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1. INTRODUCTION

It is classical the result of Ch. de 1,3 Vallée PO.
u [}
that every real continuous function in [-1,]] e Ssin [13)

, st
mation in the set of all functions of the form E(x) approy; -

Q(x) Where p .
Q are polynomials of degree less than or equal to. p ana
N re<

fvely and O(x) >'0" for every x € [-1.1].
spectively Q Y +11. Walsh [14] Proved thg

type of best rational approximation for continuous functiong §
-

perfect subset of the complex plane. Cheney and Loeb [3] considereq
the problem of best approximation by rational trigonometric func
tions. Newman and Shapiro [10], Rice [11] and Bohem [2]'00nsiderea
the existence of best approximation by quotients of finite linear
combinations of real continuous functions in topological spaces X.
Other aspects of the theory of best approximation by such rational
functions have been studied by many authors.

When U is a non void open bounded subset of a complex Banach
space E and F is another complex Banach space it mékes sense
to consider polynomials from U into F defined through continuous
multilinear mappings from E into F. In this article we study
the existence of best approximation of bounded mappings from U into
F by certain quotients of polynomials from U into F by poly-
nomials from U into € (i.e.: rational mapoings from U into F).
The proof of our results depends on the compactness of certain sub
sets of holomorphic (i.e., Gateaux-differentiable and continuous)
mappings from U into F and they also provide proofs of results
on best approximation of bounded mappings from U into F by holo
morphic and polynomials mappings from U into F.

map-
We denote by 7 (U;F) the vector space of all pounded map

Pings from U into P with the norm

"f"oo = sup{ll€£(x)ll; x € U} £ € 2 (U;F).

nded holomorphic
we prove 17

ey e

The vector subspace of 2%
mappings from y into ¢
paragraph 3 that, when p

(U;F) formed by all bou
Q0

is denoted by ¥ (U;F).

is a dual space, every



a best approximation in ¥ (u;F) and, as a corollary to this re-

sult, that f has a best approximation in the set of all contin-

uous polynomials from E into F with degree less than o

r equal
to n. '

A mapping f € X*(U;F) is called a rational mapping of type
(m,n) if there are continuous polynomials P from E into F and
Q from E into € of degrees less than or equal to m and n
respectively such that f£(x)Q(x) = P(x) for every x in U and
Q is not identically zero in U. We denote the set of all such

mappings by ﬂc(”m n) (U;F). In paragraph 4 we prove the existence of
14

best approximations of f € R,m(U;F) by elements of ﬁ?m 5y (U;F)
14 .

when dim(E) < +» and F is a dual space. We also prove that when

dim(E) = +® and F is € there exist best approximations of
£ € Y’é(U;C) by elements of G(g,n)(U;C) and B((Dl,l) (U;€) . The prob
‘lem is open for the other values of m a_nd n, but we conjecture
that at least for the cases m =1, n€IN, F = C, we should have
results of existence on best approximation by rational functions
of this type.

We denote by Fb (E;F) the vector space of all mappings from
E into F which are bounded over the bounded subsets of E. The
locally convex topology T in Fb(E;F) of the uniform convergence

over the bounded subsets of E 1is metrizable but non-normable in

general. In o'aragraph 5 we prove results of best approximation of

f € F. (E;F) by polynomial mappings from E into F with respect
|5 e

to a metric defining T, .

It is well known that the vector space of all compact linear
mappings from E into F may be antiproximinal in the Banach
space of all continuous linear mappings from E into F (see Holmes
and Kripke [7]). However Deutsch, Mach and Saatkamp proved in [4]
that, when F is a dual space, the set of continuous linear map-
pings from E dinto F of finite rank N (i.e., mappings whose
images are contained in vector subspaces of dimsnsion N) is prox-
iminal in the Banach space of all bounded linear mappings from E



into F. In paragraph 6, with the help of a result commmicated to
us by J. Mujica and a result of K. Floret [5], we show how theo-
rems of this type are easily proved for holomorphic, rational and
polynomials mappings of finite rank N.

The lemma (and its corollary) proved in paragraph 2 is fun-
damental for the proofs of our results. It generalizes a result
of Garkavi [6] and it is stated in greater generality than it is
necessary for our applications but, since it is interesting in it
self, we felt we should state and prove it in this way.

2. THE FUNDAMENTAL LEMMA

If X 1is a separated topological vector space over K (C or R)
with topology T we consider the set S(X) of all function ¢ fram
X into IR such that (1Y w(x) > 0 for every =X, (Hi) v is
continuous in X, (i1i) for every bounded subset B of X we
have llell, < diam ¢ , where ll¢ll; = sup {¢(t); t € B} and diamy =

= sup{y(x) ; x €X} = suplv(y-x); vy, x € X}.
2.1. EXAMPLES

(a) If p € (0,1] and g is a non-zero continuous p-seminorm in
(X;1) then g € S(X) with diamg = +o,

(b) If p € (0,1] and the topology 1t of X is defined by
a sequence (qn):____l o‘f p-seminorms in X, then we may consider

e q,, (x)
p(x) = % 27 N v VREX
i n=l 1 + q, (x)
d(x,y) = ¢(y - x) , ¥,y € X,

Then d 1is a metric defining the topology t of X. It is clear
that ¢ is continuous in X and that diam¢ = 1. .In order to show



that ¢ € S(X) it is enouagh to prove that for n = 1,2,... and
for every non-empty bounded subset B of (X,T)

qnbd

sup { ————— ; X E€B } <1 .
1 +qn(x)

which implies llleB < 1 =diamy . If (1) were not true there would
be a positive integer n such that for every k =1, 2, ... we

could find Xy € B satisfying

qn(xk)
1+ qn(xk)

This would give qn(xk) > k=)l forevery k=1,2,... - But this

is impossible since q, has to be bounded over B.

(c) If g is a non-zero continuous quasi-seminorm in (X,T)

then q € S(X) with diamg = +»

2.2. DEFINITION - If (X,T1) is a separated topological vector space
over IK and ¢ € S(X) , a non-empty subset Y of X is said to
have the Chebyshev center property in X nelfative to ¢ if for
every non-empty bounded subset B of X there is f €Y such that

sup ¢(f - x) = inf sup ¢(g - x). (2)
x€B . g€Y x €B

In this case f is called a Chebyshev centex 0§ B nelative o
Y and ¢ , and the right-hand side of (2) is called the #adius of
Chebyshev of B nelative to Y and ¢ . If B = {x} we get (2)
writen in the form : :

¢o(f =x) = inf v¢(g - x) ' (3)
g€y

and we say that f 1is a besi approximation of x in Y nelative



for all X € X we say that Y jg mo"iminaz
Wwhen there is no doubt about the which
drop out the reference to ¢ (e.qg.: vy has

to ¢ . If this hapoens

in X nelative Lo ¥ -

is being considered we
the relative Chebyshev center property in X, £ is a Cheir

center of X relative to Y, ete) .

When. Y is proximinal in X relative to ¢ and ¢‘l({0}) B
= {0}, then it is quite simple to prove that Y 1is a closeq sub-
'get of X for the topology T.

2.3. LEMMA - Let (X,T) be a separated topological vector space over
IX and let v be an element of S(X). If Ar = {t € IR; |t] < r}
we consider a separated tovology ¢ 1in X compatible with the
vector space structure such that ¢-1(Ar) is o-closed for every
r €0, diam ¢J. We denote

)

o (B) = {(x€X; xEb+y “(A) Vb EB]

If Y is a non-empty subset of X such that Yy N K_ (B) is o-count

ably compact for every r € [0, diam y) and every non- emoty bounded

subset ‘B of (X,7), then Y has the Chebyshev center property in
X relative to v.

'..

PROOF - For a non-empty bounded subset B of (X,T) we consider

= 1inf sup ¢(y-t) < diamy
YEY tEB

and we define

fp(x) = sup{y (x-t); t € B} for every x in X. For
P € R we have | '

_ {xEXH’(x-t)f_p} =t + ¢-1(Ap)
d-closed for eve |

X
and Y tE€B. Hence .fB is o-lower semj,continuouﬁ"in

cong
’ sdvently, for n = 1, 2»... and 6 = min{l, diam “"rB}



C ={y€Y;fB(y)irB+%} # ¢

n
is relatively o-closed in Y . We also have Cn+1 c Cn and
N - ‘ )
Y KrB+2 16,¢(B) C, for every n > 2. Since YnKrB+2‘16, w(B)is
o-countably compact, it follows that N Cn # ¢ . Hence we have
n=2
oo}

rp = sup{s (f-t); t € B} for each fE N C - This means that each

= n=2 i
element of ﬁzcn is a Chebyshev center of B relative to Y and

n=
Y.

Q.E.D.

2.4. COROLLARY - Let X be a vector space over IK and let g be
either a p-norm (p €(0,1]) or a quasi-norm in X. If o is a to-
pology in X compatible with the vector space structure such that

ﬁq 1(0) = {x € X; gq(x) < 1} is o-closed and Y is a non -empty
14

subset of X such that {y € Y;q(y) < r} is o-countably compact
for every r > 0, then Y has the Chebyshev center proverty in

X relative to q.

PROOF - First we note that q_l(Ar) = {x € X; q(x) < r} =§q r(0)
= 5 ’

is the closed ball of center 0 land radius r with respect to q.

It g 18 a p-norfn q—l(Ar) =P Eq,l(O) » and , if q is a quasi-

e q—l(Ar) = rB l(0). In any case q-l(Ar) is o-closed. If B
’

is a non-empty bounded subset of (X,q), then there is »p >0 such
that sup{g(t); t€B} <p. If r >0 and q is a p-norm we

have

Y NK (B) = N {y € ¥; q(y-b) < r}
rlq bEB et

C{y €Y;qly) <r+p}.

If g 1is a quasi-norm, we know that there is M > 0 such that



q(z+t) < Mqg(z) +Mqg(t) for all z and t in X. Hence
¥ N Kr,q(B) C {y €Y;qly) < M(r+p)}.

In any case we get Y N Kr

q(B) o-countably compact. Now we apoly
Lemma 2.3 with ¢ =q.

14

Q.E.D.

3. BEST APPROXIMATION BY HOLOMORPHIC OPERATORS

In this paragraph we consider E a complex Banach space, U
a non-void bounded open subset of E and F = G* a dual Banach
space. We denote by lm(U;F) the vector space of all bounded map-
pings from U into F normed by

HEN_ = supllf(x)ll ; x€ U} VE € £ (U;F) ..

The Banach subspace of lw(U;F) formed by all bounded holomorphic
(i.e., Gateaux-differentiable and continuous) mappings from U into
F will be denoted by ¥ (U;F). The locally convex topology in
Qa_’(U;F) generated by the seminorms

.PK,y(f) = sup{|£(x) (y)|: x € K}

for ‘f € 2°(u;F), K a compact subset of U and y € G,is denoted
by T6 . The compact-open topology in 27 (U;F) is indicated by T

and it is clear that Ty = TB when F 1is a finite dimensional

Banach space.
3.1. THEOREM - (1) If UV is a vector subspace of £ (U;F) con-
taining ¥”(u;F), then ¥”(U;F) has the relative Chebyshev center

property (hence, it is proximinal) in V.

(2) If W is a t*-closed subset of " (u;F) and

0
y relative
vector subspace of ¢ (U;F) containing W, then () has the re

v is a



Chebyshev center promerty in V.
PROOF - (1) is a consequence of Corollary 2.4 if we prove that
B, = {f € X (u;F); NER, < 1)

is T1*-compact for eve r > 0. By the generalized Montel's The-
0 ry & Y

orem (see Barroso, Matos and Nachbin [1]) B8_ is tj-relatively
compact in ¥ (U;(F,0(F;G))). Here ¥(U;(F,o(F;G))) denotes the
vector space of all holomorphic (i.e.: Gateaux-differentiable and
continuous) mappings from U into (F,0(F;G)) and o(F;G) denotes

the weak topology in F defined by G. If f is in the Ta-closure
of B_ in H(U;(F;0(F,G))) there is a net (fq), ey in B, which
is Ta—convergent to f. It follows that (lfa(x)(z)lnleI converges

to |f(x)(z)| for every x €U and z € G . Hence

l£0_ = sup [£0e)(z) ] < x
z €G,llzll< 1
x€U

and f € 27(U;F). Since K”(U;F) is 16-closed in 27(u;F) it fol

lows that £ € Br. Hence Br is ra—compact .

(2) is a consequence of Corollary 2.4 since
wn B, = {£€W;Iell,< r)

is Ts-compact.

Q.E.D.

Part (2) of this theorem gives results of best approximation
by polynomial operators. In order to give the precise results of
this type we fix the notations we are going to use. If n =1,2,...
we consider the complex vector space L(nE;F) of‘all continuous
n-linear mappings from E" into F. We denote by P("E;F) the
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vector space formed by all mappings P from E into p Such that
there is A € L("E;F) satisfying P(x) = AlX,...,x) = aeD
X €EE. For n =0 the vector space P("E;F) is formeq by e
constant mappings from E 1into F. The elements of p(nE:F),n=
=0,1,..., are called n-homogeneous continuous Polynomiag,

. §rom
E Jinto F. If we set

IP Il = sup{llp(x)ll; Ixll < 1} YP € P("g;F)

then P(I?E;F) is a Banach space and it is not difficult to show
that |l.lIl_ is an equivalent norm in this space. Hence we may con
sider P ("E;F) as a Banach subspace of lm(U;F) through the re-
striction mapping to U. A mapping P: E > F is called a continuous
polynomial of degree fLess than on equal to m € Iy {0,1,...} if
P=Py+P +...+ P for some P; € p Te;F) , 5 0,1,...,m. The

vector Space of all such mappings will be denoted by' Pm(E;F)- For
all n,m € N the Subspaces P("E;F) and P (E;F) are Th-closed

in ?Km(U;F) - Hence, from Theorem 3.1, part (2), it follows that the
following results are true for all n,m€ IN,.

3.2, COROLLARY - (1) The vector space Pm(E;F) of all continuwus
Polynomials from g into F of degree less than or equal to m

ha_s the relative Chebyshev center property (hence, it is proximinal)
in. 2%(u;p).

(2) The vector space  P("E;F) of a1 continuous n-hamogeneous poly-
nomials from g into ¥ has the Yelative Chebyshev center prop-
erty (hence, it is Proximinal) in !L°°(U;F).

The Specia

: i : b
1 case of part (2) in Corollary 3.2 was proved by
Roversi ip (127, ;

. 4 - Y | ’
. =2 AP'I’ROXIMI’-TIor\r BY RATIONAT MAPPINGS

I a
N thisg Paragraph E is a complex Banach space » U -
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non-empty bounded open subset of E and F is a complex dual
Banach space.

We denote by ﬂ?% n)(U;F) the set of all £ € X (U;F) such

’
that there are polynomials P € l’m(E;F), Q € F’n(E;C) satisfying
Q(x)f(x) = P(x) for every x € U with @ not identically zero

in U. The elements of GZE‘n#U;F) are called bounded national
mappings of type (m,n) 4rom U 4Linto F. We note that:

(i) The elements of Gizno)(U;F) are the restrictions to
’

U of the polynomials of degree less than or equal to m.
(0
that Q(x)f(x) = c¢ for every x € U and Q is not identically
zero in U. If f is not the constant mapping 0 we have Q.f
not identically zero in an open dense subset of U. Hence c # 0
and it follows that f£f(x) # 0 and Q(x) # 0 for every x € U.

(14)-9Ff £ € & n)(U;F) there are c€F, Q€ P_(E;C) such

Therefore f£(x) 1) for every x U.

(iii) The elements of 6271 l)ﬂhF) are called bounded linear
’

fractional mappings from U into F.

Next lemma is fundamental in the proof of the results we get
on best approximation by rational mappings.

4.1. LEMMA - Let B_ be the subset of ac?m . (U;F) formed by those
14
mappings f such that I £I_<r . If (fj)§=l is a sequence of

elements of B, then there are f € 1% (u;F), x, € U, a subnet

(fja)aEI of (fj)°;=l such that (fja)aEI converges to f in

the sense of the topology 1'6 and, for every finite-dimensional
vector subspace S of E with xOG §, we have f|UNS as an
00
n .
element of & (m,n)(U S;F).

PROOF - For every j = 1,2,... there are Pj € Pm(E;F) : QjE pn(E;c)
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= p.(x) for evexry % EU and Q. is not
J 3
U. With no loss of generality we may take

j=1,2,... - Hence IIlelw <r for every

such that- Qj (x) fj (%)

jidentically zero in

ol =1 . for every
: By the generalized version of Montel's Theorem we

j = 1,2,-00 .

can get f € *”(u;F), P € P_(EiF), Q € P _(E;F) and a subnet

(£4)ger ©OF (fj)°;=l such that (£ Jgex * (P5 Vge 1 i

(Qj' s converge respectively to £, and Q in the sense of
Jo

the topology 715 . It is clear that £(x)Q(x) = P(x) for every
x €U. If £ is identically zero in U the lemma is already proved.
If f is not identically zero we consider the sets Aj ={x € U;
Qj(x)_#o},j=l,2,... and A = {x €EU; £(x) # 0} . These sets are

2]
open dense subsets of U. Hence, by Baire's Theorem, - B = Aﬂ('ﬂlAj).
j:

is dense in U and there is Xq € U such that f(xo) #0 and
Qj(xo) #0 for every j =1,2,... . If S 1is a finite dimensional

vector subspace of E with x5 € S, then uns is relatively

compact in S and we have o5l yag = sup {n Qj (x)Il; x € uNs} =
= sup{lle (x)Il; x €uUNs} = "Qj"ﬁh_s . Since (Qja)ae p converges
to Q for T in E we have ("Qja"m)aeI converging to

'"Q"U_ﬂs':o.__By dividing Q and Pj- by llojligeg  we may consider
IQjligas = 1 for every j =1,2,... . It follows that lollgag =1

and Q is not identically zero in UNS . Hence £|uNs is an ele
ment of G‘:’m oy (UNSF) | <
) : - ’

Q.E.D.

We r :
nOtvidenti(e:mallzk that the above proof does not provide us with Q
divided the: by z;ro iE A nee wefuodicicd the i0yls iR
' Y QJ'"'S"ﬁ'ﬁ - Now we can prove the following results

4.2. THEOREM - When dim(E) < »

(L) £ p | ©
is a vect n
s ectoxr subspace of L (U;F) containing
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)(U;F) , then (U;F) has the relative Chebyshev center

(,)

property (hence, it is proximinal) in v.

(m,n

(1i) If W is a non-empty Ta-closed subset of “?m n)(U;F)

and V is a vector subspace of lm(U;F) containing W, then W has
the relative Chebyshev center property in V.

4.3. THEOREM - (i) If V is a vector subspace of 2% (u; ) con-

taining /> (0,n

(respectively, RTl,l) (U;€)) has the relative Chebyshev center prop-

)(U;C) (respectively, (l 1)(U c)), then, ﬁ;:)'n)(U;C) :

erty in V,

(ii) If W is a ty-closed non-empty subset of either RTO’n)(U;C)

or )(U €) and UV 1is a vector-subspace of 27 (U;€) contain-

(1 1
ing W, then W has the relative Chebyshev center property 3 Vs

PROOF OF THEOREM 4.2 - (i) follows from Corollaf.’y 2.4 since, when

E has finite dimension, Lemma 4.1 implies that B ={f€ ﬁ( )(U;F);
I

I£ll, < r} is t}-countably compact. Part (i) follows from the
fact that B _N U= {f €w;l£ll, <r} is t}-countably compact.
PROOF OF THEOREM 4.3 - (i) will be proved as a consequence of Cor

ollary 2.4 if we show that B_= {f € ﬂ(m n)(U'Ch“f"mf_ r} is

Io—countably compact when (a) m=0 and (b) m=n = 1.
Case (a): Let (fj)o;;:l be a sequence in Br’ By Lemma 4.1 we
'know that there are f € " (u;c) Xq € U, a subnet (fy,) ey of
(fj)j=l such that (fja)uel converges to f in the sense of

the topology T, and, for every finite-dimensional vector subspace

§ of E with x_ € s, we have £luns € ﬁ( ny(UNS;€) . Since
Ifl, < r 4it is enough to show that f € (t(o’n) (so) s 1€ E£= 0

this is trivial. We suppose f # 0 . For each above mentioned S we
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can find cg € Py(Si@) = € and o° € P_(S;€) such that f(x) =

C

= = for every x € UNS and Qs(x) # 0 for every x € UNs .
S
Q" (x)
(See remark about 'RTO ) (U;F) made in the begining of this para-
: ’

graph) . By examining the proof of Lemma 4.1 it is clear we may con
sider f(xo) # 0. Hence Cg # 0 for every S and we may consider

¢. = 1 for every S. We consider the Taylor series developments

S
of Qg and £ around Xq and we write
L
S = 3 o8
o
e ]
=Y f
Jre

where fj e PE;0) for JEMN , Q? € 7(Is;0) for' j = 0,1,...,n,

and the equality holds true in a neighborhood of x_ in uns.

Since f.QS =1 in UNS the unicity of the Taylor series devel
opment implies that in S we have:

gl
£,95 = 1

S s _
£190 * £pQ1 = 0

o

S s =g
£, * Fno10p *--et £0Q) =

S S S _
kaO i fk—]_Ql e b fk—nQn = U for k > n¥l.

Hence, since f, = f(x,) # 0, we have fgﬂ' # 0 and the first n+l
above equations have a unique solution Qg,.. .,Qrsl defined in S
by expressions in terms of l,fo,. VS (by the so-called Cramer's
rule) . If we define Qpre++4Q, in E by the same expressions (it
makes sense to do it because fl"""fn are def:fned in E and

l,fo are non-zero constants) we get Q = Qg hine @ € pn(E;C)
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satisfying Q not identically zero in U and Q.f = 1 {n U (sinoce

ol|s.f = Qs,f =1 in UNS forevery S). Thus £ is in ﬂ'("o )(U-tx:)
o i

case (b): Let (fj);=l be a sequence in B_. By Lemma 4.1 we know

that there are £ € H™(U;€), x, €U, a subnet (f3g) ey of (£3)y,

such that (fj4), ey converges to f in the sense of the topology 7,

and, for every finite dimensional vector subspace S of E with on S,
we have £|SNU in a";’l 1) (U;c). Since lIfll < r it is enough to show
, o

that £ € a?l,l) (U;C). This is trivial if f is identically zero

in U. We suppose that this is not the case. For every S we consider
PS,QS € Pl(S;(I:) such that f(x).QS(x) = Ps(x) for each x € SNU

and Qs not identically zero in UNS. Now we consider the Taylor
series developments of PS,OS and f in a neighborhood of X, in sNU:

S s S s _ .8 S i
o+ Py, Q =05+0y, f-ff

rere 25,05 €, Bferlsim, g, ePPR0), 3 €W . By the

unicity of the Taylor series development the equalitj( PS= Qs.f in
a neighborhood of X5 in UNS implies the following equalities in S:

s _ .S
£02 = Fo

s 5 s
£,05 + £0] = P}

S S = _
ijo + fj-lol 0 for j > 2
As we saw in the proof of Lemma 4.1 we can always consider f(x,) =
= £, # 0. We have two possibilities to consider:

(1) For every finite dimensional vector subspace S of E sudx'that

X, € S there is another such vector subspace S' 2 S satisfying Pg = 0.

(2) There is a finite dimensional vector subspace So of E

such that Xq € SO and for every othexr such subspace s of s

S 2 8, we have pﬁ;‘o.
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sl

: P :
In case (1), if P0 =0 it follows that QO =0 since fO £0.

S| L Sl gS' = S e g’ .
Then fOQl = Pl and fj-lQl 0 ¥or 3 ince Q° #0 and QO -
= 0, we must have Qi'# 0 in an open dense subset of UNS', Thus

fj—l is identically zero in this set and fj_lls' =0 . for 55 5

Therefore f is constant in S'NU. But under our hypothesis of case (1) it
follows that f is constant in U and hence f € R(O,O) (U;c) C “(1,1) (U;T) .

In case (2) with no loss of generality we may suppose that
Pg=l for every finite dimensional vector subspace S of E containing

S - 5 a :
S,. It follows that Q0=—andQ=—-—inS.Ifwereplace
0 1 e 2
0 0 fQ
these values in the equations f:'jQ(sJ + fj-loi =0 for j>2 weget in §
o o A T 0 B WL
fo 1 fg fo

If for some 1 > 2, fj-—l #0 1in E we have fj_l(x) # 0 for every

X 1in an open dense subset V of E. Hence

S
P (x) = -

for every x € SNV. For all those S such that SNV # ¢ the right-
hand side of the above equation defines a continuous function in an
open dense subset VNS of UNS and (by the left-hand side) it has a
continuous linear extension to S equals to Pi . Since the right-
hand side is independent of the S we consider, by defining

P = o
l(X) fo i (x)

g fogl

for x € V ye getia continuous function in V which has a linear
extension P, € P(TE;C). we may take

P £
1 1 1

Q = —— - —=_ €

L P("E;€)
f0 f2

0
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1
+ PO where QO = f_o
and Py=1 in U with Q5+ Q) # 0. Hence f € 6{(1,1#U7C)'

S
and we get QIIS = Q] - Hence f.(Q +Q)) = P,

I1f for any Jj > 2 we have fj-l =0 4n B then £ 18

constant in U and it belongs to a(OJD(U;C) C R Oql)(U;C)’

Q-EoDo

The question of density of rational functions in the set of
holomorphic functions over compact subsets of Banach spaces was
examined by Matos in [8]

5. BEST NON-NORMABLE METRIC APPROXIMATION BY POLYNOMIAL OPERATORS

In this paragraph E,F and G are complex Banach spaces
and F = G*., We denote Fb(E;F) the complex vector space of all
mappings from E into F which are bounded over the bounded sub
sets of E. The set of all bounded subsets of E is indicated by
b(E). If B € b(E) and f£f € Fp(E;F) we set

HfHB = sup I {£(t)Il ; £ € B}

The locally convex topology Tb in Fb(EEF) generated by the
family of seminorms (“'"B)Beb(E) is metrizable. A corresoonding

netric defining this topology is given by

L ME-alg
|€ - gl = 2 =
n=1 2 1+ If- gIIB
n
where (Bn)n=1 is an increasing sequence of elements of b(E) such
that B = U B, and every B € b(E) is contained in some B
n=1 _ : e

(e.g., B ={x€E; Ixll <n}, n-= 1,2,...). It is obvious that
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this metric depends on the sequence (Bn)n=l we take, but it jg
quite simple to see that all the results we are going to prove
will be true for any one of these metrics. In order to simplify
our writing we choose B = ixe By flnh < )y n=1,2,... . 2n
it was shown in Example 2.1(b) (with p=1) the function o (£) =

=if¢| =1f-0 for fE€ Fy (E;F) is an element of S((Fb(E;F),Tb))
‘with diam|-|=1 . We denote by 16 the locally convex topology in
Fb(E;F) generated by the seminorms PK,z' where K is a compact

subset of E and z € G (see §3 where we first considered pK,z)'

Hence 1§ C t,. It is clear that the topology w* in F (E;F) gen-

erated by the seminorms Pix}.,z With x € E and z € G is such that
14

w* C 1%
0

5.1. LEMMA. For r € [0,1) the set

0. = (e S EE)a £ < v

is w*-closed, hence Ta—closed in Fb(E;F).

PROOF. First we suppose that there is f in the w*-closure of Dr
not belonging to Dr' Hence |f]| > r and there is a net

. (fa)aEA
in Dr' converging to f for the w* topology. We consider

p=2"1(J€] -r) >0 and k€ N  such that

k- IIfIIB
P 9 L >r +p (4)
n=1 »l-FﬂfHB
If ne€ {1,...,k) andv Sn > 0 , since
llfIIBn = sup{|f(x)(t)|; x € B +te€G, Ith < 1}

and
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is continuous and increasing, there are xne Bn’ tnEEG, thﬂ_il

such that

Il £1I
B |£(x_) (£ )]
2-n n ‘ _ 2—n n n < 6n g (5)
1+ Nl 1+ |f(xn)(tn)|
n
Since iég [ G it ) | If(xn)(tn)|, for a given p_ > 0 there
is o € A such that o € A, o > an implies
e i) £ (x ) (t)
5~ n’ ' ™n | 2 | @ _n _n | <P, - (6)
1+ lf(xn)(tn)l 1+ Ifa(xn)(tn)l

Hence, for o > a iE follows from (5) and (6) that

n

.

‘ Il £
- e e )] E B
2 n ol n n > 2 n n s (pn g Gn) : (7)
1+ ]fa(xn)(tn)l 1+ MfHBn

Now if we consider Gn and pn such that

(Gn + pn) < p

N~ =

n=1

and o € A such that qo,i a, for n = l;...,k,A it follows
from (7) and (4) that '
,-n Ifa(xn)(tn)l‘
1 1+ [£,(x ) ()]

o X

n

for every a > ay - Thus
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. £l 5
g 2y -2 " L
N n=1 1+ £l
a B
n
g k ,-n lfa(xn)(tn)l o
n=1 1+ |fa(xn) (t ) |

for all o > a,- But this is impossible since f € Ur for every
@ € A. Hence we must have f € Dr .
Q0:E:D.

5.2. THEOREM. (a) If U is a vector subspace of Fb(E;F) contain-
ing Pm(E:F), then Pm(E;F) has the Chebyshev center property (hence,
it is proximinal) in U relative to |-]|.

(b) if W is a Th—Closed subset of Pm(E;F) and U 1is a vector
subspace of Fb(E;F) containing W, then W has the Chebyshev
center property (hence, it is proximinal) in U relative to |-].

PROOF. (a) will follow from Lemma 2.3 and Lemma 5.1 if we show
‘that for each Tb-bounded subset B of Fb(E;F) and each r€[0,1),
the set

Kr(B) = 028 {p € Pm(E;F)7 PE€Q+ Dr}

is Ta-compéct. Let k >0 be such that I%%F > r. If pezpm(E;F)
and Q € B are such that [P - QHB >k for all j =1,2,...
then ‘ Jj :

L.
- J

Il ™~ 8

3

and P € Q + Dr. Heﬂée, 1 P € Kr(B) and Q € B, there is
j € {1,2,...} such that
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e -ol, <1Wp - ol <k .

1 3
It follows that
IIPIIB <k + IIQII13 < k + sup IIQIIB =k +C< + o
+ 1 QEB 1
and
—— 5P HPHB <k+C< + .
PEKr(B) 1

Thus Kr(B) is contained in the closed ball of center 0 and ra-
dius k +C in Pm(E;F) with respect to the norm 'II-IIB . We de-
1
note this ball by D. We know that for every P € Pm(E;F)

P, (p; P(IE;F),3=0,...,m)

where

i P (Ax)
_ L kA 01 0 K
Py(x) = 501 J|x|=1 o+ 4

for every x € B, (see Nachbin[9]). It follows. that

1

HPj" <lplly <k +C
for all P € P and 5 =0,...,m. Hence
: m

sup P (x)Il < (k+C)

Ixl? < +
PED j=0 p

and D (x) = {P(x); PEDr is o(F,G);felatively compact for every
X€E. If K is a compact subset of E and 2z € G we have
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n j
5 sup G- = & & .

(p) < (k + Olzl s

sup P ==0
pep K e

)

-bounded; By the generalized Montel's Theorem 0 is
(F,o (F,G))). In order to prove that

show that 0 is 16 - closed in
16—convergent to

Hence D is Ta
ra—relatively compact in ¥ (E;
p is t*-compact it 1is enough

3 t in D
£ € ¥(E; (F,0(F,0). Let (Pa)aEI be a ne

iim P (x) (z) = £(x) (2) for every

0ET
z € G. This implies that £ is of the form

£ € X(E; (F,0(F,G))). We have

X é E and

m
f(x) = I OQ.(x) ¥Vx € E

j=0
with Q (x) = Aj(x,...,x) = ijJ , Yx € E, where A_. is a j-lin-

into F. Hence f is a polynomial (not nec-
Since

ear mapplng from EJ
essarely continuous) of degree lass than or equal to m.

[P (x)(z)| <k +C for x€B) , 2€ 6, lz2l =1, we
|[£(x)(z)| < k +C for x€ B, , z€ G, llzl = 1. This means that

get

sup llf(x)ll < k + C. But we know that a polynomial bounded over

X€B,
the un1t ball is contlnuous. Therefore £ € Pm(E;F) and f € D.

Since Kr(B) is contained in the Ta-compact subset D of P_(E;F)
m

it is enough to prove that K (B) is Ta—closed in P (E;F) in

order to show that K (B) is Ta—compact 1f P €& P (E F) is the

T* -limit of a ‘net (P ) of K (B) , we have a - Q€ Dr for

every @ €I and Q G B Since U is tf-closed in F, (E;F) by

Lemma o:1l, 1t follows that P~ Q=1im P - Q€ D . Hence
aET o r

P € K (B) as it was our objective.

(b) follows from Lemma 2.3, Lemma 5.1 and from the fact that for
e -
very B Ty bounded in Fb(E,F) and every r € [0,1), the set
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N {PEW;PEQ+D.})=uwnEg (B)
0SB r r

is Tg-compact.

Q.E.D.

We note that for every n < m the vector subspace P("E;F)
is Ta—closed in Pm(E;F). Hence part (b) of Theorem 5.2 implies

that P("E;F) is proximinal in Fb(E;F) with respect to |-|.
With the methods of this paper we cannot prove results of
best approximation by holomorphic or rational mappings relative

to
mappings, corresponding to K

.

The problem is that, in general, the set of holomorphic

,l(B) of Lemma 2.3, is not T1*-

., 0

compact.

6. BEST APPROXIMATION BY FINITE RANK OPERATORS

As we have considered before E,F and G are complex Banach
spaces with F = G* and U is a non-empty bounded open subset of
E. In 2,°°(U;F) and in Fb(E;F) we consider their subsets 9;(0;}?)

and Fb N(E;F) of all mappings whose images ‘are contained in vec
14

tor subspaces of F with finite dimension < N . Then we consider:
IC(U;F) = H7(U;F) 0 40 (UsF)
N N
PN(PE;F) = P(PE;F) N £ (UsF)

N L — L] . .
PY(ESF) = P_(E;F) N 4 (U;F)

00

.F) = & : N 2o (U;
S e B oy B L)

We recall the folowing results

6.1. THEOREM - PN(lE;F) = LN(E;F) is Ta-closed in P(]‘E;F)= L(E;F).
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result 15 due to K. Floret, see [5].
This

bset U of E there ar
6.2. THEOREM -~ For an open Suw © ith the £ e complex
H“’ and €U e I (U;Hu) w e OllOWing univEr ]

h space
Banach sp U v complex Banach space H and every £ €3 (u;n)

roperty: for every .

P L® ooy “:;H) such
m € P( HU’H) L (H,:H) uch that Tf°€U=f.

there is a unique
This result has been communicated to us by Jorge Mujica and it

will be published later 53
It is easy to prove the following Corollary to these tw The

orems:

- . pN(Pg. N g, ]~ . B e
6.3. COROLLARY: P"("E;F) , P(E:F) o By w(UiF) , 3 (U:F) are
t#-closed in P(T’E;F_) » P_(E;F) , ﬂa(om,n) (U;F) , T (U;F) respec-
tively.

With this Corollary and Theorems 3.1, 4.1, 4.2, 5.2 we get
immediately the following results

6.4. THEOREM - (i) PN(PE;F) and Pz(E;F) have the relative Chebyshev

center property in &% (U;F).

- =
(11) PV ("E;F) and PS‘(E;F) have the relative Chebyshev cen-
ter property in Fb(E;F) with respect to || .

(111)  m,n),n(UsF)  has the relative Chebyshev center Prop-

erty in z°°(u;r') when dim(E)< +o,

B in
) JCN(U'F ) has the relative Chebyshev center propexty

in lm(U;F),'

Part o o
pN(n (1) of thig theorem was proved by ‘Roversl llil‘(IE’F)
for :

EiF) , ne
! N, and p 4]
with direct Proofs 4 Deutsch, Mach, Saatkamp [
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