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1. IN‘I'RODUCIION
ill discuss the Scatt i
S argiCle we wl éring th .

In thi

associated with the Cauchy problem,

-e|t]
ia, 9 = (- A+ e | g(t)xy + a(x))y, | (1.1)

1
=y (x) € 12 (r?), X .= (%) € R xpg?

where. V¥(x,s)

t, s€ R, € >0, g(t), glx) are both real valued, g(t) jq

continuous and bounded and g(x) has the form,

q(x) = qp(x) + q,(x)
" = (1.2)
q, € LR, q, € L2(®)).

Here L:(R3) denotes the set of £ € L”(R°) that tend to zero

at infinity. Further assumptions on g and g will be introduced

as we proceed. Under these conditions, the operator defined by
XE = —e|t] O¢ ©, __3
(t) =-4A+ e ~-g(t)xl + g(x), DA™ (t))= co(m ) - (1.3)

is essentially self-adjoint, (see Sectién 3of [1] and references
therein). we denote its closure by Ae(t) and write Ag(t) in
case g = 0. as is well know, (1.1) describes the interation
of a quantum-mec¢hanical particle in the semiclassical approxi-

mati i .
o0 with a potencial q(x) and the electric field

o€l t]
[1] where

9(t) (1,0,0). The case € = 0 was studied in

existen
€€ and uniqueness of solutions for (l1.1) was proved as~

Suming that .
9; 15 also continuous. As pointed out by Kaiee

(Private
co ; :
mmunlcatlon) this assumption is not needed. It

Should p :
© Stressed however that the hypothesis in [1] already



cover the Coulomb potential. From now on we will assume that
g(t) is periodic with period 1 > 0 and

T
J g(t)dt = 0. (1.4)
(o]

In this case a satisfactory scattering theory was es-

tablished in [1] (see also [2] ) under the assumptions,

q(x) = (1 + |x|2)‘°(wl(x) + Wy (x)) | (1.5)
1l ©

p> 5, W & LT(®), W, e L(®)

) -

e © 1) ‘ , (1.6)

where the derivative in (1.6) is computed in the sense of dis-

tributions. More precisely, if U o(t,s) is the propagator as-

A
sociated to (1.1) (with € = Q) and ©(s) =1U o.(s + T,s) is
) A
the Flogquet operator of the system them
12(®3) = *__(8(s)) @ ¥_(O(s)) (1.7)
. .ac P *
o .0 _
R(Qi(A B (s)) = ?Cac(e(S)) (1.8)

where pr(U), Jfac(u) are, respectiveiy, the pure point and

absolutely continuous subspaces associated with the unitary

operator U, and the wave operators are defined by

Qt(Ao’Ag’(S)) =s-1lim U o(t,s)* u (t,s). (1.9)

t++> A AO



It can also be shown ([1]), that ﬂb(@(s)) and ¥ _(O©(s)) are
precisely the bdﬁnd state and scattering subspaces in the time
dependent sense (see Section 4). In particular the "free" dy-
namics in this formulation is determined by the hamiltonian
Ag(t). Although this is avery pleasing theory from the mathe-
matical point of view, physically one would expect to be able
to compare the dynamics generated by A(t) with the ~one de-
termined by H_ = - 4 (the laplacian in LZ(IRB)), for after
all the mean value of Ao(t) over a period is simply H=Ho +q
and there is a very well established scattering theory for the
- pair (H,Ho). That this can in fact be done by suitabiy modi-
fying the wavé operators, is shown in Section 4. This was one

of the main motivations for this work.

We were also’ interested in the so called adiébatié
switching of the field which ié often used-in physics (see
[3],[4]1,[5] and the referehces therein) . Roughly speaking,
this procedure consists in intioducing a "regularizing fac-

tor" depending continuously on some parameter € > 0 (in our

case e_eltl), developing the theory ’in this situation and
taking limits as e+0 in the hope of being able to handle
the (in principle) more dificult case € = 0. In connection
with this, one should note that Dollard ([6]) has studied adia-
batic switching in the usual theory'of scattering. More precisely
he introduces the hamiltonian H(t) = H, + e-elth and shows
that if q(x) is a short range potencial, the usual;wwecmﬁr&‘
tors with € > 0 ‘exist and are unitary and, in the limit,they

coincide with the wave operators for the pair (H,Ho). on the



other hand if g is the Coulomb 'potential the same result
holds in the cése €> 0 but the limit does not exist. Dollard
also shows how to modify the theory in order to obtain the
right wave operators as e + 0. Note that in both situations
there are no bound states if € > 0. In the electric field
case the situation is different. In Section 3 we show that if
€ >0 and H = Ho + g has a bound state then there are so-
lutions of (1.1) that behave as bound states as t =+ + ., We
also prove that the usual wave operators eiist. In the fol-
lowing section we show that these operators do not have a limit
as € ¥+ 0. The definitions are tﬁen modifiedAand a satisfac-
tory scattering thebry is obtained in the limit, as mentioned

above. Section 2 contains some notation and various technical

results that will be used in the remainder of this woxk.

Finally the authors would like.to tanks professors L.
Davidovich and D. Marchesin of Catholic University of Rio de

Janeiro (PUC/RJ), for several enlightening conversations.



2. PRELIMINARIES

We begin by introducing several auxiliary functions
which will be need in the next three sections. Assume that
g : IR * IR is continuous periodic with period T >0 and
satisfies (1.4). 1In this case it is eaéy to see that we can

choose h and G such that for all t € IR,

h'(t) = g(t), -+ G'(t) = h(t)
1 B+ =h(t), G(t+ 1) = G(t) (2.1)
T : T - ' .
I h(t)dt = J G(t)yat = 0.
o

L o
Moreover, we will also need k(t) such that,

.' . 5 - . |
k'*(t) = h(t)". (2.2)

Next, if € > 0 we define functions Vge, h®, ¢¢ ana k% as

follows. If e =0 let g°, n°

. G°, k® be the functions just

defined. If € > 0 c'hoose.

g®(t) = exp (-elti)g(t) (2.3)
r-[ ge(s)ds, t >0
t
h(t) = < (2.4)
t
€
J g (s)ds, t <0




- J hg(s)ds, £t >0
. >
€
G (t) = <
. (2.5)
| J h®(s)ds, t <0
- J (h€(s))%as, t > 0
. t .
x® (t) = 4 > (2.6)

t.
I (h€(s))%as, t < o.

L -Q0 .

Now assume that q(x) satisfies (1.2) and let vix,t)
be the solution of (l.1) with € >0 fixed, (which exists
globally and is unique; see theorem (2.1) below), and intro-

duce,
¢ (x,t) = exp(ih®(t) x ) ¥ (x,t) (2.7)

x(x,£) = exp(ik®(£))w(x; - 26%(8) ,x). (2.8)

Then an easy computation shows that ¢ and X are solutions

of the equations

[(F o, -n5@n?-alle +qe (2.9)

1atw X,

13, = (- &+ qlx; - 265(t),x"))x. (2.10)

Wh 1 1
ere A" denotes the laplacian with respect to the x vari-

able.



Let ge(t), ge(t) and ﬁe(t) be the hamiltonians which
occur on the right hand sides of (1.1), (2.9)-and (2.10) with
domain C:(IR3); These operators are essentially self-adjoint
and we will denote their self-adjoint realizations in I?(IR3)
by A%(t), B®(t) and HE(t) (see [1] and the references therein).
Incase g =0 we will write Ag(t), B;(t) and H_. Applying
Kato's theory of existence and uniqueness for linear _”hyper-
bolic" evolution equation it was show in [1] that,

THEOREM 2.1. Let K(t) denote any one of the three operators
a®(t), B5(t), B5(t). fThen there exists a unigque evolution

operator (propagator)’ UK(t,s), (t,s) € R? solving

i -%g = K(t)e(t), 6(s) =6_€y ' (2.11)
where
v = {f € L2(®D) a5, 1+ 2D % e 12w )  (2.12)

in the case of (1.1) and Y = D(Ho) = HZ(IR3) for +the other

two equations. Moreover
Up(t,s) (Y) € ¥ (2.13)

in all three cases and the pPropagators are related by

U _(t,s) T€ (¢) "1y (t,s)TE(s)
A B®

= "r‘:(t)"lvc(t)‘luﬂe(t.s)ve(s)w‘:(s) (2.14)

with T5(t), v®(t), t € ® given by



for all

Finally in the remainder of this article we

(7% (t) £) (x)

(vE () £) (x)

exp(ih® (£)x;) £(x)

£ e L2 (mY).

exp (1kE (£)) £(x; - 266 (t) ,x)

(2.15)

(2.16)

will need

the following limiting properties of the auxiliary functions

introduced at the begining of this section.

LEMMA 2.2. Let g,h, G,k, ge, he, GE,kE, be as above. Then,

i) for each fixed € > 0 we have
lim h&(t) = lim GS(t) = 1lim
t-)-im t-»i-co t-> i-co

ii) for each fixed t € IR, we have

PROOF .

arguments hold for

k&(t) =0

1im hE(t) = h(t), lim G(t) = G(t)

evy0 - - e+ 0

e+ 0

. -w if t>0
lim x5 (t) =

£ 470 ® if @t <

We will concentrate on the case

1im (kE(t) - k%(s)) = k(t) - k(s)

0.

t > 0.

t < 0. The limits in (2.17)

and

(2.17)

(2.18)

(2.19)

(2.20)

Similar

(2.18)

follow by combining (2.3) and (2.4) in order to obtain the

estimate



In®(t) | < e et gl

(- <]
where |l * Il°° denotes L norm.

Next, using h' =g, G' =

we obtain,

hE ()

- J exp(-es)h' (s)ds
t :

o

= e__sth(t) + s'j exp(—es)G' (s)ds =
. _ &

= e ®h(t) + ee () + €2 J exp(-€s)G(s)ds =
' t

Since G is a bounded function, the integral in the last mem-

ber of (2.22) can be estimated by [IGll_ exp(-et) and .the first

limit in (2.18) follows at once. In order to prove the second,

note that since G' ="h the fourth equality in (2.22) implies

2

GE(t) = e E%G(t) + ¢

ds J duexp(-€u)G(u) =
‘t s

p CO

e ftcet) + €2 | Au(u - t)exp(-eu)G(u) (2.23)

‘t

and the result follows in the same way as the previous one.

The only difference in that to control the integral of

u exp(-eu)G(u) we must use another function H, periodic with

mean value zero sﬁch that H' =G

and integrate by parts in

order to get the factor &> where we need it. Equation (2.19)

e h(t) + ee ®ta(t) + ¢ J e % () as. (2.22)
‘et

10

_, ¥t > 0. - (2.21)

h, integrating by parts twice
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is an easy consequence of the dominated convergence theorem.
We now turn to (2.20) which is by far the hardest part. From

the third equality in (2.22) we get,

hE(t)2 = e’z”'h(t)2 " 25e—€th(t)J exp(-es)h(s)ds +
t

exp(-ES)h(s)ds)(J exp(-€eu)h(u)du) . (2.24)

+ e
t

t
It is easy to see that after integration the last two terms of
the right hand side of (2.24) tend to zero as ¢ + 0. Thus, it
remains to show that

)[ e 285 (h(s))%as » = as € +0. | (2.25)
t

To do this let « sup h(s)2 and write

s €EIR
' X =1{s €[t m)Ih(s)2 < =
e ! .2
1 _ k= (2.26)
| x = (s [t,= |h(s)? > 53

so that X, N X_ = { 1} gnd [t,=) = X, L{Xr . Then,

J e %% (h(s))%as > J e %% (n(s)) 2as. (2.27)
t

Xy

But as € +0 the right hand side of (2.27) tends to the
Lebesgue measure |X_| of X_ which is infinite since Oﬂs))z

is periodic, non negative and non trivial. This completes the

proof.
Q.E.D."
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3. SCATTERIKG THEORY WITH € > 0

The purposé of this section is to relate the asymptotic
behavior of U _(t,s) and exp(-i(t - s)H) as t = % =, with
both € > 0 a:d g €E IR kept fixed. In order to accomplish
this it is convenient to establish a series of preliminary re-

sults, the first one of which is,

THEOREM 3.1. Assume that gi(x) satisfies,

e 2, -p 1
atx = 1+ |x1) 7P x) + g0, p > 3
' (3.1)
q € L(mY, q, e ti(md.
Them the wave operators
RS (A%,a%5) = s - Llin U _(t,s)*0 _(t,s) (3.2)
- = t+: = A® A®
o]

exist, where the right hand side of (3.2) denotes asuﬁual the

strong limit in Lz{Iﬂaj.

PROOF. We will consider only the limit as t -+ =». The exis-
tence of the uthér follows from similar arguments. Further-
more, since the main idea involved here, namly the Cook-Kuroda
methed is by now standard we will gust indicate the estimates

which are involved. Note that in order to prove (3.2} (with

t +- + @) it is enough to show that,

Ll

J Iqu _(t,s)4] ,dt < = (3.3)

a Ab L
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for some a > s (which is fixed) and all ¢ € C:(IR3) . In order

to do this we use (2.14), (2.15) and (2.16) to write

U e(t,s)
) A
in terms of exp(-i(t -s)Ho) as follows, 9
U._(t,s) =
‘€
AO
= exp[-1(h® () x, +k% (t)) Jexp(-i(t-s))H S exp(ih(s)(x,) (3.4)
K - 9265 (1)-26%(s) 1
-2 3
If g€ L"(IR"), (3.4) implies that
-3/2
lax) (U  (e,5)0) () | < cle -s| 77 U4l 1lat | (3.5)
(119
(o]

"where C > 0 is-a constant. Integrating this inequality over
IR3 we obtain the estimate needed to prove (2.3) in this case.
Next if q(x) = ‘(l + lx|2) pql(x)', qQ, e'L”(IR3), it is enough
to consider -;—‘- <p < —43- since otherwise ¢ € LZ(IRB) and
there is nothing to prove in view of the previdus remarks. Using
the fact thatﬂ the first factor on the right hand side of (3.4)
commutes with multiplications and choosing- p, p, r such that

-1 1 =1 =1y e=l

r. € (-—2:%)3), p + T .=2 , P +p =1 we can apply

the Riesz-Thorim theorem ([ 8]) to conclude

13

i {,;I. 1

A

3 ' -
Iqu | (£,8)00, < Clayl It -s|7>F lel (3.6)
: L A . P
(o) :

where C > 0 1is again a constant. Since -i: > 1 the result

follows also in this case and the proof is complete.

.M E.C.C. QBB
BIB_.IOTECA
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Note that the estimates in (3.5) and (3.6) are indepen-

dent of €, and the same arguments imply then in the
case £ =0 (and in particular the wave operators Q+(A°.Ag;s)
exist under the assumptions made in Theorem 3.1; this result
is stronger than the corresponding existence theorem in gec-

tion 5 of [1]) . This remark will be used in Section 4.

Next we prove a technical lemma that will be useful in
the re_niainder of this section and has some interest of its

own, namely,

LEMMA 3.2. Assume that gq(x) satisfies (1.5) and let H=H_ +q.

Then I

i(t-s)HTc -i(t-s)H

s - lim e (t)e =1 (3.7)

t+im
for all s € IR, where 1 denotes the identity operator in

L2(®>.

PROOF. Without loss of generality we will assume that s=0.
It is well know that under assumption (1.5) the following de-

composition holds ([9 ], [10])
2, 3. _ 3.8)
L°(IR’) = I, () @ J,  (H) (

where JCP(H) (resp. X__(H)) denotes the pure point (resp.
absolutely continuous) subspace of L2(IR3) with respect to

H (for the definition of these objects see [10] or [11]).In

order to prove the results we will show that the limit existSs :
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in two subspaces on the right hand side of (3.8). We start
with Xé(H). let £ € D(H) = D(Ho) be such that Hf = Af for

some A € IR. Then,

le'®¥r® (m)e™™Me - g1 , = 11%(0)£ - £, (3.9)

L L

and the right hand side of (3.9) tends to zero as t—+ =, since

by the dominated convergence theorem we have,

s - lim TS (t) = 1. (3.10)

t+ie
Using a simple approximation argument we obtain the result in
JC'p(H). Next we turn to ¥__(H). We will consider only t = +=.
The other case can be treated similarly. Recall from usual
potential scattering that given f € KAC(H) theré exists a

unique v, € LZ(IR3) such that

. ~itH
1im e 1tHe e " %% I _ =0. (3.11)
£+ o L

For a proof of this statement we refer the reader to[9) and/or

[10] . Adding and subtracting the appropriate quantities, using
. itH €

the triangle inequality and the unitarity of e and T (t)

for each t € IR we obtain,

"eitHTE (t)e_itHf - £l < 2l e-itHf i o§0+" ) +
2 —
L L'
€ -itHO
+ I (T (t) =1)e ¢+H 2 - (3.12)
L

In view of (3.11) it remains to show that the second term on
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the right hand side of (3.12) tends to zero as t = =, Given

6§ >0 choose 60 € C:(IR3) _such that 08 - ¢ I < &. Then,

-itH 2 -itH

IS (e) -Le % %, < (H(rf(t)-De %8l , + &%, (3.13)
+ 2= L
But
~itH ih® (t) x -itH_
(T (&) - De °en22==I 5l (e Lone %00 [%ax (3.14
L IR :

tends to zero as t + = by the dominated convergence theorem

and the proof is complete since 6 is arbitrary.

Q.E.D.

As a consequence of Lemma 3.2 we obtain the following

important result which relates the asymptotic behaviors of the

propagators U _(t,s) and exp(-i(t -s)Ho).

A
o

COROLLARY 3.3. Let U E(t,s) and Ho be as in Theorem 2.1
A

(with q = 0). Then, °

I : -i(t -s)H
Q/(A",H ;s) = s - 1imU _(t,s)*e 9 -
0’0o
- t+t0 A
o
=Ve()-le -1 _ > : 1€
S} "T"(s) © = exp(-ik (s))exp(-ih (s)xl)s (3.15)
2G5 (s)-
where S‘_:1 » @ € IR is given by,
(5,8) (x) = £(x, + a,x"), £e (R . (3.16)

In particular the operators Q, (AZ’H ;s) are unitary.
kA o
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pROOF. Applying (2.14) with g =0 and noting that vE(t)

commutes with exp(-i(t -s)Ho) we obtain,

U E(t,s)exp(—i(t‘-S)Ho)

Bo

o . i(t-s)H -i(t-s)H
- € (s) tvE(s) TvE (b)e Opf (t)e o (3.17)

and the result follows at once from Lemma 3.2 and part (i) of

Lemma 2.2 which implies that s - lim vE(t) = 1.
- i@

Q.E.D.

Combining Theorem 3.1 and Corollary 3.3 it follows at

once that,

COROLLARY 3.4. ILet g be as in Theorem 3.1. Then the wave

va

operators

e _ -i(t-s)H
n+(A J,H ;s) ='s - 1lim U _(t,s)*e o
- B t-> i'uo A

(3.138)

exist.

We are now in position to state and prove the main re-

sult of this section, namely,

THEOREM 3.5. Assume that g satisfies condition (1.5). Let

_ €
H = Ho + q and A" (t) be as in Theorem 2.1. Then the limits

€ . = -
F+(A (H;s) = s - 1lim U e(t.s)*e i(t-s)H (3.20)
= t++t o A

exist and are unitary. Moreover the following interwining re-

lations holds,
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U _(t,s)T, (8%, H;s) = r, (a%,u;t)e (8-S, (3.21)
A + +

PROOF. 1In view of the first equality in (2.14) we may write

A

rt) =I'Ss) (e, (S L (E=s)Hpe ) ~i(t-s)H (3.22)
B

where Be(t) is as in Theorem 2.1. Due to Lemma 3.2 (and the

uniform boundeness of all.the factors in (3.22) with respéct

to t) it is enought to show that the limit

,(B%,H;s) =5 - lim U _(t,s)*e (E-S)H (3.23)

t+i’m B

exist and are unitary, for in this case,

lim I'(t) =T, (a%H;s) = 7%(s)7Ir, (8%,1;5) (3.24)
trte = - -

which is obviously unitary. In order to obtain (3.23), we re-

mark first that, as is well know (Section 3 of (1]1), we have,
D(B®(t)) = D(H) = D(H,) (3.25)

for all t € IR. Let G denote D(Ho) provided with the graph

_ 2 2
norm I £ Wl = e NZ, + IH,£1°; and let 8 = B(6, 12 (7)) de-

note the set of all bounded operators from G into L2(IR>).

Then, it is easy to verify that

J’ IB®(t) - HIIBdt < @ (3.26)
IR
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var(B(+)) = sup I lch(tj+l) - a*:(t:j)n6 <=, (3.27)

R 0<j<n-1
is taken over all finite real sequences

where the supremun

£t < t, <t, < ... < tn Under these conditions Theorem 6 of
o

1 2

[12] implies that the operators in (3.23) exist and have the

stated properties. The proof of the interwining relation is
standard and will be omitted, (see Chapter X of [11] where the
proof is presented in the case of time-independent hamilto-

nians; the same idea works in our case).

Q.E.D.

A few remarks are now in order. Let ¢ € ¥ _(H). Then if
P

£, = P+(A€,H;s)¢, we have

+
_i -
(t-s)H I

lim llU E(t,s)fi - e .

Kool 2 =0 (3.28)

and it is easy to see that the wave functions Y _(t)=U. (t,s)f,
€
- A -

behave as bound states as t -+ *+ <., More precisely, the proba-
bility of finding the particle in {|x| > R} at time t can be

estimated as follows:

P(t,{|x] > R};£,) = IIf 'ZJ 2
Z + i" IR3 IX{|X|1R] (x) (UAe(t'S)fi) (X)I dx

< llf+ll~2( "x{lx -i(t-s)H

>R)® ol + Ilu _(t,9)£, -e - EMpp? (3,29

A

where X
s 1s the characteristic function of the set S. Thus

given n > 0 i
, there exists to > 0 and Ro > 0 such that if

lt] > t_ ana
° R >R, then P(t;{|x| > R};f,) <n. This means
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that the particle is asymptotically (as t =+ % ®) in a bound

state. Moreover, it can also easily be shown that if ¢ € J('ac(n)
then fi = Pi_(AE,H;s)w are such that wi_(t) = UAe(t'S)f+
behave as scattering states as t + + =,

In view of the remarks just made, Theorem 3.5 and equa-

tion (3.8) imply two decompositions of LZ(IR3) -into  (asymp-

totic) bound state and scattering subspaces, namely

2,3, _ € L. € -.° :
L°(R") = Fi(A H;s) (I _(H)) © Pi(A (H;s) (JCP(H)).

It should by remarked however, that .as for as we know, it is

an open question whether or not the above decompositions
coincide.



21

4. THE ADIABATIC LIMIT

In this section we will be concerned with the asymptotic
. behavior (in time) of the solution (l1.1) as € +0. The first
thing to be notice is that it is hopeless to take the "limit
of the theory" established for € > 0. This is already ap-
parent in Corollary 3.3. Indeed, in view of (3.15) and the
behavior of Gc(s), he(s) and ks(s), described in Lemma 2.2,
it follows that Q+(A2,Ho;s) does not have a limit as € +0.
This also indicates what the problem is and.points the way to
the correct definitions. Let € > 0 and introduce,

, e .
Ae(t,s) - elk (S)Te(t)-lve(t)-l -

= [-ikEt) -kE(s))exp[-ih®(t)x 1S . (4.1
exp ) 1 ?.GE.(t) ( )

Define the modified wave operators for the pair (Ae(o),Ho)

by,
- -i(t-s)H

W,(a%,H ;s) = s - lim U _(t,s)*A%(t,s)e ° (4.2
* o fote A

if the limit exists.

In what follows we will show that they indeed exist for
€ 2 0 and that_(4.2) is continuous in € up to € = 0. We
begin with the case g = 0, which is trivial. Applying (2.15)

-to write U E(t,s) in terms of expk-i(t-—s)Ho) and using the

o
definition of Ae(t,s) we obtain,

-i(t-s)H € =
UAe(tvS)* A% (t,s)e °© - pf(s)"L (e X (B)yE(g)) 1

o

=7 . (4.3)
-2G (s)
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hat this expression is independ of £

for all € = 0. Note ©
ation Jjust introduced cancels out

that the modific

esponsible for n
gniformly in t. It should also be

on-existence of the 1limit

the oscillations T

€ - as €t 0,
Of Qi(AorHops) i(t-s)H
ted that Af(x,s)e © g a "modified free evolution"
no
in the sense that
-i(t-s)H
of(X)Izdx =0

1im f |A®(t,s)e
s

t+r

‘ 2,3
for all bounded measurable - S _EIR3 and f € L"(IR7).

In order to proceed, we will assume from now on that g

satisfies (1.5) and (1.6). In this case, as shown in Section

[1], the wave operators

5 of
Y] (Ao,Ao;s) =g - 1lim U (t,s)*0 _(t,s) (4.4)
+ o 2 5% 2° A° . :
o
exist and are complete in the sense, of (1.7) and (1.8) for
all s € IR, where ©(s) is the Floquet (or period) operator
of the system, namely,
9(s) = UAO(s +1,s), s € IR (4.5)
with t . '.
hese remarks in mind we have,
THEOREM 4.2, L
2. et
q satisfy (1.5) and (1.6). Then,
(4.6)

2,(a%,2%5) =
+ '?O's) =85 - lim Q (AE,AE{S)-
EY O % 2

PROOF We
. will ¢ i
Onsider the case of Q+ (AO,AO‘S) The other
. o' °
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1imit can be handled similarly. Moreover, since all operators
involved are uniformly bounded with respect to € >0 its

. . . 2.z © 3
enough to prove that the limit exists in Co(IR ) . Thus, if

p is any such function we have,

o O, _ € nE,
I, (A Ajis)e - 2 (A ,Ao,s)wlle <

< IR
il + 2 A L

o ,0, _ *
(A ,Ao,s)sp U o(t,s) U o(t,s)wll 5 ¥
) o

*
+ llu o(t,s) U (t,s)¥ - U C(t,s)"u E(t,s)wll , *

A . Ao A AO L
* ‘ € .E
+ llU E(t,s) U E(t,S)\P - 9+(A ,A ;s)vell (4.7)
. ) o 2
A Ao L .

for all t € IR. According to the remark following the proof
of Theorem 3.1, the first and third terms in the\ right hand

side of (4.7) can be estimated as follows,

o

e (a%,a%;s)p - U _(t,8)*U _(t,s)ell , < J llqu (r,s)ell ,dr <
* o . af at R R

co ©

<Cllig,l mnwupf lu - 5] 73/ Tau + llg, I, Lol 5 Jt|u-s|‘3/2du)
L t

(4.8)

where € > 0, t > s, and C is a constant independent of E.
Since the last member of (4.8) tends to zero as t = it

remains to show that the second term on the R.H.S. of (4.7)

that the

tends to zero as e +0. In order to do this note

differential equation satisfied by the propagators in question

1mply'



24
t

U (t S)*¢ = *
e S =0 (t,s)%y + if U *, —€r
A Ao < AE(I'S) (e - 1)

* g(t)x,U (t,r)dr.
17,0 (4.9)

Before proceeding i
g 1t should b
e remarked the. xlUAo(t,r)v be-

2, _3
longs to L“(mR’) ang depends continuously in t because of

(2.13). Then

-

o - (t,s)*p -UAo(t,s)*wnf_ I

-€xr '
a |e =1]lIx;0 _(t,r)%vlldr  (4.10)

S A

and the R.H.S. tends to zero as € +0 by the dominated con-

vergence theorem. This completes the proof.
~ Q.E.D.

We now turn to the main result of this section, namely,

THEOREM 4.3. Let g satisfy (1.5) and (1.6). Then the wave

operators W+(A8,Ho;s) exist of all € > 0. If € > ‘0, they

are given by,

ls (4.11)

€ . = A€ Ae;s)TE(s)-
W, (A%, Hyis) = 8 (AR, -2G5 ()

while if € =0 we have,

€ € -
© 4 .g) = lim W, (A ,A_;S) <
wi(A +H i) “ho 2 "o
-1 . (4.12)
= 0, (a°,ag:s)T(S) "S_ag(s)

In particular

,} ’ c' ( I(A ’A:' )) ac
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where ©(s) is the Floquet operator defined in (4.5)

PROOF. Due to (4.3) we can write,

. £ -i(t-s)H
U (t,s) A (t,s)e © =
€
A
= U _(t,8)*U e(t,s)Te(s)_lS (4.14)

€
A Ao> 2G (s)

for all t € IR and € > 0. Taking the limit as t + + @ we
obtain (4.11) and the second equality in (4;12). Next recall

that in the proof of Theorem 4.2 we have shown that,

- . * - *
s 1lim U _(t,s) U e(t,s) U o(t,s) U o(t,s)

€
et 0 A Ag A A,

(see the second term on R.H.S. of (4.7)). Therefore

s.- lim s - 1lim U E(t,s)*U C(t,s).Te(S)-lS.- e =
|ttt e+ 0 A Ao -2G (s)

-1
=g - 1lim U _(t,s)*u _(t,s)T(s) “S_ =
d tatoo Ao Ag . . 2G(s)

(4.15)

o ,0 =1 - o ,0,
2, (A%,A5:8)T(S) "S_pg(s) T W, (A +AiS)

y in (4.15) holds.
of

since we already know that the last equalit

The statement about the Floquet operator and the ranges
the wave operators follows from (4.6) and the proof 1is com=

plete.

Q.E.D.

We will now make some final rcmarks on the results

prescntEd above. FPirst of all it is natural to ask what is the

re . .
lati°n between the modified and usual theories when € ? 0
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