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ABSTRACT. Many different definitions and representations of spinors are given in
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1. INTRODUCTION

There appears in the literature three different definitions
of spinors. These are:

(I) The covariant definition, (E. Cartan(l), R. Brauver and H. Weyl(z)),
where a particular kind of a c-spinor is a set of complex variables
defined by its transformations under a particular spin group.

(II) The ideal definition (M. Riez(3)) » where a particular kind of

an a-spinor is defined as an element of a minimum lateral ideal in
an appropriate Clifford algebra IR (*).

P.q
(III) The operaton definition (D. Hestenes(4’5'6’7))  where a particu-
lar kind of an o-spinor is a Clifford number (operator) in an ap-

propriate Clifford algebra mp q’ determining a set of tensor fields
’
by bilinear mappings.

The usual presentation of a—SpinorsO""s'S’g) as elements of
minimal lateral ideals in Clifford algebras as well as the introduc-
tion in this context of the groups Spin+(p,q), does not leave clear
the relation between these objects and the ‘c-spinors and the universal
covering groups of some groups S04+(p,q) . used in theoretical
physics. The same is true in relation with the o-spinors.

The main purpose of this paper is to clear up the situation
and in the process we will obtain some very interesting results.

To formulate our problem we start by remenbering that physicists
use the following kinds of c-spinors,

(1) Pauli c-spinors - which are the vectors of a complex 2-dimen-
slonal space €(2) equiped with the spinorial metric

Bp= €(2) x ¢(2) - ¢, Bp(w,v’) = Yky

(1)

Z1 Y1 | _ -
w= zz H vy = yz ' zilyi €C ’ i= 112 and v =(zl'22)

(*)four our notation see §2



where in this text 2z always means the complex conjugate of z€C.

The spinorial metric is invariant under the action of the group
su(2), ie, if u € sU(2), then ep(uw,w) = Bp(w,w). As it is well

known, Pauli c-spinors carry the fundamental (irreducible) represen-
1
tation DA of su(2)(10,11)

(ii) undotted and dotted two-component c-spinors (introduced by Van
. der Waerden(lz)) - which are respectively the vectors of two camplex

2-dimensional spaces C€(2) and &(2) . In both spaces there are de-
fined as spinorial metrics 8, § such that

o
B: €(2)xc(2) -¢C, B(yy) =Y Cuv
(2)

(-]

£ C(2)x€(2) ~¢, BV,e) =vECoy

where ( wo) is of the type defined in eq(l) , wt(wo t) is the
transpose of \b(l’,}o) and

- [0 2]

is the representation of B(B°) in the canonical basis of C(2)
(C° (2)) (13;14)_ )

The spinorial metrics B8, 8° are invariant under the action
of the group SL(2,C), ie, if u € SL(2,C) then B(uy,up) =B(Y,¢)
and B8° (w91 ", @™ = £ (v’ ,¢°) . The matrices u and (w*) "t
are the (non-equivalent) representations D(%'O) and D(O'y’) of the

group SL(2,C) and we say that the undotted (dotted) two-camponent
c-spinors is the carrier of the representation p (%,0) (p (0 ,'/5)) E

(iii) Dirac c-spinors - these are the vectors of a complex 4-dimen-
sional space C(4) equipped with the spinorial metric (13,14)

Bo: C(4) XC(4)>C, B (Ygsvg) = V3 Boy (4)

where a Dirac c-spinor \pd(cpd) is defined as



€(2) ® T(2)* = ¢(4) > w=(5) (5)

Where £ € €(2) anda n = @(r’,)€ g(2)>

0
of €(2) anda C(2)* the matrix B is the representation of B, and

i C 0
Bo-[o C:| (6)

where C is the matrix defined in eq(3).

. 9, )

Dirac c-spinors,as is well known,carry the D(A'p) o D(O'A)
representation of SL(2,C). Some authors like in ref (13) call bi-
spinors the objects VE C(4) of the form given by eq(3)

(iv) Standard Dirac c-spinors

In writting Dirac's equation it is more convenient to work
with standard Dirac c-spinors. These are the objects \ps such that

c(4) > vy =(“;\) (7)

1 1 °
where ¢ = ——(E+n) , A = ~=(E-n) , where r € €(2),n=8(n,) €
VT /T .

€ C(2)* and the sum in ¢ and X are in the usual sense of sum of
complex numbers for each component. It is well known that “’a and

Vs are related by unitary transformations which leave unchanged the
bilinear covariant forms constructed from wd and q)a . Then , the

vy's also carry the p(%/0) g p(0,%) representation of SL(2,C)

We now ask the main question: to which minimal ideals, in which
Clifford algebras are the c-spinors described in (i) r (i1),(iii) and
(iv) above to be associated ?

We are going to give an original answer to the above question
by introducing a unique natural scalan product (see §3) in certain
appropriate lateral ideals of certain Clifford algebras that "mimic"



what has been described in (i), (ii), (iii) and (iv) above . To this

end in section 2 we give the main properties of Clifford algebras

over the reals (16:17,18)

. The material presented fixes our notation
and is the minimum necessary to permit the formulation of our ideas

in a rigorous way.

In section 3 we define the a-spinors as the elements of minimal
lateral ideals in Clifford algebras. The a-spinors of each one of
the Clifford‘algebras studied in this paper have a natural right F-
linear space structure over one of the following fields F = IR, C,

H, respectively the real, complex and quaternion fields (§2)

We introduce for each a-spinor space I C IRp,q,
natural scalar product (spinorial metric), ie, a non-degenerated
bilinear application T: IXI - F , where F is the natural scalar

field associated with the vector space structure of I C IR

a undique

P,q’
Our approach to the natural scalar product shows that for
p+g< 5 , the groups Spint(p,q) are the groups that leave invariant
the spinorial metric. Thus our approach to the scalar product is dif-
(€))

ferent from the one discussed by Lounesto and as we shall see of-

fers a solution for the main question formulated above.
In §4 we analyse in detail the special cases SU(2)=Spin(3,0)
and SL(2,C) = Spin+(l,3) and identify respectively the ideals that

contain the objects corresponding to Pauli c-spinors (I; = IR; 0e30)
: ’

and undotted and dotted two components c-spinors (Iu = RI 3 €13 ¢
’

Id = Ia). Also in §4.3 we show that the minimal left ideals I =
= IR f(e,,) o0f IR + the space-time or Minkowski algebra M
1553 30 1,3
(%,0) (0,%) : :
carry the D ® D representation of SL(2,C), ie , the

space-time a-spinors are a representation of the Dirac c-spinors.

In §4.4 we show that the original Dirac algebra (€(4)) must

be identified for physical reasons with the real Clifford algebra
— - -+

1R4’l. We then show that the ideals I IR4’lg(f(e30)) carry also

a representation of the Dirac c-spinors.



In §5 we find the ideals in IR1,3 representing the standard

. . i Ly S 5
Dirac c-spinors (IlD = IR]_'Bul) - Writing Dirac's equation in the

standard representation in Minkowski space (IR1'3) we show that the

idempotent U, can be eliminated from the equation, thus resulting

a4 new equation satisfied by an element of IRI 3+ the even sub-algebra
’
of IR

1,3° This motivates the operator definition of spinors by
Hestenes.

Finally in §6 we Present our conclusions together with some
comments concerning to the advantages of the use of each kind of spinors

in the formulation and applications of the Dirac equation in flat
and non flat Lorentzian manifolds.

2. SOME GENERAL FEATURES ABOUT CLIFFORD ALGEBRAS

Let V be a vector space of finite dimension n over the field
F together with a non degenerate quadratic form Q. The Clifford al-
gebra C(V,Q) = T(V)/IQ where T(V) is the'tensor algebra of V (T(V) =
w .
= T el e el (s L e e e I, is the
i=1
bilateral ideal generated by the elements of the form X8x-Q(x)1,
Xx € V. The signature of Q is arbitrary. The Clifford algebra so
constructed is an associative algebra with unit. The space V is:
naturally imbedded in C(V,Q).

V‘i'>T(V) £ T(V)/IQ = C(v,Q , iQ =joi and V = iQ(V) CC(,Q

: il , s a2
Let C'(v,q) (respectively C™(V,Q)) be the j-image of .20 T (V)
l:

. E
(respectively X T21+1(V)) in C(V,Q) . The elements of C (V,Q)
' i=0

form a subalgebra of C(V,Q) called the even subalgebra of C(V,Q).

C(V,Q) has the following universal property: "If A is an
associative F-algebra with unit then all linear mappings ¢ :V A

such that (¢ (x))2 = Q(x)1, Vx €V can be extended in a unique



way to a homomorphism ¢: C(V,Q) = A".

In C(V,Q) there exist three linear mappings which are quite
natural. They are extensions of the mappings

(a) MAIN INVOLUTION - an automorphism i c(v,Q) = Cc(v,Q) extension
of a:V -~ T(V)/IQ ¢ o(x) = -iQ(x) = =-Xx, VX EV

(b) REVERSION - an antiautomorphism *. C(v,Q) * C(V,Q) extension of

bt (W) > 1wy, 5 (V) ox = X{; ® oo 8 X3 - xt =

xir ® ... 0 xil
(c) CONJUGATION: ~: C(V,Q) = C(V,Q), defined by the composition of

the automorphism % with the anti automorphism *, ie, if x €cC(v,Q),
then % = (x)"

C(V,Q) can be described through its generators, ie, if {ei},
i=1,2,...,n is a Q-orthonormal basis of V, then c(v,Q) is
generated by 1 and the eis subjected to the conditions e.,e, =

bigg
= Q(ei)l and eiej + eje; = o, 1#j, 1i,3j=1,2,...,n.1f V

is a n-dimensional real vector space then we can choose
{ei} for V such that Q(e;) = *1 .

a basis

2.2. THE REAL CLIFFORD ALGEBRAS IRp q
'

Let IRP’'Y pe a real vector space of dimension p+q =n equipped

with a metric g: IRP’9 x ®P’9 - g , Let{ei}

be the canonical basis
of IRP‘? such that

+1 i=3=1,2,...,p
glejieg) = 955 = glejoey) =gy = .§-1 i=3j=pt,...ptq=n
St

The Clifford algebra = c(mP'9,q) , p+q = n, in the

IR
P.g9
Clifford algebra over the real field IR, generated by 1 and the {ei},



i= 1'””nq such that Q(e;) = gleg,e ). mp.q is obviously of
dimension 2" and it is the direct sum of the vector spaces RX of

’

. n
dimensu:ns(k) +» 0 <k < n. The canonical basis for mk' are the

elements e = ecl... eok By 5 ene € ¢ £ n . The element

ej_= ey.-- en € IR;'q commutes (n-odd) or anti-conmutes (n=-even) with
1

n p‘q p‘q
(o]

IR q = R if n 1is even and it is the direct sum IRO ® IR"
Pr P.q P.q

if n im odd.(a’w)

All Clifford algebras are semi-simple. If p+q = n 1is even

IRp'q is a simple algebra and if p+q = n is odd we have the fol-
lowing possibilities:
< : . 2
1 B © - is simple + S, N e -

p,q P e 1 P-qg#1 (mod 4) center mp,q
is isomorphic to C
b . : 2 _ =
(ii) IRp’q is not simple « e; =+l p-g=1 (mod 4) + center ]Rp,q
is isomorphic t 1R° ® IR" .

e i P,q 9’

From the fact that all semi-simple algebras are the direct sum
of two simple algebras (19and from

WEDDENBURN'S THEOREM: "If A 1is a simple algebra then A is equiva-
lent to F(m), where F is a division algebra and m and F are
unique (modulo isomorphisms) "

we obtain from the point of view of representation theory

IR = F(m) or IR 2=F(m) & F(m) where F(m) is the matrix
P/q P.q

algebra of dimension mxm (for some m) with coefficients in F =
= IR, C,H. '

Table I (where [n/2] means the integral part of (n/2) presents
(18)

the representation of IRp q’ as a matrix algebra
’



1
R (212, ne VA,
-1 n/2-1 n/2)
®is w21V, 8 R g™V |20, ® n ) g™V,
R 212, b1 {r Rk

Table I - Representation of the real Clifford algebra
lRp’q as a matrix algebra

2.3. MINIMAL LATERAL IDEALS OF IRp q
’

The minimal left ideals of a semi-simple algebra A are of the
type Ae, where e(e2 = e) is a primitive idempotent of A . A idem-
potent is primitive if it cannot be written as a sum of two non zero

: . A v LA A v v’
orthogonal idempotents, ie, e # e + e, where e2 —e 82 = & and

g8 =88=0 (19). Recall that when p+g = n is even IRp

(Table I). We also have the

n

F(m) .

THEOREM: The maximum number of pairwise orthogonal idempotents in
F(m) is m(21)

The decomposition of IRp q into minimal ideals is character-
ized by a spectral set {e e, L i} of idempotent elements of R such
that :

(a) =1

quli

(b) e L= a0 .
payli Spa,d T S15 g

(c) rank of i
epq,i is minimal # 0

where rank of epq,i is defined as the rank of the GBAd(IRp'q)—morh
phism epq,i‘ V> v epq,i’ where @ Ad(IRp'q) is the exterior algebra



10

of WP'9, Then m =z i . .m i
2,9 P’ P P.q%pg.1 " PEL €
IR is such that v e = nv ly, 7 ner i
,q v pqg, 1 v . Conversely, any element 1y € Ip,q

can be characterized by an idempotent epq y ©f minimal rank # 0
with = . )
v epq,1 v

We have the

THEOREM: A minimal left ideal of IR isof thetype I_ .= 1R e
P.q P.q 0,9 Xq

where eg = 1/5(l+eol) ees A(l4 eok) is a primitive idempotent of

J'Rp’q and where eul, ...,e% is a set of commuting elements of the
canonical basis of mp,q such that (emi)2 =1 ’ i=1,...,k that
generates a group of order k = q - Tq-p and r, are the Radon-
Hurwitz numbers, defined by the recurrence formula ri.g = ri+4 ®

and

Table II - Radon-Hurwitz numbers

If have a linear mappin L_: IR =+ IR B =
we 1 pping a P,q P.q La(x) , VX

IR and where a € IR , then since I is invariant under left
P:q . 9 P/q

multiplication with arbitrary elements of IR

0,q ' we can consider .
14
L

3 L -
al|1 : Ip,q Ip,q . We have the
P.q

THEOREM: If p + g = n is even or odd with p - q # 1(mod 4) then

IR ~ L o~
- P.g F(Iplq) Eim)

where F = IR,C,IH ' L ) 1is the algebra of linear trans-

) and F = eF(m)e,

F(Iptq

formations in I over the field F, m= d:LmF(

P,q Ip'q
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e being the representation of e

odd, with p-g=1(mod 4), then IR

pqg 0 F(m). If p+q=n g
~ L I =~
g B p,qg) = F(m) @ F(m)

(19)
= a. . e IR e = IR®IR or THOIH
D e~ LR e o T s
With the above isomorphisms we can identify the minimal left
ideals 1R q with the column matrices of F(m)
4
Now, with the ideas introduced above it is a simple exercise

"to find a primitive idempotent of IRp g We have the following
4

algorithm. We first give a look in table I and find to which matrix

algebra our particular IR_- is isomorphic. Let mp q= F (m)

4 : '
a particular F and m(*). Next we take from the canonical basis
{eA} of IR

4

for

e, = e, ...e 1<B,<...<B <n, p+q=n

*k
‘a commting element e, € {eA} such that e2 =1 ), We then construct the

Q.
1 1
=m then epy is primitive. If dimF(Ip,q) # m then choose {eA} 3
2 s ] ) 1,
= t the tent: e' =%(1l+e %(l+e )
3 ea2| em2 ea2 and construc idempo - ( al) o,

] = [ ] : ' =
where I'p,q :IZRp'qepq v IE dJmF(Ip'q)
is primitive. Otherwise repit the procedure .

'and then calculate dimF(I')

=m, then e

Ac-
cording to the theorem above the process is finite.

Now, we must discuss the problem of the equivalence of nep-
nesentations when we take the minimal left ideals (instead of same

vector space isomorphic to them) as representation modules of JRp q
’

is not just an algebra

algebra together with

i R IRP'9 ang that our .representation

To this end, remembering that IR

P
but an algebraic structure consisting of' an
a distinguished subspace lRl

(*) We are supposing IR

p’qis simple. The procedure is also straight-
forward when mp,q is semi-simnle

(**) All elements €qy are cammting elements as stated in the last theorem.
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spaces Ip q are certain sub-algebras of IR we have the fol-
’

P.q
lowing theorems (22)

THEOREM OF NOETHER-SKOLEN: When IRp q is simple, its automorphisms

’
are given by its inner automorphisms V> s(y) =sy s-l (v € Ip q)
such that sIR: s + C 1Rr!
P/q P.,q
THEOREM: When IR is simple all their finite-dimensional irre-

’
ducible representations are equivalent under inner automorphisms.

In view of the above theorems we define that two representations

I and TI' E here is an automor-
p,q p,q o ZL'Rp,q are equivalent if ther s ¢

hism € IR ! =
p s . such that Ip,q S(Ip,q)

3. ALGEBRAIC SPINORS, SPIN GROUP , SPINORIAL REPRESENTATION AND
SPINORIAL METRIC.

3.1. ALGEBRAIC SPINORS. Given a real Clifford algebra IR, q we
=

call a-spinors the elements of the minimal left ideals ]Rp qepq or
’

+ ' ' i g

where e and e are primitive idempotents of 1R .

]Rp’qepq i jole| Pq P P.g9
3.2. THE SPIN GROUP - Spin(p,q)

The invertible elements s € IR such that V¥x € ml =

Prd P9

; q’ form a multiplicative group called

’

the Clifford group of IRp q which we denote by I‘x . This group is
' :

= |RP’9 e have s x i le gy

generated by the vectors x € mRP’9 such that g(x,x) # 0. Consider

now the mapping N: IR - IR defined by N(s) = § s.If s€T,
pP.,q P/q

then N is a homomorphism of the group T, into the multiplicative

group of the non null nultiples of mp q°
’

We define the groups Pin(p,g) = {s € I ;N(s) = £1}, Spin(p,q) =
+ E -+
= Pin(p,q) N I.Rp’q and . spint(p,q) = (s € Iyer 88 = 41 n mp,q as
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the connected component of Spin(p,q) that contains the identity.

3.3. SPINORIAL REPRESENTATION.

.+
Now, if we consider the definition of the group Spin(p,q)
we see that the ideals Ip q can be made into spinonial representations

'

of SO,(p,q) (in the sense of group theory) by postulating S -

>sI o under appropriated automorphisms (s € Spin *(p,q)) . This
. }

is exactly the idea behind the introduction of the spinorial metric
(§3.4), which is necessary to "mimic" the results in (i), (i1), (1ii)
and (iv) of §l. '

The transformation ¢ - s¢ corresponds to the usual trans-
formation of covariant spinors, but the use of this transformation
in a formalism involving other Clifford numbers would contradict

the fact that the I 's are substructures of IR
P.4 P,q

To clarify the ideas consider the case of Spin+(l,3) that
' is the universal covering group of the prope}c Lorentz group . We
have that the (active) Lorentz transformation for an  arbitrary
Clifford number m € IR1’3 is the same as for a vector,

IR%,3 Svyv—2>v'=3sV s—l ; BE Spin+(1,3) . Since
v' € ml c IR and (v')2 = v2 = §(V v) Vv € IRl

tend this mapping in an unique way to a homomorphism of I’y 3 We
get that for arbitrary m € ].'Rl 37
’

m="sms (12)

The bilinear (two-sided) transformation of eg(l2) is the same for
all multivectors and this is the distintive feature of the Clifford
algebra formalism when applied to physics (2[’). Obsexrve that this
feature is in contrast with the linear (one sided) transformations
for the components in the usual tensor and covariant spinor formalism,
where tensor and c-spinors of different ranks ha;/e different
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transformations laws under a Lorentz transformation.

In particular, consider ¢ € IRl 3+ It is a sum of a scalar,
a pseudo-scalar and a bivector parts. From the point of view of the
theory of the linear representations of the Lorentz group (25) the

space of the ¢'s 1is the carrier space of the representation

5(0,0) %0) g (0,%) o (0,0)

® D' ® D ® D of SL(2,C)

The fact that within the Clifford algebra formalism all Clifford
numbers transform in the same way (m * sm s-'l) suggests besides
the covariant spinors and algebraic spinors a new definition of

spinor, the operator definition by Hestenes (4,5,6,7) which we discuss
in §5. '

3.4. SCALAR PRODUCT OF SPINORS. THE SPINORIAL METRIC.

In §2.3 we saw that when IRp a is simple, a minimal 1left
14

ideal I of IR is of the form I = IR e where e s a
P/gq P9 P9 Pg

primitive idempotent of IRp’q and F = equRp’qepq with F =
= IR,C ,H depending of p-q =0,1,2 (mod 8) , p-q=3,7 (mod 8)
or p-q = 4,5,6 (mod 8) respectively (Table I). We can then define
a right action ¥ in I, IxF > I, by IXF3 (y,a) = Va€I. In
this way I has a natural linear vector space structure over the
field F, whose elements are the natural "scalars" of the vector
space I.

These remarks suggest us to seach for a natural "scalar product”
on I, ie, a non-degenerated bilinear mapping T: IXI = F . To this
end we observe that if f and g are F-endomorphisms in

p
then we can define a bilinear mapping T in IRp q using f arilg
’
g - We simply take T (y,v) = £(y) g(¢), Y, v € Iqu. Considering that
’

T = mp,q.epq has a natural structure of vector space over F we

For Y, ¢ € I ywhen does T'(y,v) EF?

As we saw in §2.1 we have three natural isomorphisms defined
in p q’ the main involution, the reversion and the conjugation ,



denoted respectively by ',' and ~. Combining these isomorphisms with

the identity mapping we can define the following bilinear mappings

e IXXIo R, = ; 08 e

W)= e s Thw =vv; T30 =V, V¥, ¢EI

As already observed in §2.1 the main involution is an automor-

phism whereas the reversion and conjugation are antiautomorphisms.

An automorphism (antiautomorphism) transforms an element of a minimal
left ideal in an element of a minimal left ideal "(minimal right ideal).

To see the validity of these statements it is enough to ob-
serve that the image of a primitive idempotent under a isomorphism ’

— € = IR a then
is a primitive idempotent and that if V¢ € I, . p.q9 _Pq
ke €
V= xe,, with x € R, . and
1 = a = - =
= - €I' =MW
U/ (x epq X epq ] Ip,q P.9 pPq
* * * * * * *
= = = €I = e IR 8
vo=(xeyg) = epq g o iy
V=(xe ) =e x=y €T =e TR
Pq Pg P/q jolef P:.q

Using the isomorphisms IR = LT o~ =
sing P b,q pllp,g) = F@ , m dimg (1, )

(when Ry, q is simple, cf. §2.3) we identify the elements of the

minimal left ideals of IRp - with the column matrices of F(m). Then,
& 14

if e Ip d has a representation as a column matrix of F(m) then
I’

* ~

Vv and y have representations as row matrices of F(m), and we get
* ~ :

that Yy¢ and Yy are elements of F.

We identify the scalars of the vector structure of I with

multiples of Bq
l 0 ® 0 0 0 0

0 0 .-
e e o0 ? @ : - 9
Pq 0 0 (9)

"
[
i
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je, as matrices in F(m) multiples of the matrix in eq(9%). Through

isomorphisms of mp q (multiplication by a convenient invertible
14

* -~
element u € IRP q) we can transport Yy or ¢y tothe position

’

(1,1) in the matrix representation of these operations. We then

conclude that the natural scalar products in Ip q are
¢ 1 X1 .l s i=1,2 (10)
L e P.q ’
* -~
= ' = (S ’ r'e
By(W,9) =u'y ¢ and Bz(w,v) uy v, vy,9 Ip'q and u,u IRp.q are

convenient invertible elements.

(8)

Lounesto obtains the scalar products in eq(10) wusing simi-

lar arguments and immediately proceeds to the classification of the
group of automorphisms of these scalar products, ie, the homomor-

. bt TP Ty ,

preserve the products in eq(l0). Observe that from B,(sy,s¢) = el(w,w)

phisms of right F-modules,

we get ss = 1 and from 82(sw,s¢) = Bz(w,w) we get ss =1
(8) = e o b
(Y,¢ € Ip,q) . Lounesto calls G, = {8 € IRp'q,s s = 1)}, G, = {s €
€ g5 =179
IRp,p' S s

So in Lounesto'spaper there does not appear in principle any
relationship between the groups Spin(p,q) and the groups Gl and
G, with the consequence that we do not have a clear basis to mimic
within the Clifford algebras ]Rp q (for appropriate p and q) the

’
results described in (i), (ii), (iii) and (iv) of §l. We can mimic

these results within some Clifford algebras by introducing the concept .
of spinorial metric.

Observe that since Spin(p,q) C IR+ it seems interest.ing to

P.q
define a scalar product i ideal I+ = IR+ e
. 2 Fuan fERe - Bid p,q°Pq

is that such a scalar product is now unique, since if .S € IR

. The reason
+

s p.q’
then s =s. This unique scalar product will be called in what fol-
lows the spinorial metric |
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e

2.9 " Ip.q (11)

define by 8(¥,¢) = uy ¢. We see that G = (s € m"' lss=1) is

p
the group of automorphisms of the Spinorial metric just defined
and G C Gl s B & GZ‘

We now recall a result firstly obtained by porteous 20 ; Spin+(p,q)='
+ ~
(s € mp'qi ss = 1} for p+q<5"(Proposition 13.58]

With this result we get a new interpretation of the groups
+
Spin (p,q) for p+q <5, namely, these are the groups that leave

the Spinorial metric of eq(ll) invariant. But even more
is the fact that now we know the way to mimic within appropriate
Clifford algebras (i), (ii), (iii) and (iv) of §1 and thus we

can make a representation within Clifford algebras of the Pauli

c-spinors, undotted and dotted bidimensional c-spinors and Dirac
c-spinors. This is done in §4.

important

4. REPRESENTATION OF PAULI C-SPINORS , UNDOTTED AND DOTTED TWO-

DIMENSIONAL C-SPINORS AND DIRAC C-SPINORS BY APPROPRIATED ALGEBRAIC
SPINORS.

4.1. PAULI C-SPINORS AND THE GROUP SU(2)

The algebra IR; , (Pauli algebra) is isomorphic to C(2) (see
’

Table I), the algebra of complex two-dimensional matrices;IR

is
3,0
generated by 1 and Oy i=1,2,3 subject to the conditions °i0j+
e : = depe: =l
+ ojoi 26ij ’ 61] +l or O epending if i

=3 or 4 5 4 ;
i %
The element e3g = A(l+~03)

is a primitive
IR3,0. We hdve that o

idempotent of
= {e30, ole30} is a spinorial ‘basis for
I3,0 5 Ip = IR3 g®30p *
(Pauli
of §1)

We shall see that the:elements of L n
o~ B3 9830
a-spinors) are the representatives of Pauli c-spinors

((1)
within the Pauli algebra. The reason is as follows:
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In the above basis we have the
(*)

following matrix representa-

tion for
* ~
X, X ,x, x € IR3 0
2 zz . ZA .33 N 7 33
C(2) @x = ?P X = : X = H
z3 /4 52 =l 32 4
(13)
-~ 24 - 22
x 3
- B |
1
- - * "p 0
Defining B: I_xI_=*C , B(V,v) =Vv, for Y= and
v o]
el 0
w —
wz 0
—.. -2 - N
By v) = 9o vl + 5202 (14)

. We have for y,¢ € I;, i

B(y,v) = [B(y,v)]  (hermitian product) . Since a = {330' cle30} is an _

We define now the spinorial metric B = §|I;

orthonormal basis for I;
B 1in the oa=-basis

1 o}
[B] =
@ 0 1

B(y,¢) = B(sy,sv) “*s*s =

we have the following representation of

|}
=

(15)

12 = S5 € U(2)

(*) If x € IRy , We use the same letter for representing x € €(2). -
’

This causes no confusion.
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Now if x € IR, = IR = J we have the following repre-

R3 o 0,2
sentation for x in the a-basis

z  -w ~ & z w
X = and X =X =
w Zz -w z

Observe now that N(x) = X x = det x 1, and we get N(x) = 1
det N = 1. So the element s € m;’ o sSuch that B(s¥,s¢) = B(¥e),
r

Y,9 € I; satisfy ss =1, and det s = +1, which means that s €

2
€ SU(2) and sU(2) = Spin+(3,0) , and our assertion that Pauli c-

spinors are represented by the elements of I; = IR'; 0 €30 is proved.
I

4.2. UNDOTTED AND DOTTED TWO COMPONENTS A-SPINORS AND THE GROUP SL(Z,C) .

f
We have that m3 0 = IRI 3 where f 1is the linear extension
'4 [4 -

of f(o;) =ejep, 140, i=1,23, o, € R as in §4.1 and
eu r W =20,1,2,3, is an orthonormal basis of ]Rl’3.
Since ey = “a(l + 03) is a primitive idempotent of Ry o
14

f(eBO) = %1 + e3 eO) is a primitive idempotent of IRI 3+ We have
_ + e . + . .
that Iu = IRl’3f(e30) is a minimal left ideal of IR1'3 with basis

a = {f(ez), eleof(e30)}. Using the isomorphism

+

p: ml’3 = £C(Iu)
(17)
u "~ p(): Iu - Iu
v uy
we have the following matrix representation for u € IRI 3 in the
a-basis . ' )
2l 32 . i 2
€C(2) B u = i u=qu-= (18)
z3 z4 3 1
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Defining
B: quIu +C, B(¥,ve) = eleowv (19)

we get

Bly,e) = ¥ 7 - vt (20)

and the representation of s in the a-basis is

[ e (21)
B] = '
Q _1 0 :

Then B(uy,uy) = B(Y,p) = uu = 12‘=’ detu=1 ey € SL(Z,C) &
= spint(1,3).

We conclude that the elements of I, (undotted a-spinors) can
be said to give a representation of undotted two-component c-spinors

within the ‘space algebra IRl 3° The vector space Iu carries the

D( r0) representation of SL(2,C).

Now remenbering that * is an automorphism "in the Clifford
+ + :
algebra *: IR1,3 *-IR1,3 that preserves the Sp1n+(1,3) group we

have: If u € Spin®(1,3) =u" € spin*(1,3) = (") € spin*(1,3)

Consider now the minimal right ideal I —(HH_3f(e(9) and -
the isomorphism
o +
u = p'(u): Ig ™ I (22)

LA
We conclude that the elements of I (dotted a-spinors) can be said
to give a representation of the dotted two component c-spinors ((ii)
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of §1) within the space-time algebra

1
carries the D(O'A) representation of SL(2,C).

R . The vector space 11
1'3

4.3; REPRESENTATION OF DIRAC C-SPINORS WITHIN THE SPACE-TIME ALGEBRA
2

We have that Ry 5 = ¥(2) and the idempotent f(e;5) . is
14

also primitive in IR1'3. This means that I, = IRl’3f(e30) " i5 a

minimal left ideal of IR

in 1R1,3 :

1.3° It is a bi-dimensional quatemion ideal
14 .

We can consider ID as a 4-dimensional complex vector space

: +

d ion’ — CIR =
an (2;1 this way we get a complex representation of lRl’3 1R4’1 4,1
=~ C

Calling f(e;;) = e;5 = e we have
ID = 1R1’3e = ale + a2e0e + a3ele + a4e2e + aseoele + aseoeze +

+ aqe;e.e + agepee,e i ay CIM,; 4 =1.2,.:.8

(23)
Obser?ing that
EIR1,3§ = [le, eje, eje, ejeel =M ; € = [E; e e el CEiRl'3§_
we can rewrite eq(23) as
I, = IR1’35 = E(alé + aqe eje) + eoé(azé + aselezé) * :
: (24

+ eje(aze - azejeje) + ege e lage - aselezé)

A complex basis for I, is then o = {eoc—a, ela, e, eoelé}.

Consider now the injection
Y ml'j -> -cc(Id)
- . (25)
U=yl 15 > I
v ouy
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We get the following representation for .s B» 0,1,2.3 1n

the aD-basis

0 1, 0 9
Yleg) = vy = r ley) =y, -

12 0 -c:i 0

» 1=1,2,3 (26)

where ci are the Pauli matrices.

In this basis we have the following representation for x € R

1,3
[ %) X, 1 X5 Xg |
|
X3 x4 E x7 Xa
T Y (X)) = | mmmm—eee i s T (27)
8 4 E Xy Hy
L6 i 5 g X J

Considering the restriction Ylm+l L we get for z € IR

1,3
the following representation in the o -basis

— l A
Zl 22 :
: 0
%5 %y
¥Y(2) = | commmmmee 'i """"" 28
| %4 73
0 e
e
3 i | p
£
.Now, since m3'0 = IRI,3 there exists an unique yE€ ]R3'0 = C(2)
Such that z = f£({y) and we have ' I
AR
YIEW) = | mmmedeeeeeeee 4 Y-S -
o 1 (y)?
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and

Yof: Ry o LC(ID)
5 5 0
- --_.l -------- .
g 0 | (y )1 =i, =4
]

We see that the restriction YI]RI 3 9ives a complex 4-dimensional
’

representation of Spin+(l,3) = SL(2,C) - namely the representation

Y
p(%:0) g (0,%) of SL(2,¢).

We call the elements S ID space-time a-spinors. From the

above discussion it is quite clear that space-time a-spinors represent
in I.‘Rl 3 the Dirac c-spinors introduced in (11i) of §1.
’

We also mimic the spinorial metric ih €(4) [(111) of §1] defin-
ing

Bp: Ip * Iy > C , B(¥,») =bT v (31)

for an ‘appropriate b € IRl’3 s

4.4. REPRESENTATIONS OF DIRAC C-SPINORS WITHIN THE IR4 1 ALGEBRA
’

From Table I we see that m4'1, IR2,3 and IRO,S are isomor-

phic to the algebra €(4) which is the usual Dirac algebra of phys-

icists. In order to identity the algebra that carries the physical
interpretation associated with space-time (IRl'

3
; ) we procced as fol-
lows. Let Ep» A =20,1,2,3,4 be an orthonormal basis for RP'Y with
P+qg=5. The volume element is EJ = EO E

1 B2 E3 E, and we get E§=_1
for g =1,3,5 . Now define

u ud | b (32)

and impose that e, is an orthonormal basis for IRJ"3

v ie
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eo = -E

. cE; =4

. ek = =F = -] ’ k= l,2p3 (33)

Eq.(33) is satisfied when p = 4 4 2 2

¢ q=l,ie,E4=Ek=-E;0.—_l

and we conclude that the real Clifford algebra associated with space-
time (IR ’3) and isomorphic to €(4) is IR, 1°
’

Eq.(32) shows that ml 3 g IRZ 1 where g 1is the linear ex-
’ ’

tension of g(eu) = Eu E, » w=20,1,2,3 . We already saw in §4.2

and §4.3 that f(ej,) is a primitive idempotent of IRl 3 and we

have that g(f(e30)) is a primitive idempotent of IR4 1+ Then i:D =

+
= R, 19(f(e35)) is a minimal ideal of IR4 1 which is a 4-dimen-

sional vector-space over the complex field and its elements , the

Dirac a-spinors, are representations in :[R4 1 of Dirac c-spinors.

5. THE DIRAC EQUATION AND OPERATOR SPINORS (0-SPINORS)

In Ref.(4) Hestenes searchs a representation, using the Clifford

bunale( 2) [ over Minkowski space-time (M)] of the usual Dirac equation
AR 5 i :
ihy (au un(x))ws(x) m ws(x) (34)

where M 2 x - q)s(x) is a section of the spinor bundle (10) (over M),

qd 1is the electric charge, Au, u=20,1,2,3 are the components at

X (in an orthonormal frame in T M) of the eletromagnetlc potential,
and y" are the Dirac matrices satisfying y Y + Y Y“ = Zg
2 diag (+1,-1,-1,-1).

ws is the standard Dirac c-spinors introduced
in (iv) of §1

. In the standard representation the y-matrices are

1 0 -G
Yo = 2 . k- ] (35)
0 1, oq 0

Introducing for each x € M a spinor basis at the fiber over .
x(C(4)) in the spinor bundle where
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-
|

; u = (36)

0
0
S3 1
0

o
]

0
1
0
0

]
=
."‘Ooo

we can show that ¢_ has the following representation in IR; 4
’

C(4) By >y = i - . .l =
(4) 3¢ v= Y , v€ AL R %(1 + eg): uy =y (37)

*
where e , u = 0,1,2,3, is an orthonormal basis of IRI 3( } sl Uy

in IRl 3- Interpreting the Y” as

is the representation of Us;
e = g'Ve , , we get the following

representations of the vectors
representation of eg(34) in the Clifford bundle over M

Hesalo. 58 weat
e'au A e Au (38)

(h Dwezel - gAVleyu; = myu; ;
We observe that in eq(38) the {1 = /=1 has been eliminated! Now,

although u; has no inverse, the coefficients of u, can be equated

and we have

hibyiese, = aay = pveo (39)
Finally considering
¢ = yu ; u='/4(1+e0)(l+e3eo) (40)
eq(39) can be written as
(41)

hOdeg - gAé =mod ; e; = ejeje, ey

(*) Observe that the Minkowski space M is the affine'space con-

structed with IR1'3
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which appears originaly in Ref.(25). It is quite clear that ¢ 1is

an element of a minimal ideal in IR since u is

1.3 a primitive
’

idempotent of m1'3 .

In resume, the standard Dirac c-spinors are represented in

+
ml,3 by the elements of the minimal ideal I1D = m1'3u1 of ml,3

and a simple Dirac equation can be written using the elements of the

+
minimal ideal I2D = ml,3u of ml'3.

Obviously I,p, and I,p are isomorphic. We can show without

dificulty that IlD(or I?.D) is the carrier space (in the group

(%,0) o 4(0,%)
theoretical sense) of the representation D ® D of 8L(2,0).

In Refs.(4,5,6,7) Hestenes gives a new definition of the Dirac-
spinor which we shall call Dirac operator spinor (0-spinor)

Dirac Operator-Spinor: A Dirac o-spinor Yy 1is an element of IR*]'. 37
’
V¥ =1, such that p: mY3 3 y¥ ¥ o Mt e wlf3

The consistence of Hestenes definition follows from the fact
that wEIR:L3 produces "ideal representations" (ie, a-spinors) by
operating on idempotents and it produces observables (in the Dirac
theory) by operating on vectors, ie \W“\JJ* is a vector.This is quite

obvious since from our previous discussion in §4 we know that S
€ spin*(1,3). -

Also we must recall at this point our discussion of § 3.4.

Indeed, ¢ € JRI 3 is a sum of scalar, pseudo-scalar and bivector
’

‘Parts and from the point of view of the theory of the linear repre-

sentations of the Lorentz group, the space of the \'s is the carrier

" 1 1
space of the representation D(O,O) ] D(A'o) ® D(O'A) ® D(O'O) of

SL(2,C) (10 - Nevertheless from the point of view of the representa-

tion theory of Clifford algebras 1y € IRI 3 ‘trasforms as y - sdas-l
4

s €spin’(1,3) = R, Ss=l'and spin*(1,3) is the p%r0) g p(0.%)
’
representation of SL(2,C) in ml 3° (§4.3)
’

’
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In Ref. (6) Hestenes also shows that there exists

operators
representations of Pauli c-spinors.

The operator definition of spinors
has been generalized to arbitrary Clifford algebras by Dimakis (26)

6.CONCLUSIONS

7
Hestenes( ) said about the theory of spinors: "I have not met
anyone who was not dissatisfied with his first reading on the subject!

Well, the reasons for such statement are in our view due to
two main facts

(A)  the usual presentation of c-spinors such as introduced in (i),

(ii), (iii), (iv) of §1 does not emphasize the geometrical meaning of
these objects . ' '

(B) There are not clear connection between the abstract concepts of
c-spinors of §1 and the more abstract concepts of a-spinors or o-
spinors as elements of particular Cifford algebras.

As to (A) we think that the situation has been partially clarified
with the presentation by Hestenes of the geometrical meaning of

(4,5)

Pauli—spinors(e) and of Dirac spinors and also by Penrose and

Rindler(27) of the geometrical meaning of the undotted and dotted

two component spinors.

As to (B) we think that our paper shows in a clear way how to
obtain relations between all the different representations of spinors.

It is important also to realize that the detailed relations
presented in §4 between a-spinors and appropriated sums of multi-

vectors show that the usual claim (27) that spinors are more funda-
mental then tensors is non sequitur.
We now briefly comment on some distintive features of the

different representations of Dirac spinors. A more detailed discus~
sion will be presented elsewhere.

(27)
It is well known that due to topological obstructions the
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c-spinor bundle over a non-flat manifold does not exists in general.
Only Lorentzian manifolds where the second Stiefel-Whitney class

vanish possess a c-spinor bundle structure.

Now, the global generalization of the Dirac algebraic spinor
to a Dirac algebraic spinor field depends on the existence on the
Clifford bundle over space-time (M,g,D)* of an idempotent e of mi-
nimal global rank where the global rank of e is defined by

rank e = max (rank ex)
XEM

: : 22
Indeed, we say that an elementary a-spin structure ex1sts( )

if the rank of e is locally minimal for almost all x € M . In general we

say that a generalized a-spin structure is given if and only 4£ a
= 1 is the trivial

non zero idempotent e is given. In particular e
The.

spin structure which always exists for any given manifold .
existence of an elementary a-spin structure imposes global topologi-

cal conditions on the manifold M.

Nevertheless, it is easy to see that any Lorentzian manifold
of signature (+1,-1,-1,-1) admits an elementary spin structure. In-
deed, in such a manifold there always exists a time-like vector field

eglgylegy) = 1) and then e = (L + eg)/2 has global minimal rank

8 which is the local minimal rank.
An e-algebraic spinor field corresponding to a generalized a-
Spin structure e is defined as a cross section VY of the clifford

bundle such that Vve = Y

Now, it is important to emphasize that although an elementary
a=spinor bundle can be defined for all Lorentzian manifolds, the Dirac
ec.guation cannot in general be written using an elementary a-spinor
.field in a general non-flat Lorentzian manifold. This time we have

(*) - | ' ;
Space-time ig ga triple (M,g,D) where M is a paracompact 4 -

dimensional manifold, g is a metric with signature (+,-,~,~) and
a .
nd D ig the Levi-Civita connection of g in M.
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" « L27 o 2
metrical obstructions ) This is true for the usual Kahler-Dirac

ecuation as well as for the generalization of eq(38) for ron-flat Lorentzian

manifolds. When this is the case we need to use a generalized e-

algebraic spinor field. Here is where the Dirac o-spinors of Hestenes

become really important.

At last we must comment that as ml 3 has only two primitive
’

pairwise orthogonal idempotents and we can have in the Dirac theory using the

IRL3 formalism only two projection ocerators using the elements of the

algebra. Remember that €(4) has four orimitive pairwise orthogonal idempo-

tents (and this is also the case for IR, 1-—the Majorana algebra) . To

overcome this difficulty Hestenes o 1nt'roduced operators 1in the
Dirac theory, that belongs to the dual space of ]Rl’3 (here considered
To end,we resume that the present paper
-spinors and a-spinors (and o-spinors) .
jnors with a-spinors is based
] n that for
spinorial

as a vector space over IR)-.
gives the relation between C

our method of identification of c-sp
f spinorial metric and on the observatio

on the concept O
is the invariance group of the

p+4g<5, spin® (p,q)

metrics.
e emphasize that here

ntation of undotted and
In particular we

Among the important results obtained w

for the first time there appears the represe
dotted two-component and Dirac c-spinors in ]Rl 3
4

roof that the space of Dirac a-
carry the representation D

gave a rigorous P spinors, ie (:A 0;:he
= i e
elements of ID IRl,B

1
o p(0% of sL(2,€) and thu
duced in (iii) of §1

f(e30)
s can be said to give a representation

of Dirac c-spinors- as intro

Also we clear in what sense the Dirac o-spinors can be said

to be a representation in IRl 3 of Dirac c-spinors.
! 14
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