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0. Introduction.

The investigation of minimal surfaces in complex projective n-space has gained
interest by recent work of the physicists Din and Zakrzewski [ 3 ], [ 4 ] and
Glaser and Stora [ 6 ] . Mayor contributions are done by Fells and Wood [5 ] and
wolfson [ 16 ], which among other results, give a complete description of the bran-
ched minimal immersions of the 2-sphere 52 in CPn, using the nonexistence of nonze-
ro global holomorphic differentials om Sz.

our intention was to give a characterization of minimal surfaces in terms of lo-
cal invariants alone. This could be done successfully in the case of real codi-

mension 2 where the geometry of the normal bundle is given by a single curvature

function KN . We were motivated by earlier work of Tribuzy and Guadalupe {15 ]
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which gave such a characterization for minimal surfaces in s‘+in terms of the Gau-

ssian curvature K and the normal curvature K o Replacing qu’ (:P2 s Wwe need an

N
additional invariant related to the complex structure: The Kahler angle ol jintro-
duced by Chern and Wolfson [2 ] (see § 1 for definition). However, we restrict our
attention to ( non-branched ) immersions. As a particular case, we characterize the
induced metrics of ( anti- ) holomorphic and totally real minimal immersions by a
condition on the Gaussian curvature alone. All these results are stated in § 2,
while the proofe of the main theorems are given in § 6 and & 7. As a tool, we need
an existence and congruence theorem for mappings into symmetric spaces which is
derived in § 5. we wish to mgntion that all local results can easily be generalized
to Kahler 4-manifolds of arbitrary constant holomorphic sectional curvature ¢ . Sin=-
ce the projective plane is the most interesting space for global applications, we
restrict our attention to ¢ = 4.

Global applications are given in b3 and $ 4. we avoid refering to the Riemann-
Roch theorem but instead use elementary properties of the Laplacian. We improve the
results of Eells and Wood on surfaces of higher genus and get in particular cons-
traints for compact minimal immersions in terms of the genus, the degree and the
self-intersection number. Curvature constraints are given in & L.

Finally, we wish to thank many people whose hints and discussion made this paper
possible, in particular Prof. Chern, who introduced us to the subject, Prof. Schoen,
Prof. lawson, J. Wolfson, Th. Langer and M. liicallef.

This paper was done while the authors were visiting the University of California

at Berkeley.
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l. Generzlities

Let M be an oriented surface and ( P, <,>) a b-dimensional oriented Riemannian
manifold, £ : M = P an immersion. Let f.TP = TN @ NM be the usual orthogonal de-
composition into the tangent and the normal bundle, V = V , + V N be the co-

rresponding decomposition of the Levi-Civita connection of P, pulled back to M.V z

N the normal

TR

is the levi-Civita connection of the induced metric dsa onM, ¢

3

connection, et R 4y R~ and RN be the curvature tensors of ¥V , y

respectively. Choose oriented orthonormal local frames e 1 €5 of T and e3 v 8y
of NM . The real valued functions
K=KRT(e re. ) 8 e, > K =<RN(e e, ) e g »
: B - L | . N - 5 it e e

called Gaussian curvature and normal curvature, are independent of the choice of

the frames., The Gauss - Bonnet - Chern theorem relate these to the Tuler numbers X

of TM and 'XN of NM:
S PR Wy
27 J, K a , N =27 ), K o

where dM is the volume element of M.
XL
The second fundamental form A : TM @TM -+ NM is defined by A (X,Y) = ( v xY

let A3= e B e3 » . Ahn b & P ey > . We consider those as symmetric

2 x 2 matrices with coefficients A'? = <YV $., s 0 > » 3.3 1,2 3
ij *, 13 X

.P = 3, 4 . These matrices are related to the curvatures by Gauss and Ricci equations
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- h - l;
K=K+ det A+ det A, KN=KN+<[A A e,y ey >

where X = < R(el,ez)ez,el > and xN=< R(el, ez)e,.',e3 >

The immersion f is called minimal if trace A = A11+ A22 = 0 , So the matrices
3 L
A“and A have the form
a b c d
AB = and Al' =
b -a d -cC

and the Gauss and Ricci equations become

(1.1) Kakealate b%e0¥s a®)

(1.2) KN= KN+2(ad- be)

Define the bundle map A : TM = NM byK(X):A(x,x).Letrlpr: be the

unit circle in TPM « Then A ( TIPM) is a ( possibly degenerated ) ellipse in

Np!{ o which is double covered by T]é}c and in the minimal case centered at the ori-

gine . This is called the ellipse of curvature . Namely, if X = ( cos @ ) e, +

(tsi.nO)e2 y then in the minimal case A,y =~ A wehavei)(z(cosaa)hu-r

ec
+(8in20) Ay - The oriented area of this ellipse is given by

A8 > -
77cl«'c(Jh]_l.A\:l_a)== fT(ad-cbd)= 5 7 (Ky - Ky) . Thus outside the

gero section, i has degree 2 if X > i and - 2 if K, < K, . The ellipse

N N N N

of curvature is a circle if and only if A, y ¥ Ao v lApgll = Aol o

hence if and only if a=2aqa , b=+ad .
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Now let P be a Kahler manifold, i.e there is a tensor J € End(T P) with J2 = =1
and VJ =0 . J defines a € - scalar nultiplication in any tangent space: If

g2 4 1bc C,XaTPP,then cx.'=ax+be.The}-:éhlerfon.Q?CQ.z(P),

defined by £ ( X, Y ) = <J X 4 Ys , represents a cohomology class in HE(P,R)-

Let co’ O be the smallest number such that Co¢ represents an integral class. If
P = cp2 with constant holomorphic curvature 4 (see below ), then £z [0 3 .
For the immersion f : M - P define & : M-+ |[ 0, %] Dby cos o« = <Jey, e, >

= f .ﬁ ( € e2) s called the Kahler angle. Cost¢ is independent of the choice of

the frame, in fact we have , f g @ = cos ¢ d¥ where dMis the volume element of M.

Thus d:= Co j " cos® dM is an integral number, defined by the map

-

;2 :HEP"’HZM.This is called the degree of f.
Remark. It is not clear whether the angle o itself can be defined globally as a smoo-
th function. It certainly is smooth . on the subset { cos 2 o ¥ 1} .

The immersion f : M+ P is called complex if and only if sino! = O, hence if and
only if J(TM¥ ) = TM, In this case either cos o« = 1 and Je:l = e2( holomorphic ca-

se ) or cos & = = 1 and Je1= - ez( antiholomorphic case ). Sine Y JX = J ¥ X

and since A is symmetric, we have A(JX, JX) = JZA(X.X )=~-A(X, X ), thus
f is minimal. Moreover, A(X,JX)=J A(X,X) L A(X, X ), hence the ellipse of

curvature is a circle,

Now, we restrict our attention to P = CP2=C3- {0} /C' = 85/51 =

L bl /L g» (x 9 X5, xz)ec3—0 $ . We choose the Riemannian metric

on Pso that W: S > -+ P becomes a Riemannian submersion. This is the Fubini-Stu-

dy metric with holomorphic sectional curvature 4 . For this metric, we have




(1.3) l‘( = 3 cos Rac & X

(1.4) ﬁNZ 3 cos 20( -1

( see e.g. Kobayashi and Nomizu ( [11] , p.166 ). The group G = S ¥ (3) acts on
P by holomorphic isometries, more precisely, G/Z with 2= { 2.I ; zeC , 53-- 1-'5 :
1s the connected componeht of the isometry group I ( P ) .

It is well known that on P, beneath the complex immersions, there is another dis-
tinguished family of minimal immersions which we can construct as follows ( see
[ 5])) . 1st pe Pandxeﬁ—l(p)c. S5 Ccs.ThendF(x)mapstheho-

5 3

rizontal subspace H . fiva®. £°- ., 5% PELES )J'c_ C isometrically

ontoTPP . At any other point x'eﬁ'-l ( p ) we have x w8 e for some

4 g. d-F7f x )‘ B « Therefore, any complex

@€ R, hence d 7i ( x' )IH T
2 x

line ~P P o P ( considered as a € - vector space ) has a horizontal 1lift { C 03

independent of the preimage x € 7 : ( p )e This defines an element [_f] € (:PE-P.
Now 4f h : M — P is a complex immersion, then dh{7 » M) defines a com-

plexlinetp(m)forany m& M. Thus we get amapping f : ¥ + P , f (m ) =

[ £ (m) ) , called the associated map to h ( following [5 ] ). This is known

to be a branched minimal immersion. In fact we will show that f is unbranched if
s0 is h ( Thm. B ).

Following the notation of [5] » we will call an immersion f : V¥ - P isotropic
if f is either complex or associated to a complex immersion( called " associated "

for short ).
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Another interesting family of minimal surfaces are the real ones; these are mi-

nimal immersions which satisfy cos ™ & O y in other words: J(TM) = NM.

2. Iocal results.

The results in this chapter are local in the sense that we do not need assumptions
about completeness or compactness. The proofs of the followings theorems A, B and
C will be given in chapter 7.

Theorem A. 1et ( M 4, dB 2 ) be a surface with Gaussian curvature function X and la-

placian .
(i)iletf : M-+ P=CP " be a minimal isometric immersion with normal curvature

K @&nd Kahler angle o « Let
k=K =K+ 2 : = kesin
c=cos (X/2) ‘ s =8in ( X/ 2)

(&) If fis isotropic , then 4 = 0

If f is not isotropic , then 7 o with only isolated zeros and

(21) Alog Y =6k on { 70}

( b ) In either case the following equations hold :

(2.2) “Vcos n('z ® sinza( (6 cosad( - K = KH) on M

(2.3)Alog tan (X/2) =6cosX on { einoX £0}

) on { . #£.0 E

(2.4) A logk = 2(2K=-K, on

(205)A1°882=K+KN46¢:050( on t's ¥y 8 '}

(2.6)Alogc2=K+KN-6cos°( on { %% O }
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( i1 ) Let smooth functions KN:: M+ R iand cosx: M+ [-1, 1] be given which satisfy

(2.2) , (2.3) , (2.4), (2.5) and (2.6) . Let U. be a simply connected open subset

e ?{ k = 0} . Then there exists an isometric

9_:“-(‘?){51110(

minimal immersion f

U + P with normal curvature K . and Kéhler angle & ,

This is uniquely determined up to motioms of P.

Remark . (2.5) + (2.6) yields

t2:7) A logsin?ot = 2(K+K,) on { sin 0 }

N
and (2.5) - (2.6) yields (2.3) . Note further that (2.7) + (2.4) imply (2.1).

Equations (2.1)ys04.,(2.7) will be called the fundamental equations, On,‘u #0}
\.k . &
they can derived from (2.4) , (2.5) and (2.6) alone . Note that (2.3) is equivalent
to equation (2.58) in ( [1¥% ], p.kO ) .

Theorem B . let £ : M-+ P be a minimal immersion of a surface M. Then the ellipse

of curvature is a circle everywhere if and only if f is either isotropic or real.

Theorem C.letM be a surface.

(1) I1Iff: M~ P is a minimal immersion with Gaussian curvature K and normal cur-

vature K _ , then K - X y 4 2 and equality holds everywhere if and only if f

is associated to a holomorphic map h : M » P.

(11) et h : ¥ = P be a holomorphic immersion. Then the associated map f : M -+ P

is an immersion, too, and the metrics d s & and da? induced by h and f on M

—e , h

are conforma_l with

da: = sina(O(/E) dsi

where o is the Kahler angle of f.
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Theorem 2.1 . let £ : M + P be a minimal immersion of a surface M with K, K N as

above. Then K + K , £ 6 , and equality holds everywhere if and only if f is com-

N

plex. If f is real, then K + KNE 0.

Remark. We will see in proposition 4.2 ( i1 ) that the converse of the last state-

ment also holds, provided that M is compact.

Proof, Ry R.2), Binaq(K+K_N-6)=-GBinua-HVCOS\'X’E.If K+KN=6,this
implies sing = 0 . If sinor # O , we have in turn K+KN<6.II' sin & = 0

on an open set U, (2.5) or (2.6) imply K + K » 6 onU.

Theorem 2.2 . let ( M , d52 ) be a surface with Gaussian curvature K.

(1) let f: ¥ —+P be a complex isometric immersion. Then

(2.8) A log (L-K)=6(K=-2) on { K<k}

€ix) Suppose that M is simply connected and either K = L4 or K€ L eiarywhere and

(2.8) holds. Then, there exists a complex isometric immersion f: M -» P, unique up

to isometries of F.

Proof. If we let K N 6 - K, 5in®®@ = 0, then (2.8) is equivalent to (2.1),se0ey
(2.6) ( remember K é’-.;{ = 4 by (1.1), (1.3) . Thus the result follows from theo-
rem A.

Corollary 2.3 . Any complex immersion f ;: M+ P of constant curvature K is ( up to

motions ) a parametrization of the Veronese surface

Ve 'f"tx¥a o/ xoa +x12+ 122 = 0 }

with K =2 , K = 4 , or of the totally geodesic projective line

N

cpl= { [x]eP / x, ¥ 0}

with K=16,KN - P
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¥

Proof . By the preceding theorem, we have K = b if and only if f (M ) C P ~ . If

K = constant ¥ 4, then K = 2 by (2.8). So there exists a complex surface with K = 2,

Ky= 4, On the other hand, V is a complex surface and an orbit of the subgroup

H =S 0 (3) of the holomorphic isometry group G = PSU(3) of p , namely

|

Bl 1,1, 0] . soit has constant curvature K. But as an algebraic surface
of degree 2, it is not congruent to C P * « Thus, it must be the unique complex sur-
face of curvature 2 .

Remark. Instead of V, one can consider

vi={[x]epr / x12=2x°x2 }

-
which is congruent to V. This has the nice parametrization f : ¢ - V' C P ,

f(z)=[1.z,%z2] .

Theorem 2.4 . LEP & dzsz ) be a surface with Gaussian curvature K.

(i)Iet £ : M =+ P be a real minimal isometric immersion. Then

(2.9) Blog (1 =-K)=6K on {kK<1}

(i1) suppose that M is simply connected and either K = 1 or K< 1 everywhere and

(2.9) holds. Then, there exists a real minimal isometric immersion f: M -» P , uni-

que up to isometries of P.

Proof. If we let X = - K , cos & = 0 , then this is a special case of theorem A.

N
Remember K < ﬁ «1 by (1.1) , €(3s3)

Corollary 2.5 . Any real minimal immersion of constant curvature is ( up to motions)

a parametrization of either the " Clifford torus "

cTE =t txld X X, = X;X, = xzxz'}

with XK = O or the totally geodesic real projective plane

TR Lt AT B ;a = X, aa 1 2 }
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Remark. If a real minimal immersion f : M=+ P is also associated, then K = - K N

2

andl(-KNr:Z,henceK=1andf(H)C-mP s by this coroliary. Re will see

in theorem 3.3 (i) and proposition 4.1, that this implies theorem 7 of Yau Il}] .

5-’85 . XX { consider55

which preserves the complex lines Y ( e + 9 X)=e 19 W(x) .50 it indu -

ces an isometry l? : P -P whose fixed point set is R P 2 « SORP ’ is totally

Proof. The mapping ( : S =P 3 ) is an isometry

geodesic and real, hence K =1 , If K = const. ¥ 1, then K = O by (2.9). On the

other hand, C T is an orbit of the subgroup

& & J & + b+ ewnd

of SU(3), namely CT=T[ 1,1, 1) ( with isotropy subgroup Z ) and S U (3)

acts on P by iscmetries. So all the functions K , K N and o« are constant, in par-

ticular K = O, since C T is a torus and K W * O , since the normal bundle is tri-

vial because the subgroup T /2 € I ( P ) acts freely on C T .
An easy computation shows that J (T(CT) ) L T (CT ) , therefore
CT is real. Moreover, C T is the pro-

v i v i -

jection of the 3 - dimensional (Clifford torus cT= f{ Ki X 0 Xy xZ) Y 4

X 8. » B Wy s Eoxy =A8 ) in 52, 80 C T is minimal by the follo-

wing lemma which finishes the proof.

- -~
lemma 2_-6 . lLet Y :M+» Mand 7 : P+ P be Riemannian submersions.Suppose

e A ~
f:FK-+P and f : M » P are isometric immersions, moreover suppose that
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(g-l(x))“_ﬂ_-l(f(x))ﬂl‘—:’x and lgxisaminimalsubmanifoldof

)

P, forall x& M . Then f 45 minimal if and only if f is minimal.

-

Eroo.Letal.....em be an orthonormal frame onM.Let::l, s Fo. ¥a ,em be

-

the horizontal 1ift to M ; choose orthonormal fields ; mal ?0000 e on ﬁ such

- &

t.h.ad.‘.u.el,...,en is an orthonormal frame, callAij = (V eif_ej) and

~ " - |3 -
Agy= ( ¥ & Ta¥y ) the second fundamental forms of M and M ( choose
a

Tl » Vovaengl 13 Sab =i § /4, = M4+l jeengd 8 » Then f';i are horizon-

tal:ln;',hence W.(V; }_ei) = Ve f.ei.Ontheotherhand,

i 3
- S e S22 > " form an orthonormal frame of the fibres of 7 : P* P
TS 2
in the range of f . These are minimal, hence Z App = O . So trace A =
/uam-rl
n

2, A TR hence 7.7_ ( trace A ) = trace A . But trace A is a normal vector
=1 :

along f , and £ ( M ) contains the fibres, so trace ; is horizontal. Therefore,
trace A = O if and only if trace A = O,

Remark. Note that by the same argument as in the proof of corollary 2.5, any prin-

cipal orbit of T is a torus with K = K g cos O = 0 ., But an orbit Tx is con-
gruent toT [1,1,1 ] ifand only if x=n [1,1,1 ] with n in the norma-
lizer of T. All other orbits are not congruent, hence, by theorem 2.4 (ii), not mi-
nimal, This shows that only minimal surfaces are uniquely determined by the three

functions K , K and O .

N
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A submanifold Mc. P is called homogeneous if a subgroup of I (P ) acts transi-

tively on M. So, for a homogeneous surface in P, the functions K , K N and O< are
constant . Thus we have proved

Proposition 2.7 . The only homogeneous minimal surfaces in P = ¢ P ¢ are C P *

VoRP * and CT.
Remark 2.8 , Let h : M* P be a holomorphic immersion and f : ¥ * P the associated

immersion. we have K x * K . > 2 and hence from (2.5) for the Kahler angle ©Of
r ’

of f and 8 = sin X/2
2
A:t.].og|s\=:xf -1+3coso(=Kf+2—6a
2 A 2
Theorem C (ii) yields s K, =K, = ¢ log |s| , Bo we get 8 " =

2/7(6 =K h ) and therefore from theorem C (ii) again

(2.10) d5f2=1/2(5-Kh)dsha
From (2.7) we get #(Kf—l)- Af 105(52(1-52)) =

Af1°8(‘*-Kh)-:2 Aflog(G-K and further, using Afu

o

2(6-Kh)"1 A and ( 2.8 ) ,

h
RaslslBel )"l 5Cx.~2)e% B 2gtb-2,.31
f h h h h
So the geometry of d th determines the geometry of d s 12 .

If £f : M+ P is a noncomplex minimal immersion, we can rewrite the fundamental

equations locally as follows
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Case a ) f not associated, i.e k ¥ O. Then {f1=01} contains only isolated

points. Let M = {f#0}tanda M= (14t f)l/6 on M for an arbitrary cons-
" & -2 2

tant t > O . Since K = = A log A by (2.1), the metric d s, = A d s

is flat. Hence ( ¥ o * d 302 ) dis isometrically covered by an open subset A or

€. We pull back all function to Q. Introducing p= Ac , g= As we get

from (2.3) and (2.7)

o - -2 =
A % log |pgql = t{paq) - 2€8p%+4 %)

2

A ° 1og |q/pl= 6(p2-q%)

r

where ﬂ;o S e [\ is the euclidean laplacian . Now setting
u=1lg |pg| =2log( 1/ 7\2 | sin k| )
v=1g | q9/p| = log | tan ( X/2) |

we end up with

(2.11) A® .u=te-2u—4eu cosh v

(2.12) &o v = =12e? sinh v

Since (2.1) is automatically true, by the choice of ‘A , these equations are equi-
valent to the fundamental equations. Therefore, by theorem A, any solution of the-
se gives a unique local minimal immersion into P. A trivial solution of (2.12) is
v = O which corresponds to a real minimal immersion.

case b ) f is associated . Here we have K u " K - 2 instead of (2.4) and from (2.7)

[\ log | sinoX| =2K-2 on { sin &« #0} . Let z be any conformal coordi-
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nate system on { sinx # 0} and ‘A its conformal factor. Using the equation

K== ')\-ZAC’ log ™ we get A° 105‘).2 | sinx| = 2 4 2, From this and

(2.3) we derive

(2.13) A°u=-4e"coshv

(2.14) A°v=312e P einh v

defining u and v as in case a . Any solution of these determines a unique associa-

ted local minimal immersion into P. In the special case v = 0, {2.13) leads to the

equation - A° log A= ° whose solutions are the conformal factors on the
sphere of curvature 1.

Note that the differential equations ( 2.11), (2.13) and (2.14) have analytic
coefficientes so that the Cauchy - Kowalewski theorem applies ( see John [‘9] ’

Chap. II, 4 ).

3. Restrictions on % = QQN eand d

The following well known lemma is basic. If M is compact and f : M - R has no
zeros, then by the Stokes theorem, S M A 1log I £ | =0. R. Schoen indicated

to us the following generalization:

Lemma 3.1 . Iet M be a compact Riemannian manifold, f : M+ R a c® - function

whose zero set 7 has measure zero, g : M+ R & continueus function with

A log | £| =g outside 2

h S R
Then jl{gb

If dim M = 2 and 2 is isolated, thenj g =Oonly ifz =

M
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Proof. let 3 be a small regular value of h = | £| and M ® the set where h < $;

choosing & small we obtain I‘[Hggl . .I.etMS = M-MS « Then

fu s -y Sresns [ < b, Tagn > / lgnll . stuee
- Yh/||Vbhll 4is the normal vector pointing outward Mg -

NWJ g::/ Whl{/hco,hence f g <& for any £, hence j g<c0.
¥s Ms , . 4

we want to show that lim j g€ <0 unless Z = @ . let C 5 be a connec-
-0 Mg A
ted component of "9 Mg ; then C § 1s a curve surrounding a zero peZ . We may

assume f > O on Cg - Let z : M >C be a Riemann normal chart at p with z (p)=Q If

§ is small encugh, the errorIJ"]{VfH/i‘ e U Ly CANERIE Yo T
c

CS oz
gets small, 80 we may assume M = C and p = O. Noreover, f may be replaced by its lo-

west order nonvashing Taylor polynomial f x v Since J N\WVtlh/¢ ~
Cs

J- sillvfk it/ | fkl as § 5 O . Now f . is homogeneous of degree k » 1,
I .= 3
k

while b= NV £, / 1 £, | is of degree - 1 . Naking the substitution

y = S-I/kx we have f (y )=1lifandonly if £ ( x ) = & and hence

b( Sm‘y) %”k ds(y) -_[ b(y)de(y)>0.
{fkultl

Therefore, j \VfIl/ £ has a positive limit for §.» O and the result follows.
o -

5 b (x) da(x) = j

g, =5 }r, =1}

k
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let M be a compact connected surface of Fuler characteristic K and f ¢: M+ P

a minimal immersion with degree d and normal Fuler mumber ‘?C N ( see $ 1 ). With-

out loss of generality, we can assume that M is orientable. From equations (2.1),
(2.4), (2.5), (2.6), (2.7) and lemma 3.1 , we get immediately the following global
statements, if f is not isotropic:

(3.1) X 4« O and equality holds if and only if -P has no zeros.

(3.2) 2% - X, <« O and equality holds if and only if 2 + K y - K bas

N
no zeros.

(331 %L =« OLN +3 |d] £ O and equality holds if and only if sin o¢

has no zerose.

(3.4) X + (X'N < 0 and equality holds if and only if sin o has no zeros.

Combining (3.2) and (3.4), we get

(3.5) X + |d]| £ 0 and equality holds if and only if £ has no zeros.

Remark. From (3.1), (3.4) and (3.5) we see that -P has to have zeros unless

X = th = d =" 0. The torus C T introduced in §2 is an example of this

sgituation.

Theorem 3.2 . Ilet M be a compact orientable surface of genuc g and f : M=+ P a mi-

nimal immersion of degree d.

{3 )1t g =0, then T 15 isotropic

(i1) 1 g=1,d =0, then f is isotropic.

Ifd = O and f is not isotropic, then %N = 0 and ‘P has no zero.

(idl) I g > 1 and | d)l 2% 2g~2 , then ¢ 4is istropic,
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Remark. (i) s well known in [ 3], (4], (B), [6] and [2&]. (ii) has been
proved in [ ] . (iii) is an improvement of proposition 7.8 in [ B] .

Proof. From (2.7) we see that f is isotropic if | @)mr2ipin Bojogsnd dl=2g-2,
then by (3.1) .P has no zeros, hence by the preceding remark, ¥ is a torus with

D& g " O . This proves the theorem.

let M be a compact oriented surface and f : M+ P an isometric minimal immersion.
Integrating the inequalities in theorem C (i) and theorem 2.1 , we get
(3.6) Area (M) 3 J( x - {XN ) and equality holds if and only if f is
associated.

(3.7) . Areg (¥ ) X [V B (X. . N ) and equality holds if and only if f

is complex.
In particular, if f is isotropic, then there is no minimal surface of smaller
area in the same isotopy class.

Proposition 3.3 . let M be a compact orientable surface and f : M+ P an isotro-

pic minimal immersion. Then one of the following cases hold:

a ) EUwreeptsg fraehiely (20 wop 3 0,0 wilds (hren (B e F

N

b ) f is complex, aréa (M) =7|a] = FI/3<0L+‘>CN) >7?(0(...’)(N),

2‘)5—(XN:’=0

&) fisassociated,a:.rea(}d)- 7/‘(‘)(- ‘XN)>T/-/3( X -()CN) 0

o+ o . +3la] o,

Proof. If f is both complex and associated, then K - K

N=2.x+xN=6 im-

plyK=li,KN=2,sinD(-O.hencef(M)=cp1,bytheuniquenesspart

of theorem A (ii). If f is complex and not associated, then the zero set of k is a
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real analytic subvariety od M of dim £ 1 . Hence, by lemma 3.1, the inequality
(3.2) still holds. Also, we have equality in (3.7) and strict inequality in (3.6).
Moreover, .ﬂ I d| = Area ( M) since | cosotl = 1 . This proves ( b ) . Similar-
1y, ( ¢ ) follows from (3.3), (3.6) and (3.7), since sin o F O
Remarks. 1 ) The equations in (3.6) and (3.7) should be compared to the equalities
in proposition 7.1 (ii) of [ ] . Recall that we choosed the holomorphic sectio-
nal curvature ¢ = L,
2)Iff: M- P is sssociated to the holomorphic immersion h : M -+ P , we have
by (2.10) the relation

Areaf(M)=3‘Areah(H)— 7 X

Using (3.6) and (3.7) we get a relation between the normal Buler numbers %N and
; 6

“ N of f and h, respectively
h

(fo +[XNh s %

The normal characteristic Q(N on an immersion f : M=+ P can be computed from

the degree d and the self-intersection number I ¢ B8 follows:

_Proposition 3.4 let M be a compact oriented surface and f : M=+ P=C P ¥ an immer-

sion of degree d which has only regular self-intersections and no multiple points

of miltiplicity k 2 3. Then

2
‘XN=d - 21,

Proof. let § & £ ( M ) be the set of points which have two preimages under f. § is

afinitesubsetofP.Letaes,nzf(xl)=f(xa).Wedefinestohave

the weight w (8 ) = + 1 - 4if f'(TxH) and I_(ijn) together define the
1 2
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positive orientation on TyP otherwise w(s) = - 1 . The self-intersection num-
ber If is defined as It = BE.S w(s). let xX=1 ":_l,( 8 )C M and for xe&X define

w(x)= w(f(x)) and the zero-cycle [X ] = xzaxw(x)x n 2 I,°8 € E° (M)

where g denotes the generator of H (M) dual to 1l € H°(M) .callD: H - H,
the Poicare duality map, [ M] € H, (M) the fundamental class of M . Let e € g° (M)

denote the Fuler class of the normal bundle NMof £ , By Herbert ( [ 7] , p.ix,x )

and Lashof and Smale [ 11 ] we have

-1

P f. [H] - 99

[ 2] =9, (2D

Now,<1.DMf.Dp-1 T, [M)> -<f'Dp-1f_[M] y (M1 > =
< D;l F L LBy o % 1 ) = where < , > denotes the pairing

L]
H ® H, - 2 . let w be a generator of H,(M), then £, [ M] = T 4w and

< D-lw,u> = 1 . Moreover, D, e = &

N
which finishes the proof .
Using the last result, we can give necessary conditions for a minimal embedding

where we have _‘XN = d”z .

Proposition 3.5 Let M be a compact orientable surface of genus g and f : M - P

be a minimal embedding of degree d.

@ ) If f 4s not isotropic, then 2g» (d2+3 |[a| +2)
2

b ) If £ is complex, then 2 g = d - 3] al «+2 (compare [7], p. 280)

1

¢) If f is associated, then f (MK ) =¢C P

Proof. a) and b) are immediate from (3.3) and proposition 3.3 b) . If f is asso-
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ciated but f(l-‘l)(;f'_ cCP 1 » then by proposition 3.3 ¢) U - & - > O and

2

X + K y 0 which is impossible if %N Y

1

Remark. The last result can a.lao"'expressed by saying : Any full ( i.e 9‘-: cEP” )

associated map has topologically nontrivial self-intersectionms.

L. Global Restrictions of K , K N and X .

Proposition 4.1 Let M be a complete Riemannian surface and f : M - P an isometric

minimal immersion. Assume {a) K 20 or (b) K40 ' and .P;a- > O . Then

either f is isotropic or M is flat and 4§ = constant.

Proof. Assume that f is not isotropic. Then from (2.1) we have A log -P =6K.
If K » 0 ( case (a)), this implies Af = VS % /) +6KkLy0, hence 4

is subharmonic. Moreover, recall that X N £Z 6 - K ( Theorem 2.1 ), s0o k =

2+K, - K£8-2K £8 and f=kein®x 2 8. 50 J is bounded from abo-

ve and hence by Huber [ 8] K £ 0 and 4 « constant.
In case b) , we mayproceed as in Yau | ]ﬂ’] and Klotz and Osserman [ 1@) . we

2

may assume that M is simply connected. The metric dsi = *r 1/3 ds on M is

flat and complete since J is bounded away from U. IY - 18 the laplaclan oz

dsi , we have A ° = .P'lﬁA PR e TR TR Lo S A3 e

Therefore, - log -' is a bounded subharmonic function on the euclidean plane which
must be a constant . This proves the statement b).

Remark. Proposition 4.1 is a generalization of Theorem 7 in Yau ,[]}] e IT T is
real, then .f =k=2(1-K).In this case, the assumption K £ 0 4n (Db) im-

plies 4% 2.
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Theorem 4.2 Let M be a compact oriented surface with curvature K and f: ¥—~P an

isometric minimal immersione.

(1 )_I_:_I_KN?,-K , then f is complex or real .

(ii) If K . <« - K , then M i=s a esphere of arerG:T'Eg f is associated with degree d=0.

N

(iii) If X ., < 2 K , then f is associated with K> -2 or f(M ) = V-or f(M) = CT .

N
Proof. (i) Assume that f is not complex. Then sino¢ is nonzero on & dense open sub=-

set M, - On HO we have by (2.7)

2 2

O sin %ot = ||y sin 2o¢|[®/6in % + 2 5in St (K+K ) > O

N
So A sin 20(?, 0 on the whole of M, hence sin®= constant ¥ O. By (2.3) we get

cos ol = O which proves the result.

(ii) From (2.2) we can see that the only critical points of coso¢ are those where

8in o2 = O, hence maxima or ’minima. Ry a standard Morse theory argument we see that
therje is exactly one maximum and one minimum and M is a gphere. In particular, f is
isotropic(Theorem 3.2(1) ). So f is associated since in the complex case we would have
N N implies that KN<-1.
= 3 cos 20( -1 3»-1, the oriented area of the ellipse of curvature( in

KN =6 - K> = K (Theorem 2,1). So K = K

Since X

=2 ,8nd K< - K
N
this case a circle ) is everywhere strictly negative ( $1 ). Therefore the bundle
map A : TM—+TN introduced in § 1 has degree deg (k) = - 2 everywhere outside the
zero section. We now use an argument of Asperti-Ferus-Rodriguez ( [ 1] , Thm.l1l ):
The index formula for the Fuler number, applied to generic tangent vector field

XE€ [ TM and to the normal field AoX e NM yields GX_N = deg(]\'){x.n -2 tx- .
Hence from proposition 3.3 b), area(M) = 3k# = 6% and from part ¢) , 3 | d| &

e Yo X-Nl:Z.Bod-O.

(1ii) I1f f is associated, then K = K - 2 . Hence K _ < 2 K if and only if K3 -2,

N N
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Now assume f not to be associated. Then, by a similar argument as in (i), we get

ksKN-i{+2=constant>0 and KN=2K.tlmabothKandKNareconstant.

If £ is complex, then by corollary 2,3 , £(M ) = V . So assume f to be not iso-
tropic. Then by (3.5) (% +]|d| g 0 ) , we have K g O . However, the case K €0 is

impossible since then K + K .« O which is excluded by (ii) . Thus K = 0 and M

N
is a flat torus. By (2.7) , sinaoc is a subharmonic function, hence a nonzero cons-

tant . By (2.3) then f is real and corollary 2.5 gives f(M ) = CT .

Corollary 4.3 1et (M, ds% ) bea compact oriented surface of constant curvature

K.If f:M—»P is an associated isometric immersion, then M is a sphere , and
1

£(M)=¢cP* or £(M)=RP° or K=2/3 ,d=0.

Proof. We have KN=K-—2.If l{;l,thenKN;-l > =K 4 so f is either

complex or real by (i) , with K = 4 or K = 1 , by theorem 2.2 and theorem 2.4 , res-

1 4

pectively. Now corollary 2.3 and corollary 2.5 imply f(M ) = CP or f(M ) =RP .

i o ‘K<1,thanKN<-1<—K.soby(i)wehaved-O and area(M) = 67 ,

80 Kw2/3 .

Remark, The question remains open whether or not there exists an associated
immersion of constant curvature K = 2/3 . Clearly, this could not be a homoge-
neous immersion. More general, the existence of an associated sphere of area bn

(see Prop., 4.2 (ii)) is in doubt.
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5. Structure equations and an embedding theorem

let (P, < 4> 4 J ) be a bh-dimensional Kahler manifold. On any tangent space

TPP we define the hermitian product ( X,Y ) =<X,¥>» + i <X,JY> . A uni-

tary basis at p is formed by vectorsElg EZGTpPsuch that(Ei, Ej)-: Sij.

Now let M be a surface and f : M -+ P a smooth mapping. Consider the bundle f.TP

on ¥ with pulled back hermitian metric ( , ) and connection V . Let ( E;s E, ) a

unitary frame along f, i.e a uniatry frame in f.T’P « We define complex valued forms

voevwy € R mang Ry e QE(m) by vy (0= (41X, By,

x,Y;TM.Thenwehavewij=—wji, Qijg-:"ji and the structure

equations

(5.1) dwizzl'{wk'\wki " d"ijggtij*' zk'wik’\"kj

Now let P = cpaand UP= {(P; El’ EZ)} be the bundle of unitary frames

on P. Since G = SU(3) is a group of holomorphic isometries on P, it acts on UP, and
%ﬁm-‘m'@wt,mqo ] ,Qe.qmm&m;ms af—

| 5

€~”. Recall that G acts transitively on S 2

C 03m T: S P is a G-equivariant

Riemannian submersion. Then {}:o1 ’ E‘oa} with Eoi «d F (-ni) forms a unitary
o
basis at & = e €P.let z ={ 27 MI; a = 0,1,2} denote the center of G.

Then the mapping G/Z-» P defined by

gz~ (g€ ; s.E°1 ' B.,ES)=(Tge, 34 7"ge° g(ey), d ?Tgb‘ot(ea))

is bijective.
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A smooth f : M—+P with unitary frame { Eqs EZ} along f yields a mapping
{2 3 E o Ez) : M>P = G/Z . Let g : M+G be a ( local ) 1ift of this mapping,i.e

f = TEe Eizd'ﬂ’geo(gei). For any X € TM, we have

(5:2) wy(X)= (QL(X) 1By )= (AT, (4B (X)) 1 a7, (60y))

ik

=(dg(X)e ,8e;)=(g “dg(X)e_,e,)

since F is a Riemannian submersion and ge is a horizontal vector at ge 28

- 3
let g : G—+G denote the identity and 'qr = 5-1 dg: TG~ T,G Gzthe Maurer-

Cartan form. Put q’ab - (‘Ll.ea, eb)eS?.lc (G) . By (5.2) we have

(5e3) w.=5 &,

On the other hand we have (l.‘Lba = - C-q'ab and

(5.4) a & = z‘c.«p

( Maurer-Cartan equations ). It follows that

- A W,

ok 2B . = o ’ i
EP{_L ’&b“' é:KJ. Yoo 59 bv the structure eguations and the Cartan

ac N chb

lemma, we get

50, v, » sl .

If we apply (5.4) to kai y (5.1) yields

= b ¥
Qi_‘j:-wiA +Sij kwkl\wk
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Theorem 5.1 Let M be a simply connected surface and LR v:l.j cQ.lc (®), i,3=1,2,
which satisfy w, e ;J 4 @nd the structure equations of P
. o
YL " B g™V »

(5.6)
dwij“%"ﬂ{‘wk;j" Qij .Rija-;ihwj + gij % wkl\;k

Then there exists a smooth map f :M - P and a unitary basis { Eqo EZ} along f

such that w,= (42 ; Ei) "ijg (V Eys E

J) « Moreover, (I ; El' EZ) is uni-

quely determined up to motions of P.

Remark. Consider the quadratic form ds e = w151+ '2;2 on M. The theorem implies

2

that ds " = ¢ : d‘; ¢ Where 'd‘.'-.;z denotes the Riemannian metric on P. Thus f becomes

an immersion if and only if ds 4 is everywhere positive, and then f is isometric

with respect to ds 2 .

Proof. We use the same idea as in Spivak ( [ 14] , p.67 ). It is sufficient to

construct a map g : U< M - G such that vi-g.‘{—oi " Vg =5.('Pij ( see (5.3)
and (5.5) ). Them we put f(m ) = g(m)o and Ei(m) = g(m).Ei .

—Me-wiltl-first ponstyruct Pz._g:pwh{.s)c:.l{xﬂ - We cansider Wi "i‘j? %j_ »

tpi j as being forms on MxG, by pulling back via the projections T’-}' ’ T[G on

MxG onto M and G. Put'xi-:wi -Q’Loi' xij '"ij - ('Di;j v 1, =12
Thus we have defined 8 real valued l-forms on Mx G, namely real and imaginary part

of 7‘1 & %2 5 %12 and 1-1%11 : el (/'(_22 . These are linear indepen-

dent since real and imaginary part of ("I'oi W ‘Lh’2 ’ 4’12 and 1—1 (Pll [
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171 @, fom a bvasis of 4° .50 {X =0, %45 =0} isa 2-dinensional
distribution ( codimension 8 ) on Mx G. Using (5.4) and (5.1) we get
d ‘y' %E' Y A' q'/'ok & {L\("ki
T Rl ‘.'1“";1" Yol TR %‘ YikA Yy ~ Py A P30
'Sijzk'("’ AV "'*ok“ ok’
(obaserve that % q‘ikh q'kj b Lpik A (-ij ). These are in the ideal ge-

nerated by (X'i and ‘le 3 sinceinanyringwehavéz(ab-cd)=(a+c)
(b-d)+(a-¢)(b+d). Thus, by Frobenius theorem, the distribution is
integrable.

let T be an integral leaf through(m,g ) and X € T My If d7 (X )=0 , we
o (m-so) M
have 0= )Ci (x) = "+Di(x) . 0=’)(.”(x) = (Pij(X) » Therefore ‘\[—(x) =0
so d 77 (X) =0, hence X = 0O, It follows that [* is locally a graph over M: The-

re exists & neighborhood U of m in ¥ and a map g : U-+G such that graph(g) is an
open subset of M .

D & B,€ G is arbitra‘ry, we can define an integral leaf r‘l through (m,g1 ) as fo-
Jiows: T . = -1 g « is 4 i al leaf since the
WS : 1-{(u,glg° g)is (v, 8) }. This is an integr eaf since

forms q—ah are left invariant., So, by the uniqueness part of the Frobenius theo-

rem, any integral leaf over m arises that way. Since the graph of any admissible
map g : U= P is an integral leaf, g is unique up to left translations in G. This
uniqueness together with paracompactness and simple connectivity allow to extend g tc

all of M. This proves the theorem.




.
Remark. In this proof, we did not make use of the dimension of M. Also it has a strai-
ght forward generalization to any Riemannian symmetric space. Note that the forms cq'oi
and (Pij ‘can be defined in terms of the Cartan decc;mposition (% =k®@p. If
q' = Q,Lk + q’p is the corresponding decomposition oifthe Maurer-Cartan form and * the
usual identification of p with ¢%, we have ‘+°i= {q—p ; ;i) ana Y TE

( [q—k ¢ ;i | g ;d ) « In general, one has to use an orthonormal basis { i:i} of

P instead.

6. A special unitary frame

let M be an orientad surface and £ : M + P an immersion. let {el " ea} be an

orientad orthonormal tangent frame with respect to the induced metric ds on M.

Eegoy if 2= x+1y: My - Cisan oriented conformal coordinate with

conformal factor A, i.e d52 ol dzdz, we can put e = ‘)\-1 ?’/'ax and

02 = ?\_l 3/‘31. Then {el,aa] will be called the frame of the coordinate z.
For given { e, , 52.} let @, = <df, e,> and Y= ©, +16,. 4 1-form w of

=021 ) s ratted {10 form1 s = AP Jeesily for & function B 1M L.
On the subset {sino¢ ¥ O} define
(6.1) E,=(2 c)-l (63 XN 3T N, =(2 a)'l (e, +Je,)

where ¢ = cos (/2 ) , 8 = 8in (/2 ); these form a unitary frame along f. If
s § g v _ o, -iT
.1 elcosz+eauin7: ’ €5 elsint... eacost,then}jl e Ey

j ~
E'z- ei Ez( recall that we consider TpP as a complex vector space, cf. $3°9. 3¢

sin o (m) = O, then either El or EZ is still defined at m by (6.1) and smooth in a
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neighborhcod of m. Thus we get an orthonormal splitting i‘.TP= HIQ H2 which is
smooth and independent of the choice of {el ’ 02} and H,=CE, , H,= CE, whe-

never El or Ezare defined. If sin = O on some open subset U, the choice of a sec-

tion of one of the bundles H., or HZ is arbitrary. Thus { Eqo E?.} can be defined

1
in a neighborhood of any point outside "9 {sinw = 0} .
Remark. If TPc. TP @ denotes the set of (1,0)-vectors and x's % (x- J-IJX)

1
the projection on T'P, then E'lis proportional to ( 9f /"32 ) and E, is proportio-

- ]
nal to (2f /2z ) for any conformal coordinate z : M - C. However, we only use the
real tangent bundle T P.
Now assume that {1-31 : 1-32} is defined on an open subset U of M. let w, = (&2, Ei]

vis® (V Ei.‘Ed) as above. We have

(6.2) €ey=¢Ey +8E, 4, €e,=CJE; -85JE, ,
hence

(6.3) wlchp : w2=sl{’

Now put

(6.4) ejr--s.?-iqrcﬁz . ?__,'=BJF,I+GJE?’

{ ess €y } is an orthonormal frame of the normal bundle NM, and { €11€5, e3, e}
is an oriented frame on P.

Next we compute the second fundamental form A. Put W = % dx - s c( Waq # w22)'
we get from (6.2) and. (6.4) :
,.;Vel,e}>=ne(\-.'+w125 ' <V°1-°4>‘=Im("”*""12)

<Ve2,e3>t1m(-w—w12),<Ve2, eh>=Re(-W+w12)
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Let h3, hu be the mean curvatures: %( A11+A22 ) -h3&3+ hheh « Then A
has the form
I ) A = +h I
b -a d =-c
which implies
(6.5) 2wy, =h,@+h{p ,2w=h2¢+ﬁt(?

L

withh=h”+ih' ,h,=(a+d)+i(c-b),b,=(a-d)-i(c+b)

In particular, f is minimal if and only if w, , and W are (1,0)-forms. In the mini-

mal case, the structure equations for (f, Eqs EZ) are ( see (5.6) )

(a)d\fl- wll\wli . (b)dvzswaf\wzz
(6.6) (B} dwypmmpa®(Mpa Wiy

(d) dwll-ilah we3 = 2;1Aw1 + '2'\;2

(e)dwaa--f:lal\ ¥yo ";1'\'1 +2w21\52

Now assume f to be minimal. Note that the Gauss and Ricci equations yield
|2 =K =K+ ;{ + ;( N

2 - -
|n 1=k -kvk-kyg o In, o

N N

For P=CF  we have K= 3cos X +1 4 K =3¢cos & -1 ( e.g. compute

N
d<ge,, e,> and d< \" ez €5 > with (6.2), (6.4) or use ( [M ] . P166 ) ).
So we get

< 2
6.7 I 1% ek y-ke2=k , |n,|%=-K -K+6cos "o .

IwaQ.lc(H). let ”“”2_: |w(e1)l2 * lw(02)|2 «.Ifw=hY{Y , then

I Re wll = JJim w|l = || . Applying this to the form w = 2 W, we derive (2.2) in

-
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Theorem A from (6.7). On the subset {sin & ¥ O_} , we have

SanloR -
MVeosw]/sin e = ||yl ® = || acd|® = |ime 2[|% =|b,|% = 6 cos “et - K\ -

Then (2.2.) follows by contimuity on the whole of M.

For X & f.'I‘ Py, let X = X+ xadenote the decomposition according to f.TP= Hleﬁ
Following [14] , we define a cubic form A on M by A(X) = (V x X1 X, ). Thit
is tensorial since ( X, ., xz} =0. On M- © { sinoe = 0} , we have

(6.8) N ch" k. atne B

i g T 1
and by continuity /A = O exactly at the zero set of £= k sin ~ o« . It is well knuo-
wn that /\ is holomorphic ( see [ 4] , [1%] ):

let me M- © {sino = O} and U< M be a neighborhood of m where {El. Ea} is

defined and let z = x + 1 y : M = C be a conformal oriented chart with conformal fac-
tor A . By (6.3) and (6.5) we have w, = p dz , §2= qdz , W, , = rdz with p = cA

5 Applying the structure equations (6.6)

q:a‘,\,rsa'lhl’x.and A = pqr dz
we see that

(a) (dp+pwy,)Adz=0
(6.9) (b) (dg-qw,,)Adz=0

(c) (dr-r(wu-wzz))ndzr.:O

Thus d ( par ) A dz = O, so pgqr is holomorphic. This proves that A is holomorphic

everywhere since M- ? {sin« = 0} 4is a dense subset. Since J = | h,sina |2 y We

conclude in particular from (6.8) either d=z0ord=0 only at isolated points.
Let A be a holomorphic symmetric p-form on ( M , ds2 )’ A(m) # O at a point

m€M. Then, in a neighborhood U of my, A = h ( dz )pwhere z : U-C is a conformal

chart and h holomorphic, h(m) # O. If U is small enough, there exists a holomorphic

p-th root gon U, so A = ( g dz yP , But the differential g dz is closed, s0 we
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find a conformal coordinate v : U -+ C with dv = gdz , lif U is small enough, hence
A=(@n?.

Define the invariant | A|: M =R, by AN = |A|Z (as°)P. In the special
coordinate v we have | A| = A~P uhere “\ is the (positive) conformal factor de-
fined bydaa = A% dv % . Thus we see that /A log| A| ==-p Dlogh=pK. In
the case of the holomorphic 3-form A defined in (6.8) we have ]Ala = 16,? , hence
Alog) = 6K ocutside {f= 0} . This proves equation (2.1) in Theorem A.

Remark. One might ask what are the Fuler numbers of the two complex line bundles

H, and H, introduced before. Using the frames { Eqs JEJ.} and { E,, JE, } of
; -1

Hland Hzthe connection foT-ms are < El' JE1> =1 Y11 and < Ea. JE2> =

1-1 Voo ¢ Now by the structure equations we get

(6.10) dw,, = 1/4 ( K o * R 6 cosoL YYAd, dv ., = 1/4( K = K i 6 cosot) YA

Integrating (6.10) and using the Gauus-Bonnet-Chern Theorem, we get
« I #
K(E,) z(3€l+‘X. %y )

X (B = 3 (3a-%eoly)

We alreadv knew from oproposition 3.4 that these numbers are integers. In the complex

case either i, = TV or H,= -TM, and we get again the fomula()(.=(XN-3|d|

s

which was already used in proposition 3.5 b) (see [7], p. 280).
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7. Proof of Theorems A, B and C

let g : M + R be a smooth function and e & 1C(M ) a purely imaginary form,
i.e @ = udz - u dz for any conformal coordinate z. Further assume that w = dg + @

EQI'O(M).Then0=wf\dz=(§z-ﬁ)dEAdz.Thus g, = u and

(7.1) @ =21 In(g, dz)
Moreover, df= 2 g - dz Adz = 1/2 n0°g ACPAY = 1/2 Og PA Y , hence

(7.2) DgQag=24dg
This is the key observation for the equivalence of the ‘fundamental and the structu-
re equations.

Let f : M - P be a minimal immersion, z a conformal coordinate on M with confor-

mal factor A and { €11 € } be the corresponding frame. Ry (6.6), we can apply
the above computation tow = 2 W / sino¢ = d ( log (s8/c) ) - ( Wi+ "22) on the

subset { sin o ¥ O } . Then (7.2) yields

(7.3) woqt u22=-2:11m( ( log (8/c))dz) on {sin & # 0}
Similarly, by (6.9 ¢ ) , we can apply the above argument to w=dlogr=(w =W,

Prorvided that r ds positive repl. Jd.e r = % X 1/29« . This can be achieved on an

open subset U if either .! has no zeros on U and z is a coordinate with A = d23 ’

i.epgr=1, or if sine= 0 , k ¥ O and { L EZ} is chosen suitably. Therefore,

(7.2) implies

(7.“‘) w - W

1 ==-211Im((logr),dz ) on { k¢ 0}

22

By (6.9 a , b ) and applying again the above argument to w = dlogp + Y1 and to

w=dlogq~-w o then (7.2) yields

22
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(7.5) wnt_iIm((logpa)‘dz) on s ¥ 0
(76) w,,=-iIm((logg®) dz)em cfO

Now from (7.2), we see the following

mz_.} _s_"_EPE‘fE'l'szv;zqu=|H12=rdz 'Uithpgcﬁ'q::;ﬁ.

r-'% klfz')«

(1) 1f (7.3) holds, then (6.6 d)  + (6.6 e) is equivalent to (2.3).

(11) 1f (7.%) holds, then (6.6 c) is true, and (6.6 d)- (6.6 e) is equivalent

to (2.4).

(1ii) 1f (7.5) holds, then (6.6 a) is true, and (6.6 d) is equivalént to (2.5),

(iv) If (7.6) holds, then (6.6 b) is true, and (6.6 e) is equivalent to (2.6).

Therefore, if f : M » P is a minimal immersion we get (2.3), (2.4), (2.5) and (2.6)
on their domains.

Conversely, let ( M , d52 ) be a surface and K _ : M +P gnd cos & : M = [-1,1]

N
functions which satisfy (2.2), (2.3), (2.4). Let U be an open subset outside
d{mint=0} and d{ k =0} ., IfL>00onU, let z : U —» € an isometry with respect

2 e

to the metric dao = 'k-ads on U , where 1-1""6 ; by (2.1) this metric is flat.

i i 4 f = 0 on U, choose an arbitrary conformal chart z : U-»C with conformal factor
4 5 st Wis Wy W5 @s in lemma 7.1 . This implies that the structure eguations

(6.6) are true, if we define w and v, &5 follows:

11

(a)§>0: wiq by (7.5) and v, by (7.6)

() k=0, s8in’x >0 : as 1in (a)

(e)k>0,c=1,8=0: wllby (?.5),wu—w22 by (7.4)

() k>0,¢c=0,8=1: ¥ by (?.6),u11-w22by (7.4)
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(¢) k=0,c=1,8=01w,; by (7.5) 4 w,,50 that dw,,= - FAY
(1) ' k=20, ¢c=07 %] wazby (7.6),wusothatdwu= gAY

To finish the proof of Theorem A, we have to examine the case f= O . If sinot= O,
the immersion f is complex. So assume that sinot¥ O somewhere. Then k = O on an open

subset U < M, hence w, = O on U. Consider a 1ift g : U; -G = 5U (3) of the map

12

£Xg Eq E?__') $ Uloc-vUP(seEQ'B). Claim: The map h : U-» P , h(m) = ﬂ'(g(m)e2 )

is holomorphic. In fact, 5'1 dg e, = 3.q'ean %g‘ q+2a ¥ "::2 e % "52 L)

'

i . -4 :
by (5.2) and (5.3), where we put wij‘ g q-ij and used V1= Vs 0 . Therefore

from (6.3), we have

(7.7) 4dh ‘dﬁgea(d&ez)=sl{’d'§8°2geo
So dh dis a (1,0) form, hence h holomorphic. Also we see that Cg (m) eo is the ho-
rizontal 1ift of the complex line dh(TmM) « So the associated surface T : U= P
is given by 'i"(m )= [ Cg(m) eo]- Ti(g(m)eo )=f(m) (seel).

In particular, f is analytic on { sinxy O} , and so is sin o . Consequently,
{ ein« = 0} has no inner point which implies that k ¥ O on M . It follows that
f : M— P is associated to a holomorphic map h : M - P since the definition of h

only depends on the subbundle CE., = H 2 E f.TP which is globally defined (see§6).

2
This finishes the proof of Theorem A.

Moreover, we see from (7.7) that for XeT ¥, lan(x) []= s(m) |¢(x)| = s(m) J|af(>

since g(m) e o is a horizontal unit vectors at 5;(111)&2 « In particular, dala1 édﬁi

which implies that f is an immersion if so is h . This proves Theorem C (ii) . part (4

is proved by equation (6.7) together with above argument.
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The ellipse of curvature of f is everywhere a circle if and only if a + d = 0 ,

b-c-Oora-d:O.b+c=0(aee§l),henceifa.ndonlyifeitherhlgOOr

hzg 0 on M~?2{sinx= 0} . 1f h15 O, then k = Oon M, s0 M is associated . If
hza 0, then 2 X= dot - sin ( Vit '22) vanishes. In particular, o = constant
which by (2.3) implies sinec = O or cosoc= O and therefore M is real or complex.

Conversely, if M is real, then w = 0 by (7.3), 80 = 0 . Thus we proved The-

1t %

2

Remark: We saw earlier for. > ¥ k sin“® that either 4 = 0 or 7 has only

isolated zeros. Due to an idea of J. Wolfson, the same can be shown for the factors
k and sinza{ even in the '‘case ‘( % 0 « To see this, let E:L
(1=1,2) introduced in Ch. 5, and fw, , waf

be arbitrary sections

of unit length of the bundles Hi

the corresponding coframe. Then we still have w, = pdz , ;2 =qdz, w,=

r dz where p,q,r now teke complex values, and p = Ac, q =As, r e =
12 k /4 . From the equations in (6.9) we see
Dt /92 = nt
where t is any of the functions P.q,r and h the dz - coefficient of
- Wiy e "22 v Wpq — W,, Tesp. This equation implies that t has isolated zeros
unless t =0 [16] .
In perticular, for complex immersions f we have K = 4 only at isolated

points unless f(M)C C P g .
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