AN ALGORITHM FOR LARGE LINEAR
DYNAMIC OPTIMIZATION WITH
APPLICATION TO GENERATION

SCHEDULING

A. Friedlander
C. Lyra
H. Tavares

and

E. L. Medina

RELATORIO TECNICO N? 27/87

ABSTRACT. This paper proposes a method to solve large linear dynamic problems
D2,

L. D. P. constraint matrices have a particular structure, called staircase. The algorithm
presented achieves efficiently by skillful utilization of this structure. It is built upon the
classic work by Bartels-Golub, which uses the L—U decomposition of the constraint
matrix. A compromise between structure preservation and numerical stability is searched
throughout the solution process.

The method was applied to a deterministic generation scheduling problem of the
Sio Francisco River hydroeletric power system, in Northeastern Brazil A summary
of numerical experiences is presented and a discussion concerning the compromisse

“preservation of structure” versus “stability” is carried out.
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1. INTRODUCTION

Sparse matrices with staircase structure arise in Linear Dy
namic Programming problems.

Krivonozhko and Chebotarev (1976) and Propoi and Krivonozhko
(1978) developed an algorithm to solve a Linear Dynamic Problem.
This algorithm adapted the Simplex Method to this particular prob-
lem and used the Forrest-Tomlin (1972) updating scheme, which has

good properties related with sparsity preservation but is not nu-
merically stable.

Fourer (1979, 1982, 1983, 1984) surveys the properties of

staircase matrices and the varieties of Gaussian elimination for
staircase matrices.

In this paper we present an algorithm to solve the L.D.P.
problem, which adapts the Simplex Method's steps to this particu-
lar structure. The updating scheme is based on Bartels - Golub's
method (1969) and a compromise between the structure preservation
and stability is established in the computations process.

2. STATEMENT OF THE PROBLEM

The Linear Dynamic Programming (L.D.P) problem has the form
T-1

min J(x,u) = 2 [c(t + 1) x(t + 1) + d(t) u(t)l]
t=0

subject to x(t + 1) = A(t) x(t) + B(t) u(t)
%(0) = x°

ci{t) x(t) + D(£) ult) = £(t)
G« x(t+ 1) < P

Yy < uyt) < 8

for E=0,1,ae0 1

where

x(t): state vector (n % 1)



u(t): control vector (r x 1)

f(t): resource vector, given, (m x 1), m < r

»(0) = x°: initial state vector

A(t), B(t), C(t), D(t): matrices with dimensions (n X n),(n x r),
(m x n), (m x r), respectively.

c(t + 1), d(t): cost vectors of dimensions (1 x n), (1 X r), re-
spectively. -

T: nunber of time periods, fixed.

The constraint matrix of this problem has the following form

u (0) x(1) u(l) %l 2) o x(T=1) u(T-1) XiT)
i o N r n
b (0) .
B(0) -1
e c(1)  Dp(1)
A(l) B(1) —]u
T - c(r-1) D(T-1)
§ | A(T-1)  B(T-1) = 8
fig. 1

wheze 1 38 d (0 X n), identity matrix.

3. BASIS FACTORIZATION

Any submatrix 1B of A satisfies

5 [ .

aoocnt o

2T=1

Fig. 2



for some permutation matrix P.

Let IB be a basis, then the block Bl must have m inde-
pendent columns. We perform a stable row-pivoting within this (m x m)
submatrix of block B, . As the number of columns of B, can be
greater than m, after this process we may have some columns of

By s that remain unpivoted.

Let A(l) be the submatrix formed by the remaining columns
of By and the first m-rows. To continue the factorization, con-
sider the submatrix whose columns are the remaining columns of B1
and the columns of Bz, and whose rows are the first n-rows after
the last pivoted row. Once again the fact the IB is a basis quar-
antees the performance of a stable row-pivoting within this sub-
matrix. We continue this process until the whole matrix 1IB is

factored. Finally we have

YR = U
where
iul '
w
U = remaining '
colum of B, s Bai L
that was pivoted U2'1‘—1 ]A(2T—l)
together with the columns =
Py
of the B,,_, block |
Fig. 3

/

IL L,p L Pl '

= L[(m+n)T-1] Pim+n)e =1 *ovr+ DoPy Iy

the L; are elementary matrices, and the P, elementary permu-
tation matrices.



4(i) 1is the matrix whose columns are the remaining ones and whose

rows are the corresponding rows of Ui' 1 <X <2T-1. The whose

process will not produce fill-in outside the staircase except for
the remaining columns. Note that the columns of any Ui' el ew

may represent state or control variables from any previous
stage.

At each iteration of the Revised Simplex Method three linear
systems of equations must be solved

i) determining the current basic solution.

ii) evaluating the updated column corresponding to the variable
entering the basis.

iii) determining the simplex multipliers vector associated with
the current basis IB

In the resolution of these systems we use the IL U fac-
torization of 1B, obtained by the process described above, and
take account of the particular structure of V¥ and of the

inherited sparsity of the elementary Li matrices whose product
is L.,

4. UPDATING OF THE IL U FACTORIZATION

At each iteration of the Simplex Method a column is chosen

to enter the basis ; and a column is then determined to 1leave

about the relative
before describing the updatsing

the basis, We shall make some considerations
positions between these variables ,
process,
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The variable leaving the basis is represented in figure 4
within Ui and the entering variable is associated with Uj’ R
This association is made considering the stage in which the vari-
able stays in A.

Let AS be the column in A corresponding to the entering

variable. Let &A° = m laS

and UA” = A

Let k be the position of the leaving variable relative to

/
Ui , A® may have its first non-zero element on the first row of
Uj ;, not above. The same is true for A%. It is clear that the k-th

component of A® must be different from zero.
)t

-~ -~ - S Loee .
Let (ail""aik""aim be the A" components corresponding
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hat the dimension of UL is m).

(a4

to the rows of U, (we suppose

-

As UA® = A%, we have

+ A(i)ak = 0

where

of U,.

ax
Then

=] B
= Ui A(L)ak

and we conclude that the k-th row of U A(i) must have a non-
zero element.

This guarantees the existence of a column of A(i), 1linearly
independent of the (m - 1) column left in Uy when we retire its
k-th column. .

To describe the updating process, we have to distinguish the
following two situations.

i) The leaving column stays in U; » and the entering
associated with Uj' with +4 > 1.

column is

Let k be the position of the leaving column relative to
U;» which we suppose of dimension m. We bring the columns (k + 1,

E+ 2,60, oOF U back to positions (k, k+-1,...,m 1)
spectively, and column k.

re-

is put in place of the m-th column of

Ui‘ This permutations transform the lower-triangular Ui in a

Hessenberg matrix Hi‘ The Hi matrix is pivoted , in order to



eliminate the sub-diagonal, choosing the element with largest ab-
solute value between the diagonal and sub-diagonal in each column
as pivot (Bartels-Golub, 1969).

These operations increase the number of elementary L
-] i
define IL .

that

Clearly, these operations involve only the rows of IB, cor-
responding to Ui' The A(i) columns, which at the end of these

eliminations have a zero in the m-th rcw of U, , are linearly de-
pendent of the first (m-1) columns of uy -

We choose the first A(i) column which has a non-zero element
on this row. The considerations made at the beginning of this sec-
tion guarantee the viability of this choice.

We permute the chosen column of A(i) with the leaving ccl-
umn (which is now the last column of Ui)’ With this permutation,
some elements are created under U's diagonal, and the next step
is their elimination. Observe that the fact that the column intro-
duced in Ui' was the first one with non-zero element in the last
Ui's row , guarantees that this last elimination produces no fill-
in on U's columns between the two permuted columns.
Also alterations in U will enly oecur*en-the A(i)} col=

umns with non-zero element on the pivoting-row.

After this process the leaving column stays in a U, with
2 > i . We repeat this procedure until the leaving column reaches
the position of the last Uj's column. At this moment we arrive

to situation:

ii) The leaving column is in Uy and the entering column is as-
sociated with Uj' j < 1. We proceed just as in situation 1i.

The difference is , that, in this case, it may happen that the
whole £4{1) row, in which we look for a non-zero element, is null
if this is the case, the leaving column is deffinitely retired from
U and replaced by the updated entering column.

Once again , this change of columns, creates elements below



[#7]

U's diagonal, but the fact that the whole 2A(il's pivoting row
is null, guarantees that no fill-in is produced in UV when those
elements are eliminated. If A(i) has a non-zero element on the

pivoting row we proceed as in i), repeating the process until for

()

some 1 > i, A(2)'s pivoting row is null or t = 2T. Then we may
effectivize the change of columns. It is clear that the whole pro-
ceéss preserves the staircase structure with exception of the
"remaining columns" cf the factorization, and some new A(i) type
columns that way be introduced during the updating process. Also
some of these A(i) columns may be deleted during this process.

5. APPLICATIONS TO A GENERATION SCHEDULING PRORLEM

The algorithm presented has been applied to the weeXly gen-
eration scheduling problem of the Sio Francisco River hvdrcelectric
power system, in Northeastern Brazil. This systenx, represeanted in
fig 5, comprises two reservoir plants, Scobradinho and Moxotd, and
tWo run-of-river plants, Paulo Afonso (2.a.) I-IIX and P.AL IV,

conected to the reservoir of Moxotd by an artificial canal

o Tt

Sobradinho 3
)u
4 1
x> %
™ Moxotd
)¢z
PA IV PA I-IIX
fig. 4
Plants dynamics and hydroelectric couwpling are summarized

in the following water conservation equations:

. = s t t t
Al kl + H = ul - vi - Q)
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vclmme of water stored at Sobradinho (plant 1) and Moxotd
(plant 2), respectively, at the end of period t;

volume of independent water inflcw forecasted to plant j
at interval t (adjusted to include losses);

volume of water discharged from Sobradinho during interval
t;

volume of water discharged from Moxoto and P.A. I-III ;
volume of water discharged from P.A. IV ;
spill of Sobradinho during interval ¢t;
spill of Moxotd and P.A.-I-III ;

spill of P.A.-IV ;

time lag for water displacement from Sobradinho to Moxotd ;

final stage

Contents of reservoirs have upper and lower bounds,

t - j =1,2
. < T < . 3

J 1,2...T

There are also local constraints on discharges and spills,

/
u, < t
— — ]

: u, (4)

]

o
IA

0 <v (5)

et
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j=1,2,3

t=0,l’ﬂ.ll T-l

Energy balance is expressed by the following equations,

(6)

ht + nt + at = at £ %D, 0ee T2

1 2

T tit it (7)
y = on Gl

t tv t y IR o £t 8
hy = g, (x5,uz) + g3 (uy,vy) + g4(x2,u3) (8)

where.

= load shedding (or thermal generation)

A

dt : energy demand

g5 ¢ non-linear functions
The weekly generation scheduling problem for this system

searches feasible controls (u§,v§) that enable meeting load re-

ements with the least utilization of energy reserves.
nd from operational data that linear approx-

imations of functions gj are accurate enough for the purpose of
Thus, equations (7) and (8) may be expressed as

quir

It has been fou

this problem.

TR En i o

hl = Al - Uy + El Xy + Cl (9)
e i .- e

h2 = A2 u, + A3 usg + E2 x2 + C2 (10)

where A.,E. and Cj are constants.

A planning horizon of two weeks is considered, divided in
42 discrete intervals of 8 hours each. The time 1lag for water
displacement is 3 days, which implies that T = 9 in equation (2).
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The problem can be solved in two steps. The first step, which
can be interpretated as a Phase I of the simplex procedure, scarches

to meet energy demand avoiding load shedding (or thermal genera-

tion). If this goal is accomplished, a second step searches a solution

that maximizes water reserves at Sobradinho (the reserves at Moxotd
are negligible).

The first step can be formally stated as

St (l)-(s)r(g)r(lO)

At > 0

%2, %S 1

yg'.,y; | t=0,....41

L Known
t-9 t-9 il
ul + Vl t o 0,.-..8

ar A

J

For the second step the objective function changes into

and A%t = 0,....41) are dropped from the energy balance equa-

tions.

i
6.NUMERICAL EXPERIENCES /

The first experience considers the following values for the
constants in equations (9) and (10),
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Al = 7,8
E, = 0,0073
i = -354,7
A, = 34,3 S B ’
E, = 0,1871
Ay = 37,0

These constants are expressed in standard unities as, for cxanple,

106m3 volume and average MW for energy.

It can be easily verified (Friedlander, 1986) that the sub-
matrices corresponding to a given period are very ill-conditioned,
with these constants as coefficients. As the compromise to preserve
structure restricts permutations within these submatrices ,» this
ill-conditioning may affect the stability.

Indeed, this case study led to an unstable process, detected
by the appearance of basic solutions that violated bound constraints.

To overcome the unfeasibility we retrieved a previous fea-
sible basic solution and, starting from this point, performed some
iterations where the preservation of structure was relaxed. With
this strategy the process converged to an optimal solution , con-
firming the hypothesis that the ill-conditioned submatrices caused
the unstability.

Another experience considers a linear approximation for the
generation functions gj where dependence on storage is only im-
plicity considered, in the estimations of A.. The i
- ’ i 'values obtained

= 8,26
E1=E2=0

A2 = 32,98
C1=C2=0

Ay = 34,39

In this case

the algorithm conver
ged withou 13
problems. An optima t any stability

1 solution for the first step was obtained with
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1¢5 iterations . Each iteration required an average of 1 second

c: C.F.U. Reserves of energy were maximized in the second step

with 2% iterations that required an average of 0,3 seconds of C.P.U.

. The program was coded in Fortran 77 and ran on a VAX/785,
with VMS operating system.

6. CONCLUSION

This paper presented a new method to solve large linear dy-
nznic problems which seeks a compromise between preservation  of
évnamical structure and numerical stability.

The algorithm was applied to a generation scheduling prcblem

which illustrates aspects of its behaviour in a real dynamic prcb-
len.
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