬂQ(z;q)=
=q, evefy o € A can be extended, in a unique way,
to a Q(Cq)-automorphism of L, we denote tiis exten—

sion also by o and call A' the set of all such
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extensions of elements of A.

We have the following prime ideal decompositions:

e = e 7O Qo =BT, _ 10 =1 aa,
90, = I g(B)97L, =
oEA!
Let o € L satisfying (1) and let (a) =a0,.
Since f(Cq) is a unit we have that t(a) = (a) ’

but the primes above q are the only primes that ramify

in the extension L/K , hence we can conclude from this

equality that

) (@) =p 1 o-l(p) O
oEN

14

where D is the 1lift of a (Eractionary) ideal of | K

relatively prime with q and r; € Z (we shall see
s

soon the advantage of writting o-l(B) g instead of

o
o(8) ¢ in (2)).

We are going to determine the exponents r, in
(2), modulo g-l. The following known fact will be

used for that purpose.

LEMMA. Let L be a number field, P a prime ideal of
OL and v the valuation corresponding to P.If YEL
is such that v(y) = 0, then there exist A,u € OL,mn-

-divisible by P, such that y = —-—.
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o

Let o €E A' and a, r_ as above, let v = ————,
i (t,~1°

By the above lemma, there exist A,u € OL’ non-divis-

1

ible by o ~(B), such that y = -%T-, clearly T(A) = A

-~ -1
and T(u) Z uymod o l(B), hence T(y) =y % 0 mod 6™ (B).

On the other hand, we can conclude from (1) that

Eé—]. ro
———] t(y) = £( )Y. Therefore
Tag-1 !
q
s r
r B = o 1
SOY5<q ) iyl = £ = B0 mdcl(B)-
- _l s q
cq
r . rc

This implies that s ° = £(1) mod o 1(B) , hence s

= o(f(1)) mod B and also mod Q, since £f(l) € K.

We resume these results in the following propo-

sition.

PROPOSITION 2. If £(X) € C,(X), there exists a € L'

gsuch that =tilg) = f(Cq)a . 'or any such element a we

have

3
(@) =0 B o (my Y,

GEA?

where D is the 1lift of an ideal of K and the r P
: g

o € A, are integers such that

(3) g9z 0(£(1)) mod Q.
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Taking norms we conclude that'

: =
(4) (N () = Dq-l | 0'--l (Q) & '
L/K sk

for some ideal D of K.

2. IDEAL CLASSES AND UNITS. A LOCAL-GLOBAL THEOREM.

We preserve notations of the first section but,
since we are going to consider a family of prime ideals
Q of K above rational primes q, we shall introduce

subindices when necessary. So, for example, s = So will

be a primitive root modulo g. To induce an order in K, we fix
an embedding of K into IR. If x € K define |x| = sup{x,-x}.

For each unit e #+ 1 of OK we define the number
¢#(e) as the greatest integer k such that € = pk foxr

some p € K. We have ¢(o(e)) = ¢(e) for all o € A.

Given an ideal class C of K and a positive in-
teger b, we define P(C,b) as the set of all prime
ideals Q € ¢ above odd rational primes q > %, split-

ting completely in K and such that q =1 mod b .

Let 6 = f£(1) € ¢ with £(X) € CQ(X) . C an
ideal class and b a positive integer be fixed. From
(3) and (4) we conclude that for all Q € P((b) thgre

exists a non-zero ideal RQ of K such that

'
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ab | B

0 @) is a principal ideal, where the
g €A

integers rO(Q) satisfy

rO(Q)
(5) Sq gts) mod @ .

Suppose that the following agreable situation

occurs: P(C,b) is non empty and Rg is a principal

ideal for all Q € P(C,b). Then we get a family -of
annihilators of the ideal class C, namely the formed

with the elements z ro.(Q)O-l € zlA]

such  that
U €A

Q € P(C,b) . These elements are on_his turn related to

the circular unit § by (5). We will work with such

situations in the third section. In this section we

are going to investigate closely the relation between

the intergers r,(Q) and the unit §.

Suppose that P(C,b) is non-empty.let o € A be

fixed. We define the number g = g(8,C,b,d) « as the

greatest common divisor of b and of all the r 10]
o}

such that Q € P(C,b). Observe that when Q € p(C,b),
the number (rO(Q),b) is completely determined by
(5) and does not deppend of the choice of sQ.

The following proposition is asg immediate con-

sequence of (5) and of the definition of g .

PROPOSITION 3. Let §,C;b,0 be as above . Suppose
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that P(C,b) is non-empty and let g = g(§,C,b,0),

then for all Q € P(C,b) there exists B~ € Z such

Q
that .g(8) = Bg mod Q.

Our principal aim in this section is to prove

the following:

THEOREM 1. Let § € c\{%1}, C an ideal class of K,

b a positive integer and ¢ € A. Suppose that P(C,b)

is non-empty and let g g(6,C,b,0); then:
(1) If b is odd, g = (¢(68),b).

(i) If b is even and o(8) >0, g= (6(38),b) or
g = 2(¢(8),b).

(iii) If b 1is even and o(§) < 0 (and in the other

cases) g divides (6(]8],b) and is

(2,5/qg)
divided by (¢(8),b).

. The deep part of this theorem is the fact that

Z_6h = —A— s(laD
(2,b/g) (2,%/g)

in cases (i), (ii) and (iii) respectively . It is a

g divides ¢(68) or 2¢(8) or

consequence of Proposifion 3, but to show this we
need a local-global theorem (Proposition 4(d.)) in
which proof we have to use more powerful methods in-
cluding Tchebotarev density theorem. Most of the ideas

involved in that proof were sugested to me by Professor



Lawrence Washington. The crucial point was solved by
Professor René Schoof that obtained the following

general result:

THEOREM. Let K be a number field , L/K a finite
extension . Let £ Dbe a divisor of K, and suppose
there exists a generalized ideal class C € If/pf

such that whenever a prime P of K is in C then
P splits completely in L/K. Then L/X is an abelian
extension. (We may restrict our attention to P of
absolute degree 1 aﬁd also allcw finitely manf excep—

Eional. P} .

We don't give here the proof of this theorem
because we really need a less genperal but stronger re—
sult. Slight modifications of Schoofs arguments are
included in the proof of the following proposition

Part (b) is due to Washington.

PROPOSITION 4. Let K be a real number field s 0 an
ideal class of X, b .a positive integer and P C,h)
the set of prime ideals of first degree belonging to

C and dividing odd rational primes g = 1 mod b.

a) If P((b) is non-empty then it is an infinite set

b) If K 1is abelian and the order of C is prime to

[K:Q] then P(Cb) is non-emnpty.
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* @) If K_C_Q(cpr) and b=pn with p prime and

r,n positive integers, then p(C,b) is non-eampty.

d) Let Y be a positive element of 0, and ¢ >0

a divisor of b. Suppose that P(C,b) is non-empty
and that for all, except possibly a finite set

’

Prime ideals Q € P(C,b) there exists B. € OK

Q

such that ¥y EBS mod Q. Then ¥y = BC if ¢ 1is

odd and vy = Bc/2 if ¢ is even, for some BEOK.

OBSERVATIONS. We can get y = Bc- also when c 1is
even in many situations, but it is a delicate matter
[}

(in relation with this see [1] Theorem 1 of Chapter 9

and Theorem 1 of Chapter 10).

PROOF. (If n is a positive integer we denote by cn
a primitive n-th root of unity). Let H be the Hilbert
class field of K. The ideal class group of K is
isomorphic to Gal(H/K) via the Artin map. Let ¢ €
€ Gal(H/K) corresponding to C. We affirm that P(C,b)
is non—émpty if and only if the restriction of ¢ to
K(z;b) N H is the identity map. In fact, suppose that
P(C,b) is non-empty, let Q € P(C,b) then ¢=F. the

Q
Frobenius map for Q (with respect to H/K). Since Q

splits completely in K(cb') we have that the restric-

tion of ¢ to K(z;b) N H 1is the identity map. Con-
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versely,let J = K(Cb) N H and supgese that ¢lJ==id,
then we can extend ¢ to an automorphism ¢' of }ucbf
such that ¢'(gy) = L ¢ By the Tchebotarev density
theorem there exist infinitely many prime ideals p of
H(;b), unramified over @, not dividing 2z, sﬁch that
the Frobenius map F, for H(cb)/K(cb) is ' and such
that the prime P' of K(;,) below P is of absolute
degree 1. For each one of such P, FPIH = v 1is the

Frobenius map for Q =P N ¢ hence Q € C and since

K r
P' is of absolute degree 1 and'unramified ocver § ,we
mﬁst have both; that the same is true for Q and that
the rational prime. g below @ 15 congruent with 1
moduic b. Therefore Q € P(C,b). So we have not only
that P(C,b) 3is non-empty but that it contains infinite

primes. This proves (a).

Now suppose that K is real abelian, then J =
= K(Cb) N H is abelian over Q@ and unramified over
K. If a prime p divided [J:X] but did not divide
[K:@], then there would be an unramified extension of

© of degree p, which is impossible, therefore if

the order of (¢ jg relatively prime to [K:g] it is:

also relatively prime to [J:Q] . Since the order of

v is the 34 .
1S the order of C we must have +that WIJ it |

th ) i
erefore D(C,b) ig non-empty. This proves (b) .

m )
*O prove (c) observe that, when the hypcthesis

are verified, :
Kz} ¢ Q(Lpr+n)’ hence J = K(g,) N H
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is totally ramified and unramified over K, therefore

Svm 1 ¢|J = id , and the result follows.

Part (d) is more difficult to prove. Let v =€/T
be the positive c-th root of ¥y and let L be the
Galois closure of K(v) over K. Let p(X) be‘ the
irreducible polynomial of v over K, then p(X)|x% -y
and L 4is the splitting field of p(X) over K. Hence

L =K(v,z_) for some elc.

We are going to prove that L C H(g, ). Part (d)
follows from this fact because then we shall have that
L/K and K(v)/K are abelian (since H(l;b)/i( is gbelian).

Hence L = K(v), ¢ € K(v) C IR , E =®i. which

e e

implies that p(X) =X =8 4f 'c (5 ¢dd end plX] =
=X -9 ‘o pXl = %2 - v2 if ¢ is even. In the
first case (c odd) take B = v, in the other case
take B = v2,

In order to prove that 'L C H(g, ) let's observe
first that every Q & PKC,b) not dividihg v and not
belonging to the finite set of exceptions, splits com—
pletely in K(v), because the polynomial p(X), reduced

modulo Q, splits completely over the field OK/Q (in

oy e :
fact: p(X)IXC adle & X6-vy = = BQ mod O :and OK/Q
contains the c-th roots of unity since clb and
= g ai ause Q does not divide

blg-1 = I(OK/Q) |) and bec

the discriminant of v over K (reference [7]).
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Hence, every Q € P(¢,b) not dividing vy and
non-exceptional splits completely in the Galois clo-

sure L.

Let M = LH(I;b) (see diagram) and, as before, let

¢ € Gal (H/K)

M= LH(g)
L)
/ K(5)™ .

correspond to C. By hypothesis we have that p(€.b)
is non-empty, hence the restriction of ¢ to INCb)011
"is the identity map. So we can extend T to angnmo-

morphism ¢ of M such that G(Cb) =Ty

Let G = Gal (M/H(Z;)) and let f € gg. By the
Tchebotarev density theorem there exist infinitely
many prime ideals P of M, unramified over Q, not
dividing 2, such that the prime Pp' of K(cb) below
P is of absolute degree 1 and such that the Frobenius

map F, for M/K(Cb) e R
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For P as ahove, the restriction th{= fly=v

is the Frobenius map for Q = p N OK with respect to

H/K , so we must have Q € C. Since P is of absolute

degree 1, and unramified over @, we must have that

the same is true for Q and that the rational prime

q below Q is congruent with 1 modulo b. So Q=
=P N OK € P(C,b) and we can choose P so as to avoid
the finitely many exceptions and such that Q does
not divide <y . But then Q splits completely in L,

as we already showed.

Therefore we have that flL — FP‘L = id, that is

f € Gal(M/L). This proves that ¢@G C Gal(M/L), hence

S

€ Gal{M/L) and G C Gal(M/L), which implies that

. L S H(cb) as wanted.

Theorem 1 is an easy conseguence of Proposition

4 and of the following lemma.

LEMMA. Let 8§ € E\{*1}. If § = 8% with BE K,

then c|¢(8).

PROOF. Write ¢ = ¢(6). Let Vv E K be such that
§ = \)¢. Let d = (c,¢) and x,y € Z such that xc+yd =
=, Then 6 &= (.vay)[c,nb] ,where [c,¢] is the least common
multiple of ¢ and ¢ . By definition of ¢ we conclude

that [c,¢] < ¢ , hence cl¢.
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PROOF OF ‘'THEOREM 1.

Let § = U(MG) with ¥ € K. Given Q € P(C,b)

there exists an integer n such that o(¥) =n mod Q

' rg(Q) _

(since Q is of first degree). By (5) we have s, =
r,(Q)

G(Ll)¢(5) = nq)(a) mod Q. Hence “ = n¢(6) mod g.

Sq =
This implies that (¢(8),b) divides ro(,Q) , because

b|lg-1. Therefore (¢(8),b) divides g in any case.

By Proposition 3 we have that for all Q € p((Cb),

there exists € Z such that o(6) = Bg mod Q,

!
hence 0(62) = Bég mod @ . Let c = (2g,b) , since
we are assumi.ng P(C,b) non-empty we have by Propo-
sition 4(d4) that a(8) = Yg or 0(6)=Yg/2if o(8) >0
and that 0(62) = Y'c if ¢ 1is odd and 0(52) =Y‘c/2 :
if ¢ is even, for some Y, Y'€ K. By the lema above

we conclude that:

i) If b is odd then g = c divides (¢(§2),b) =
= (¢(8),b). Therefore g = (¢(§),b).

il) If b is even-and ©i(d) is  positive then g

divides 2(¢(68),b). Therefore g (¢ (s8) ,b) or

g = 2(4(5),b).
iii) In all cases c = (2g,b) divides 24(8%) = 44(|3]),
hence c¢ = g(2,b/g) divides 4(¢(|8]),b).

This ends the proof of Theorem e
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3. A RELATION BETWEEN THE IDEAL CLASS GROUP AND THE

GROUP OF UNITS OF K.

In this section we shall obtain annihilators of
subgroups of the ideal class group A of K . These
annihilators are related with the structure of the

quotient group E/C.

Let p be a prime, we begin by obtaining an-
nihilators of certain ideal classes in the - p-Sylow

subgroup (A)p of A.

Given § €C, C€ A and b a positive integer,
we conclude from (4) that for all Q € P(C,b) there

exists an ideal class DQ € A such that

r (Q)
(6) pP n o t)y?

=1,
QUEA

where the integers r (Q) are as in Proposition 2 and satisfy
(5).
PROPOSITION 5. Let ¢ € C and let pn be an expo-

nent of (A)p. If C € (A)p » D E P(C,pn) and if r, =

| X,
= rO(Q) , o0 € A, are integers that satisfy s 9z 6(8)

mod Q , where s = sQ is a primitive root modulo g

-1
(the rational prime below Q) , then A=A, = 2 r_(Qo
Q =

annihilates C (i.e. C A iy

PROOF. Note that the intﬁegers r, are uniquely de-

termined modulo pn , because pnlq—l . Since also

n
" = 1, we have that (6) holds , with b =p". Since



24

all conjugates of C belong to (A)D we conclucde that

n n
D e € P = 1. Therefore
DQ (A)p , hence DQ (A)p and DQ

| (again by (6)). This ends the proof of the

proposition.

Proposition 5 gives a non-empty set of annihila-
tors of C € (A)p whenever P(Cp") is non-empty.

If p t [K:Q] or if K - Q(l;pr) for some positive
integer r, this condition is satisfied (by Proposi-

tion 4, (b) and (c)).

We have been working with arbitrary circular units

e
§ . The congruences s g = 0(8) mod Q of Proposition

5, suggest that certain 6 "well behaved" with re-

spect to conjugation must be specially considered in

order to get a workable set of e)'(ponents Iy - The

aim is to obtain efficient annihilators of (A)p .

PROPOSITION 6. Let p° be an exponent of (), . Sup-

pose that 6 € C is such that for all o € A there

exists an integer Co non-divisible by p, such that

: b Cq n
(7) ' g{d) = ¢ mod EP .

Let € & (A)p be such that P(C,pn)' is non-empty

Z cco-le z[A] by w; then:
ao€A

and denote the element

i) If p 4is odd, (¢(§),p™ w annihilates C.
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ii) If p=2, 2(6(|8]),2")w annihilates C.

PROOF. Let Q € P(C,pn) and let q,S.T, = ro(Q),
0 €A, be as in Proposition 5. We know, by that propo-

sition, that e B 2 ¥ (0) o_l annihilates C Let
Q oen ©

d = d(Q) be a positive integer such that § = 5% md Q
(recall that Q is of first degree). Given ¢ € A we have

n
2 o n de_ +8 €
sd ot =f TP 8 mod Q

for some €5 € E and a positive integer t such that

t rg_ dcg+pt
= S

— - t
€5 = s mod Q. Therefore s mod g . Since

n :
P |g-1, this congruence implies that

14

:) ro(Q) = d(Q)co mod o fo;: all g & A

therefore A. = d(Q) £ ¢ o % mod B
Q oepn O F

Since p" and the A Q € P(C,p") annihilate

QI
-1 L1
C, we must have that 9% ) Cy0 annihilates ¢ ,
o€A
where 9 is the greatest common divisor of pn and

°f all the d(Q) such that Q € p(C,p™) . Given o € 4,

Since the C; are prime with p we have, by (8),

that g is also the greatest common divisor of p"

nd of the r () such that Q € B(C,p"), that is
96 = g(§,C rpn,O) . Affirmation (i) is now an immedi-

ate ¢ .
“Onsequence of Theorem 1, and so is affirmation
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(11) if we observe that for p = 2, |6| satisfies (7)

when ¢§ does.

Proposition 6 shows the convenience of searching

n

for units 6§ € C , satisfying (7) and such that (¢.(l5|)rP )
is minimal, we are going to obtain an upper bound for

this minimal wvalue.

We denote by W the quotient group E/C and by
(W)p its p-Sylow subgroup. Let c,, 0 € A, be in-
tegers non-divisible by p and

' o] n
e = {e€B:0(e) = ¢ % mod EP for all o € A}.

It is a subgroup of E. If pk is an exponent of (W)p,

. k
then S/S N EP ¢ is isomorphic to a subgroup of (W)p,

o E
because (W)_ = i =

P wypP*¥  gpKe

» - Let pa be the exact

exponent of this subgroup and pb

the least of the
numbers (¢ (|e]) ,pn) such that & € § . Then, there
exists § € C NS such that (¢(|5]),p" divides p2*®.

In fact, let € €S be such that (cb(la]),p“): pb, Since

a k
eP € s NEP C, there exists t non-divisible by p

a
such that 6 = ¢ ©€ 5 Nc, andwe have that o(ls]) =
= p?t ¢(|e|) . The following proposition shows an im-

portant case in which pb e

Proposition 7. Suppose that p { [K:Q]. Let' pk be an
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X
exponent of (.W)p, X: A~ %p a non-trivial p-adic
valued Dirichlet character, e, = e 3 X(O)CJ"lE ZD[A]
|A| o€4 -

the corresponding idempoi:ent and p@ the exact exponent
of the X-component ey (W)D of (W)p . Then there exists

§ € ¢ such that pa+l ! $(8) and such that

k
{21 o(8) = 5X(O) mod EP , for all o €A.

PROOF. The affirmation is trivial if k = 0 ; assume
k
k >1. Since (W)p = E/EP C (canonical isomorphism of

Zp[ A]l-modules) we have

k.
" k eX(E/Ep )
ey W), = ey (B/gP ) = n .
e (EP c/EP )
X.
so the elements 7 € E such that =nC € e (W) are

p 4 P
the same that the elements =7 € E such that 12E &

k
€ eX(E/Ep ). Therefore, for such elements =n,we have

pdc . :
n € ¢, for some c¢ prime with p, and

k
o(n) = nx(d) mod EP.

We affirm that there exists some n as above and

such that 7 ¢ EP . In fact, otherwise we would have

/
/4

k P
eX(E/Ep ) © EP/gpK = E&PY

which implies that
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E ' E p E k
k k i :

E
eX( /Epk) = 1. Then, since for j > k

E
/ . E .

k = 4

R
)
1

(E
ex /Epk) k

E P E T
( /EPJ) ex( /EpJ)

we must have that eX(E/Epj) =1 for all 5 > 1.

- E
Let E be the inverse limit im 1) . For
' e limi %1 ( /Epj)
the above equality eX(E) = 1.
We affirm that there is a unit € € E such that

the subgroup {el:l = Zp[A]} of .E has a finite

index in this group. It is a consequence of the fol-

lowing

LEMMA. There exists € € E such that the. subgroup

{EA:A € Z[A]} has a finite index in E.

PROOF. (Similar to the existence of a normal basis for
normal extensions of infinite fields, see [3] Chap.

Vv, §10, Theorems 4 and 5). Clearly it is enough to

show that

det [ tn]o, o, |
l1,03(6)“151, jir# e

for some € €E, where A = {o_=1d, 0yjees,0 ), £=|d]-1.



PA:

Consider the polynomial

£ ,eee X)) = det [Xo 5110y er v
where the integers p(i,j), 0 < p(i,j) <r, are defined

L = l‘lAlIAl_2 # 0 we have that f # 0. Let
€qreer€p be a fundamental system of units of K.

If we had

f(n Iol(s) i plin Ior(e)l) =0

Yy Yr
for all ¢ = €, cee€ with ¥ € Z, then the poly-
nomial
T o
(Y ,...'Y = E . . L .
g(¥; ) f(j=l£n |ol(eJ)IYJ, 'jzl Ln |0r(€])|Yj)

would be identically zero (since g.(yl,... '-yn)= 0 for

all (v5) € Z%), but this is impossible because £ #0
and the matrij (e - T ;
atrix [#n [ol(ej) “lil, jer is invertible.
This ends the proof of the lemma.
Now, for ¢ as above , consider the function

= oL
At £ o %D[A] to E. For what we have showed,

1ts kernel is the ideal of ZD[A] generated by ey
X o

(Xo the trivial character). Since this kernel contains

eX We nust have Yy = e contradiction.
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Therefore there exists some =7 € E as claimed.
Let ¢ be prime with p, such that &= npace C, then
§ satisfies the conditions of the proposition. Note
that pa+l t ¢(8) since p { ¢(n) and the conditions
on X force p to be odd (the only roots of' unity

in Z2 are *1, P{ |/-\| and X 1s non-trivial).

From Propositions 4,6 and 7 we obtain the fol-

lowing:

THEOREM 2. Let p be a prime such that p { [K:0],
Xz = Z; a2 non-trivial p-adic ‘valued Dirichlet

character, eXG' ZP[A] the corresponding idempotent.

kK 5 pa is the exact exponent of ex (W)p r then pa

 hi )
annihilates eX (A) p

PROOF. As in Proposition 7, the conditions on ¥ force
. P to be odd. Let p" be an exponent of both (A)

and (W)p. For each o € A let Cq be a . rational

: = n
integer such that S X{o) mod p~ . From Proposition

7 we know that there exists 6 € C such that pa+1‘f¢(5)

and such that g(8§) = GX(O) o

S mod EP" for all

"

g e B

Let (€ (A)p + Proposition 4(b) guarantees that

P(C,p") is non-
' non-empty. Therefore, by Proposition 6,

we have that (4(8),p") T ¢ ¢~ %
c€p ©

annihilates C. But
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(6 (8),p™) |p° (since p2tLf 9(6)) ana Oéac%c-lilﬁlex

n
mod p . Since ¢cP =1 and ©» 4 [o] we conclude
that paex annihilates C. This proves that pa an-

nihilates e X(,A)p .

COROLLARY. Let p be an odd prime. If K EQ(CP) N1R,

then every annihilator (in Z[A]) of (W)p also an-

nihilates (A)p "

PROOF. Let X bod € Z[A] Dbe an annihilator of (W)p.

o€A ‘
Let X be a non-trivial p-adic valued Dirichlet char-

acter of A. Since (2 b_o)e, = X b_X(0) we
o€s 9 X ocs ° x
X
have that Z ch(c) annihilates eX(W). Let pa( )
o€A
be the exact exponent of this group, then

(10) E byx(o) = 0 mod pX).

o€A

Since K C 0(% ) we have that p> ey = 1, where

P
X
X runs over all p-adic valued Dirichlet characters of
= 3

A. Therefore Zbo= 2 boo Eex =X Z bOX(O) e

o€ ¢ €A X X o€A X

By (10) and by Theorem 2, I bO'X(O)eX annihilates

o€A
¥

(A)  for all X, therefore Z b_o
P oea Y

ends the proof of the corollary.

also does. This
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4. ANNIHILATORS OF IDEAL CLASSES OF ORDER PRIME 0 [x:gg

This section is an adaptation of Professor
Washington's notes. Here is exposed Professor Rubin'sg
idea of using higher dimensional characters to extend

the results above (Theorem 2). The result we want to

prove is the following:

THEOREM 3. With the notations above , suppose that

p t [K:@] and that 6 € Z[A] annihilates (W)p, then
26 annihilates (A)p.

We shall do some considerations before proving
- this theorem. To simplify notations we identify, sev-
eral times in what follows, elements of a given abelian

group with its class modulo a subgroup.

Suppose that p f [K:Q0] and let p? > 4 be an
exponent of both (A)p and (Wﬁp. Let C€ (A)p . By

Proposition 4(b) we know that P(CrPn) is non-empty.

For each Q € P(C,pn) choise a primitive root
s modulo g (the rational prime below Q) and define

a function

. C X %
%0* /cngP" » —— [A] by
P Z
ag€A

where the r, = ro(Q) are integers (uniquely determined
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r
modulo p) such that s 7 2 0(8) mod Q. It is easy
to check that the "aQ are well defined homomorphisms
of % _[A]l-modules. Also, by Proposition 5, we have

' v (8) C
that C Q =1 for all § € /Cﬂ Epn :
Since p { |a| , we may decompose (via Maschke's

where p runs through the irreducible (over IE‘D) char-
acters of A with values in IFP. There 1s a corre-

sponding decomposition (see [4], Theorem 6.8)
% =
p[A] ?épzplal'

(by abuse of notation we use ep to denote both, the

p-adic and IE'p idempotent) .

Let p be any non-trivial irreducible- character

of A with values in T, since the ¢, are EP[A]-

Q
-module homomorphisms we have the restriction

p . & n /4
Yo ep( /CnEp) ——)epn—m[i\] .
P a

a a
Let p® = p P pe the exact exponent of ep(W)p.

. Th ; C +1
Cre exists ¢ € ep( /CﬂEpn) such that p° 1t ¢(|8]). -

T
he progf of Proposition 7 works as well in this general
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situation. Observe that if p = 2 then (with the no-
tations of that proof) = ¢ E2 and also -7 ¢ Ez,

otherwise we would have for some € € E that

e e e

(o) - ) - @)

which implies that 7 € E2 , contradiction. Here was

. e
used the fact that (-1) P =1, when »p is irreducible,
non-trivial and p= 2.
For such &, it follows from Theorem 1 that
a

g(,G,C,pn,id) divides 2p® . Hence / there exists

Q € P(C,pn) such that

¢(8) % 0 mod pa*l, if p is odd and

wé’(s) $ 0 mod 22%2 | if p = 2.

For Q as above let a' be minimal such that
l+ : .
~p8(5) $ 0 mod p° L jiige al <& AFE pig . gddi and

i . R
a' <a+l if p = 2. Then p o wg(é) is non-zero in

p
generates it as an IFP[A]—module ; SO

e IFp[A] . Since this is irreducible, any non-zero életrent

-a' p
P wQ(G) JFp[A] = e IE‘p[A].

Y

Z
Now, T{{ is a local ring with maximal ideal
p .
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-module

p E and residual field IFp. The

p Z P’ Z
e, f [4] has the elements p 2 ¢P(6)c , o € A,
p Z

whose images in epIFD[Al form, by the above equality,

a basis 'of this IFp—vector space. Hence , by an ap-

plication of Nakayama's Lemma (see [2] Prcposition 2.3)

: Z
we have that this elements generate e = [a] ,
p Z
that is
st 7
P el () =8l = e —E(a].
p Z p z

This implies that Image (vg) =3 o ;z L4l B

a Z a
2p~ e [A] . Therefore we have that 2p~e_ an-

p pn% p

nihilates C. Since C € (A)p is érbitrary, we have
a
proved that 2p pep annihilates (A)p (of course we

may now allow p = trivial character).

We can now prove Theorem 3. Let § € Zp[A]kn an
annihilator of ﬂﬂp, then for any character P as

above, we have that § ep annihilates ep(W)p «  Loe
b

P~ Dbe the maximal power of P dividing eep. As

above, we find that 6 ep nZ (A] = pbe 4 .
iz ° oz

In particular there exists g° such that e%ﬂ' =gP%o-

Therefore pb annihilates ' ep(w)p, S8 h > ag. This

a
proves that p p[0ep + hence 26ep annihilates (A)D-

Finally, since 20 is the sum, over the irreducible

Dy OF ZBeB we have thét 20 annihilates (A)..
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