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 ABSTRACT. We present a theory of dual charges with the introduction of a generalized
potential and a generalized field which are respectively clements of the odd and even

parts of the Grassman algebra of space-time, with values in the Lie algebra of a “gauge

group” G.
Defining a genecralized Dirac operator and its dual, we get the ficld equations of the
theory. When G = U(1) we obtain a theory of clectrodynamics with magnetic mono-

. poles without string. We show that the gencralized field is invariant under harmonic

gauge transformations and we obtain Dirac’s quantization condition for the dual

charges.
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GENERAL THEORY

Let P(M,G,7)be a principal fiber-bundle over space-time M

here considered as a Lorentzian manifold where the metric is taken
with signature (+1,-1,-1,-1). Let a and a' be two connections
defined in P(M,G,n) with values in the Lie-algebra " of G,
and such that the pull-backs to M are respectively the gauge
potentials A and B.

DEFINITION 1. The Generalized Potential is
w=A+#*B € AY(M,8) @ AM,0) (1)

where as usual * is the Hodge-star operator.

In Electrodynamics the Dirac omerator d+ 6 = (y“vu) cor-

responds to the "Cliffordization" of the covariant derivative(lz).

Here we must have
DEFINITION 2. The Generalized Dirac overator associated to w is
D™ =D + 3¢ (2)

where DA and GB are the usual covariant derivatives and co-

derivatives of the usual gauge theories with gauge grouo G.(3)
Next, we need

DEFINITION 3: The generalized field is given by

(P +6T) (A + % 1B) (3)
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where HA = UAA and u“ - nllt as usual

Eqs (1) and (1) show that {n the general theory the potential
18 an element of the odd vart of the Grassman algebra of sopacs -

time A(b\.fl) and the generallzed fleld ta an element of the even
part of A(M,G)

The firat - lmovortant remark is that contrary to the usual

gauge theoflnﬂ(J) here we do not have the valldity of Blanchl's
identity. Inatead we have

U = (DNP 4+ "M (A ) (4)

which is in general Aifferent from zero . The trinotential «B
allows degree of freedom to describe a generalized magnetic
monoprole as we will see below it is them responaible for the
non-integrability of the generalized field Q.

In orden to vresent the field equations of the general the-
ory we need

DEFINITION 4: The dual operator to D" is
Am & *D(u* - *(DA + GB) i DB + 6I\ (5)
we have,

2“n = pBa® + DB(+0P) + DBsBa + DBDP(wB) + PP +

(6)
+ 6B (20B) + §RsBa + sPpR(wp)

Eq(6) can be simplified since as dim M = 4 mu\A,Dfihlﬂhé)
we have identically

DBDA(*B) =0 , Ghan(h) = 0 (7



We now introduce the field equations throuqh

POSTULATE 1: The fileld equation of the general theory ({a

W

A= J + e ¢ (8)

where J and G describe the aources of the generalized fleld.

In what follows we call dual chargea the chargaes assoclated to
the current =G.

Eq(8) can be written using (6) and (7)
shgh

’\S?I‘ B.D

+ *D + D 6 A = J (9.1‘1)

§BaB & wp®eM 4 pAsMp = g (9.b)

In the usual gauge theory based on a nrincipal fibor bundle
we have associated to the connections a and a' the field equations

620 w7 anga §BaP - @ (10)

The additional terms in the first member of eqs (9) show that
the general theory contains a non-trivial interaction between
the pvotentials A and B which are represented by interaction cur-
rents |

DEFINITION 5. The interaction currents are

(A,B) A.B BB

Jint = *DQT + DVECA
(11)
(B,A) _ BoA A A
. Jint D" *'D B

Using Cartan's structural equation 2% = da + %?[a.a] for a = A,B

we can cbtain an exnression in conwonents for the generalized field. We get
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where [Ek,Ej] = c)icj E, ., E; € G

4

Eq(12) is a generalization of the Cabibbo-Ferrari relat-_ion( )
for .a non-abelian group G
GRASSMAN ELECTRODYNAMICS

When G = U(1) we have [A,A] = (B,B] = 0 and p¥ =AY =
=d+ 6 and eq(3) gives

Q = (dA + *dB) + §A + d(=*B) (13)

The field equations (Postulate 1) then are
A+ 68)0=J+*G=0A=J; OB=G, O= (d + 8)°2 (14)

The eguations DA =J; OB = G are a;ways true in our forﬁalisn
indeoendenﬁly of the "gauge" since in the Grassman electrodynamics
Q 1is the sum of scalar, pseudo-scalar and two-form terms. This
is in contrast with the approach of ref [4] where eas(1l4) are val-
id only in the Lorentz gauge. In order to have Q a two-form its
'is necessary to fix the Lorentz gauge for the potentials.Indeed,
when 6A = 6B = 0 eq(l3) yields

2 = dA + *dB : (13")

(5)

Here we observe that recently Teitelboim and Hennaux

rresented an electrodynamics 1nciuding magnetic monopoles where

-

the potential is described by a p-form, p # 1. in ®) electric



and magnetic charges are extended objects . In our aoproach
charges and mononoles (dual charges) continue to be voint like-
objects. This is done through the introduction of the generalized
potential as element of the odd part of A(M,G) and the general-
ized field as element of the even part of A(M,G). Here the Dirac

operator D =4 + § is the natural overator in the sense that

D: Ale) @ 3w —— %) & A2m) © B

potentials and fields
currents

This generalization of the concept of field and potential
can suggest a new concept for matter flelds if we take also into
account that the Dirac svinor field can be represented as an

element of A° (M) @& A (M) & A (M)(S’G). The theory in the case
of electrodynamics can also be formulated in a Clifford bun-
dle (2'7’8). Incidentally in ref [9] a similar formalism in the

context of tachyons mononoles is develoned.

QUASI GAUGE INVARIANCE OF THE GENERALIZED POTENTIAL

Remember that in usual electrodynamics the fiela F = dA
is gauge invariant under the gauge transformation

AP A+dg, g: R >R adifferentiable function  (14)

However, the generalized field given by eq(13) is not in-
variant under arbitrary transformations given by ieq(l4) The
generalized field is invariant under a more restrlct class of
Fransformations, where g is harmonic. Indeed, le;

A~ A+ dg , B » B+ dh i (14")



We have that

N = Q@+ 6dg + §dh (15)

and impossing invariance of the field we get

§dg = (8d + d8§)g =Og = 0 ; &dh = (6d + d§)h = Oh =0 (16)

QUANTIZATION CONDITION FOR THE GENERALIZED ELECTRODYNAMICS

Here we show that our theory satisfy Dirac's quantization

condition under a reasonable condition.

Let 4¢(x,T) be Mandelstam's path dependent wave function(g)

for a charged particle in an usual electromagnetic field F = dA.
If ¢(x) is the usual wave function of the particle we have

e X .
$(x,T) = ¢(x) epr -ieA (17)
r

where T is an arbitrary path from o > x. If we choose two paths
I'and T dlfferlng only for a finite part we get using Stokes

theorem

¢(x,T') = ¢(x,I) exp,J -ied A (18)
S .

where .S 1is an arbitrary surface such that 9S8 = T'-T

We want now to )nou how to generalize eq(l8) for the case
where the charge e interacts with the generalized nouaniaisﬂNen
by eq(13). To sturt we observe that as § is a bidimensional
surface we must use the Lorentz gauge, ie, we put SA = 6B =0

vand then Q = da + » dB'. wWe next have '

POSTULATE 2. The interaction of an eletric charge e with the



~J

generalized field is described by the path-devendent wave func-
tion ¢(x,T) which satisfies

$(x,T’) = ¢(x,T) exp J -ie (19)
S

The independence of eq(19) of the surface S imnlies

exp fs -ie(dA + *dB) =1 (20)
o

where So is a closed surface. By Stokes theorem we can write
eq(20) as

A% (21)

n
]

exp J -iex 6dB = 1
v

Suovosing now, without loss of generality that the origim
is inside V and that we have a static monooole at the origim
-
we have G = (gé6(r),0,0,0) and

OB = (d6 + 6d)G = dB = G (22)
Using (22) in (21) we have
eg
v

We observe here that the new voint in order to obtain Dirac's
quantization condition eg/4mn = n/2 , n € Z is nostulate 2. 'n'us
point is not clear in ref [4]. We end this paver with the remark
that postulate 2 is consistent with a quantization scheme of the
mononole-charge system which give the right equations o.f motiqn

and from which the Dirac quantization condition can be obtained

in a very elegant manner!a)
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