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PROPER n~-VALUED LUKASIEWICZ ALGEBRAS AS S-ALGEBRAS
OF LUKASIEWICZ n~-VALUED PROPOSITIONAL CALCULI

Robente Cignold
Dedicated to the memory of Gregorious C. Moisil.

INTRODUCTION: Many-valued logics were introduced by J. Lukasiewicz
in 1920. With the aim of developing an algebraic theory of the
n-valued Lukasiewicz prdpositional calculi, G. Moisil introduced
in 1940 the n-valued Lukasiewicz algebras. These algebras are
bounded distributive lattices on which are defined a De Morgan
negation and n -1 modal operators fulfilling some axioms that

are given in § 1.

The three-and four-valued Lukasiewicz algebras are the alge-
braic counterpart of the three-and four-valued Lukasiewicz propo-
sitional calculi respectively, but it was shown by A. Rose that
this is not the case if n > 5 (see the introduction of [4]). The
adequate algebraic notion, corresponding to all n > 2, was in-
troduced by R. Grigolia [7 ] following some ideas of C. C. Chang,
under the same of Mvn~algebras. But these structures are not
AATANTLY Dazed on latiices, and 0 THRLT COTRRTISION Wit Aeghwsia
structures corresponding to other logical calculi (for instance,

classical, Post, intuitiomistic calculi) is not easy.

In this paper we show that adequate algebraic counterparts for
the n-valued Lukasiewicz propositional calculi can be obtained by
adding a set of (n(n-5) + 2)/2 (n > 5) binary operators, satisfying
very simple equations, to the primitive operations of n-valued
Lukasiewicz algebras. The structures so defined are called Proper

n-valued Lukasiewicz algebras, and they were introduced by the



author in [5]. In case n =2, 3 or 4, Proper n-valued Lukasiewicz
algebraé coincide with n-valued Lukasiewics algebras. Since it was
proved by L. Iturrioz [8] that n-valued Lukasiewicz algebras can
be characterized as Heyting algebras with some unary operators,
«if follows that Proper n-valued Lukasiewicz algebras provide an
axiomatization of the n-valued calculi of Lukasiewicz that is an
extension of the classical intuitiomistic calculus by means of the
modal operators introduced by Moisil, some new binary operators and

- a rule of inference. The details are given in-§ 5. Note that if in

'ﬁhé axiomatization given in § 5, we sustitute axioms (A 17) and
(A 18) for axioms corresponding to the constants operators e; ,we
get an axiomatization of n-valued Post propositional calculi [11].
On the other hand, axioms A l)- A 16) and the rules of inference
modus ponens and (rn) give an axiomatization of a propositional
calculus that has the n-valued Lukasiewicz algebras as S-algebras.
It is fair to eall these calculi, for n > 2, Moisil n-valued

propositional calculi.

Thus we have that Moisil calculi are extentions of the intu-
itiomistic calculus. The Post calculi are obtained by adding some
constants connectives to the Moisil calculi, and the Lukasiewicz
calculi are obtained by adding some binary connectives. In §2,
§ 3 and § 4 we develop the part of the theory of Proper n-valued
Lukasiewicz algebras that we need in § 5. An investigation on the
lattice theory of these algebras and their topological representa-

tions will be published elsewere.
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1. LUKASIEWICZ ALGEBRAS

For the pourpose of this paper it is convinient to consider
the characterization of Lukasiewicz algebras in terms of symmetric
Heyting algebras given by L. Iturrioz in [8 ] . For some historical
remarks on the relations between Heyting and Lukasiewicz algebras,

see [5].

Recall that a Heyting algebra is an algebra (A,v,A, =,0,1) of
type (2,2,2,0,0) such that <(A,v,A,0,1) is a lattice with zero 0
and unit 1 and, for éach %, v in A, x>y is . the greatest
element in A such that x A (x = y) < y. A symmetric Heyting al~
gebra is an algebra (A,v,A, =, ~,0,1) such that (A,v,A,=,0,D
is a Heyting algebra and ~ is a unary operation that satisfies

the following two axioms:

Ml) vv" x=x .and M2) ~(x Ay) = vxv v y. Since the un-
derlying lattice of a Heyting algebra is always distributive, the
reduct ¢(A,v,A,v,0,1) of a symmetric Heyting algebra 1is a De
Morgan algebra. Heyting and De Morgan algebras are studied in [1]
and [11]. (In the second book, Heyting algebras are called pseudo-

Boolean algebras, and De Morgan algebras, quasi-Boolean algebras)

1.1. DEFINITION [8] : An n-valued Lukasiewicz algebra (n an in-
teger > 2) is an algebra <A,V,A,=,%,o? PR L ,02*} B such
that (A,v,A,#,n,0,1) is a symmetric Heyting algebra and 0?,
1 <i < n=1, are unary operations that satisfy the following ax-
ioms:
n I n
Ll) oi(x vy) = LI oY
n n=i . n
L2) o,(x=*y) = A (o.Xx = 0.y)
i j=1i ] J
Nos N AL .
L3) o4 ggk # g0 1l s n=~g
n e
L4) 0y X v X =X



LS) of vox = nol o x
i =3
L6) o?‘x v v 0? x =1
n-valued Lukasiewicz algebras are considered in [4 ] and [1]
(Note that in this last reference, the operators Di correspond to
Vel G
g L &

We are going to limit ourselves to recall some properties that
we shall need in what follows. We start by given an important ex-
ample of n-valued Lukasiewicz algebras. Let K. (n > 2) denote the
chain formed by the fractions 3% /4n - 1), 3 =2=0,)l,...,n 1. Then

Ln = (Kn,v,A,‘,%,U?_l,...,02”1,0,1) where X vy = max(x,y),

Ay =min(x,v), DwDliwl), 1 = (n-1)/(n=1); 58 = 1 = x,

1 if .

and

o?_l(j/(n—l))

6 £ i +5En

We shall denote by Ln the (equational) class of n-valued Lukasiewicz
algebras, and by Ln the corresponding category. It is well known
that Ln is the equational class generated by the algebra Ln. An
important property is the following:

MOISIL'S DETEMINATION PRINCIPLE: Let A € Ln and x,vy be ele-
ments of A. Then x = y'. if and only 1if 02 X = 0? y for

e o e TR

x =1 and g x = 0, and to define

O’l;-o-'n_l:

It is convinient to set o

™o o
N0 5

the following operators J? + & for 4



(1.1) J?x =g .x AN on b
3 n-i
Note that in the algebra Ln’ we have that

1 if  § =14

Moreover it is not hard to see that in any A € Ln we have that:

< —n
(1.2) oy (x) = V de(?)
g=4 :

If A is a distributive lattice, we denote by B(A) the Boolean
algebra of all complemented elements of A. If A€ Ln, then x€ B(A)

if and only if x =0, (x) for some 1 <1i <n - 1. Moreover, ogx

is the greatest element in B(A) such that ch < x, and then it
follows that:

¥dad} c?(x = y) is the greatest element in B(A) such that

% A 0§(x ) & ¥

The last property implies that (cp [6 ]):
n

(1.4) > Bl Tl g y) v Y.

The following results are usfull in §3:

1.2. LEMMA: (i) If A is a Heyting algebra and a € B(A), then

a=x ==-a v X, where - a denotes the (Boolean) completent of a,

(1i) If A€ L_ and b € B(A), then x = b =1 av % ¥ b

PROOF: (i) Note first that al (~avx)=(aha)vialx)=—alx<X.




Now, if & Ay £ %; then ¥ < ¥y . ¥4 =8% AV A Q) y'> & < X ¥ =%
Consequently a = x = - a v X.
(ii) By (1.4) and (L2) we have that:
n Al n n
X L5 = ci(x w b) vb wihw R (ci X ='citﬂ

i=1

Since b € B(A), it follows that O?b L e B S U T T B

and since o?x CRIAY "Top ) =), 2, .l (i) implies that
n n n n-1 %

0, X = 0.b = - g, x v b. Therefore a*b=Dbv((A =-0,X) vbl==-0,XvDb
i i 1 i=1 i 3

Finally we are going to recall some facts about congruences
of n-valued Lukasiewicz algebras (see [4] or [1]).

Let A € Ln . A subset F of A is said to be a Stone (filter
of A if (1) F is a filter of the underlying lattice of A 'and

(2) if x € F, then a?x € F.

If F 1s a Stone filter of A € Ln , then the binary relation
8 (F) defined by the condition: (x,y) € 6(F) if and only if there
is f €F such that x A £f =y A £, is a congruence on the alge-
bra A and, moreover, F = {x € A: (x,1) € 8(F)}. Conversely, 1f §
is a congruence on A, we have that F = fx & A: (%;1) € 6} is. &
Stone filter of A and that 6 = 6 (F).

2. PROPER LUKASIEWICZ ALGEBRAS

The following notations will used systematically in what fol-

lows: N will denote the set of non -negative  integers, Sn =

= {f,95) NNl L < h -2, 13 <n=4;3 <45 provided
that n>5 and 8 w®@ if n<5; T = {{(1,3) EN xR gL <n*>=2,

e < e SogRial I n>d4 and T s @ AF TS For
any set X, |X| will denote the number of elements of X. Note
that for n > 5, |S_| = (n(n - 5) + 2)/2, and &5 =|s | + 2, but

Byl = 1.



2.1. DEFINITION: A proper n-valued Lukasiewicz algebra (n € N, n>2)

is a system (A,v,!\,:',’b,{og} P il <a~1X, {F?j}(i,j) €5 0, 18
such that <(A,v,A,=,n {0?} I €4 <5 =k s is an n-valued
Lukasiewicz algebra and ng e o v Sn are binary operators de-

fined on A satisfying the following equations:

s QL = i

n
37 (x) A Jrj‘(y) if k> 4i-3

(P) o

The equational classes of proper n-valued Lukasiewicz algebras will
be denoted by Pn and the corresponding categories, by Pn' Note

that for 2<n <4, Pn = L (because in these cases, S = @) .

2.2. REMARK: If A€ L_, n>4, define Fy, (x,y) = 3, 18) A 3} () Ay

n = n ! n 1 F=] ~
and F__, n_3(x,y) =J . _o(x) AT _4(y) A x. It is very to check that
n.n & nn - A -
Ulel(x,y) = Gan-2 n“3(x,y) =0 and that for 2 &N 1:

n

n.n 2 il n n
UkFZI(X'Y) = J,y(x) A Jyy and o F _5 3

. I
(x,y) = J5_,(x) A I _{¥) -

Thus in a proper n-valued Lukasiewicz algebra we have in fact a

set ng of binary operators satysfing (P) for (i,]) € S

2.3. EXAMPLE: We are going to denote by P the proper n-valued

Lukasiewicz algebras obtained by adding the operators:

n=l<3 %4

no=1 if (r,s) = (lfj)
n T S S
- €
ij(n_l! n—l) (11’3) Sn
0 otherwise
to the n-valued Lukasiewicz algebras L, - Note that Ln = Pn . &

e n.£ &




2.4. LEMMA: The following properties hold true in any A E Pn’

where (i,3j) € Tn , X, vy are elements in A and a,b elements 1in
B(A):

. n ol
(). Byq CooRe 8 2 Fir ) (nadind) el

5 oy n
(1) Fis(x A a, y A b) = F‘i’j (x,y) AaAb
(iii) FIjj'j(x va,yvb) = F‘;‘j (x,y) A-a A-b

: n ey o
(iv) Fij(x,b) = Fij(a,y) =0

PROOF: In order to prove (i) and (ii) apply the operators oﬁ
(L <k <n=1) to both membres of the equations and then use the
Moisil's determination principle. (iii) is a consequence of (i)

and (ii). (iv) is a consequence of (ii) and (iii). For,lﬂh(x,b) =

e T R n =
= Fij(x vO, bvo0) Fij(x,O) A -b; and Fi 3 (x,0) Fi“j(xnl, 0 AO)

F‘i‘j(x,O) A1lAO=0.

Let F be a Stone filter of A € Pn, and suppose that (x,x')
and (y,y') belong to 6(F) (see §1l). Then there are elements a
b belonging to F N B(A) such that x A a =x' Aa and Yy A b
= y' A Db, and it follows from (ii) of lemma 2.4 that F?jbgy)AaAb

-

Il

— n — n i 1 e n L L]
= Fij(x Aa, y Ab) = Fij(x A a, y' A b) = Fij(x Y I G S S -

Since a A b € F, we have that (ng(x',y'), F?j(x,y)j & 0(F), fer
(3, 3) &€ Tn . Consequently, 6(F) is also a Proper n-valued Lukasiewicz
algebra congruence, and it is very easy to complete the proof of

the following:

2.5. THEOREM: Let A € Pn . Then the correspondence R R
establishes an order isomorphism between the lattice of Stone
filters of A (ordered by inclusion) and the lattice of congruences
of A.

2.6. COROLLARY: Let A € P . Then the correspondence F* ->e((o'£) ). (F*)



establishes an order isomorphism between the lattice of filters
F* of the Boolean algebra B(A) and the lattice of congruences on
A.
Suppose A, A' are in Pn ang hta* n is an n-valued
n
(

Lukasiewicz algebra homomorphism. Since 0y hF?j(x,y)=h(%}?jbgy»=

i » i " _ piieg - o - A M) =
= h(0) =0 = UkFij(h(x),h(y)) for l1<k<i-~3 and Ok{haﬁj(xd)»

n

n L n | S n., . s
(Fij (x,y)) = il(Ji.{x) A,LIj{y) ) = Ji(n(k))ﬂ Jj(h(y})— UQkij(h(x),h(y))

for i-j<k<n-1, it follows by Moisil determination principle
that h(FEj(x,y)) = sz{h(x),h(y)), for each (i,j) € Tn . Conse-
guently, h is also a Proper n-valued Lukasiewicz algebra homo-

morphism, and we have:

2.7. PROPOSITION: P~ is a full subategory of L for m.g 2.

n
(Note that P =1L for. 2. .< 0 £ -4},
n n:¢ - -

The next theorem is an easy consequence of Th. 1 Chap. X1 §6

of -[.1] and of our previous results (see also [4] ).

2.8. THEOREM: The following are equivalent conditions for each
A€P lwith (& > 2):

(i) B(A) is the two-element Boolean algebra {0,1}.

(1i) A is a chaim (i.e., A 1is totally ordered).

(i1

is isomorphic to a subalgebra of Pn

(v)

A

{iv) A is simple.
A is subdirectly irreducible.
A

(vi) is irreducible.

2.9. COROLLARY: Each A € P with |[A| > 2, is a subdirect pro-
duct of a family of subalgebras of Pn.
2.10. COROLLARY: Pn is the equational class generated by the

algebra B e for each n € N, n > 2.
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3. THE LUKASIEWICZ IMPLICATION

Let A € Pn . For each x,y in A, define the binary operator
2% as follows:

(3.1} e T SR ) T VR VIR v o (x,vy)

T ij
(i,3) GTI1

B 3.1. REMARK: Since Ty = @ and T ™ {(2,1)} we have that:
{ (3.2) It A& P3 = L3 p then X >y = (x=y) v vx
f3:3) . 1If A € P4 = L4 , then X >y =«(x=y) v vxyv FZlbqy)=

(x = y) v vx v (35(x) A J]T(Y) A vy)

3.2. PROPOSITION: The following properties hold in each A € Pn:

(L) c?(x -+ y) = o?(x = yv)

(1) x =y = c?(x )y

i

(i) If¥a & B(A), then e -1 VX OVoa

{iv) If b &« B(R),; then | P IR vb v x

(v) If a, b are in B(A), then a—-*hb=nawvbh
fgd) 3~ %

i) « + y = 1 4AFf and oniy if X <Y.

= PROOQOF': (i) Since 1 < i - j for each (i,j) € Tn , we have that

O?ng(x,y) =0, and it follows atonce from L2) that Ur11 vx < olil(x=¢y).
n n n n
Hence cl(x -+ y)= oy (x = y) v 0, vx = cl(x L P
(ii) follows at once from (i) and (1.4).
(iii) From (iv) of Lemma 2.4 it follows that x-—a =(x= a) vx,
and (ii) of Lemma 1.2 implies that (x = a) v vx = 0, vxva v ux =

= 4a v X,




.

Ll

(iv) Follows from (iv) of Lemma 2.4 and (i) of Lemma 1.2.
(v) 1Is an obvious consequence of (iii) and (iv).
(vi) Is a particular case of (iv).

(vii) It follows from (i) that the following are equivalent con-
ditions: (1) x >y = 1; (2) oi‘(x o gl m Sy 0?(}{ = y) =1,
{4y kel ARR (6 % o<W,

In the algebras Ppj " the operator - coincides with the Lukasiewicz
n-valued implication [9] : x > y = min(l, 1 - x + y). For, if x<y,
it follows from (vii) of the above Proposition that x - y =1, and
l-x+y>1, If y < x, set y =¢qg/(n-1) and x =p/(n-1). Since
in this case ng (x,y) =0 if (i,j) # (p,g) and F;q(x,y)=1-x+y

and x = y =y, we have that if (p,q) € T, then

Xy = v ovux v Al sk ty) =paxly;l %1l -2yl el mxtr y 4.1,

XE (p.q) & Tn iRy Sidancly, 1o x) . (I cqresl, thka  y =0 &nd
maxly, l-x) = l=s=legd+y < L. If qg# 0; then p=n-~1, 1.8

x=1l; and max(y, l=%x)=y =1 =x+y £ 1,

On the other hand, Lukasiewicz remarked that if > R A Pn’
Then:
{34 x vy =max{x,y) = (x * y) » ¥
and
(357 x Ay =min(x,y) = v{(vx vvy).

Moreover, Rosser and Turquette ([12] ,pp. 18 -22) showed that

n
the operators Ji' ei<n~=1 of the algebras P can also be
defined in terms of ~ and - . They defined first unary operators

Hn LA B as follows:
k n n
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n V- n v P
(3.6} ' Hl(x) = VX and Hk+l(x) = X Hk(x),
and they showed that for each x in P, ¢

n Fg | n el 4
(3-73 Jn_l(x) = \Hn_l(x) and Jo(x) Jn—l( LX) .
The operators Jg_i y 1=2,3,...,n~-1 weredefined inductively as
follows. For each 1 < k < n -2, denote by 1(k) the gresatest in-
teger <(n-1)/(n-1-k) and set r(k) =(n-1) H?(k)(k/(n -1)). If
n 4% = rin -1} then:

n STUGIEN n & n
(3.8) Jn_i(x) = Jn—l((Hi(n _i)(x) ¥ %) (Hi(n ~i)(x) A %)}

If n = 1 < i ».1); then:

n

n &
(3.9) SR L) A G

n
(B gy ®) -
The operators o? (1’2 cn=2l) and ng((i,j) € T ) 'can now

be defined as follows; for x,y in Pn
e

n - n
(3.18) di(x) ek TSk (ep (1+2))
15
n _ e R n
(3viX) Fij(x,y) = (x y) A Ji(x) A Jj(y)

Note that in the algebras Pn we also have that:

n

(3.12) X *y 0?(x b IR e L e

n
n~-1

(VvH e G L TR

3.3. REMARKS: Explicit formulas defining the operators o? of
the algebras Pn in terms of ~ and -, without introducing the
operators J? , where given in [13]. Note also that the fact that

the operators v,A,o? and sz of the alqﬁmasl%]cmlbe defineded




\
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in terms of the Lukasiewicz's negation ~ and implication = is a
consequence of a theorem of Mc Naughton [ 10] . However, Mc Naughton's
result does not give explicit formulas for expressing V,A,on,

ng i terms of % and -,

The above results show that in some sense, we can identify the
matrices of the n-valued Lukasiewicz propositional calculi with the
algebras P,. More precisely, if we define the n-valued Lukasiewicz
matrices M as algebras (Kn,4y%, 1) of tvpe 12,1,07 where
x>y =min{l,1l-x+y), vx=1~-%x and 1 = (n-1)/(n ~-1),then we
have that the algebras Pn and Mn are cryptoisomorphic in the

sense of Birkhoff [2 ].

The following lemma is an application of our results on the

operator - in the algebras Pn

3.4. LEMMA: Let A E-Pn . For each k € N, define a unary opera-

tor CE :A > A inductively as follows: C?(x) = 0,X% and
R o) o n n 5
Ck+l(X) e Ckx. Then we have that Ck(x) 1 for each Kk 2> m.

PROOF: If follows from Corollary 2.10, that if the equation
cQ(x) =1 4is satisfied in the algebra P_ , then it is satisfied

n
in each A € Pn . Since C?(l) - c?(l) =1, 1% follows from (vii)
of Proposition 3.2 that Cg(l) =1 for each k € N. Suppose now

that x = j/(n-1), with 0 < j < n-2. By taking into account the

definition of - in B o it is easy to prove, by induction on Kk,

that C (j/(n=-1)) = min(l,(k =1)((n=-1-3) /n=-1)). If Kk >n,
since 0<j<n-2, we have that (k-1)((n-1-3)/n 1) m=l=]>l.
Consequently, the equations CQ(X) =1, k > n hold identically in
R

n

4. DEDUCTIVE SYSTEMS

Since n-valued Lukasiewicz algebras are Heyting algebras, it
follows that for each A € P , FCA 1is a filter if and only if
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the following conditions are satisfied: (1) 1. €8, (2) If x and
X =y ‘belong to F, then y € F. Consegquently, F C A is a Stone
filter if anad only if conditions (1), (2) snd (3) - if x € F, then
ng € F, are satisfied. We are going to see now that if A € Pn’
then Stone filters of A can be characterized by conditions of type

(1) and (2) but with respect to the implication -.

4.1; DEFINITION: Let A € Pn' A deductive system of A is a sub-
set D C A that satisfies the following two conditions: (D1)1€ D
gind (D2). If x #amd %x -+ ¥y ‘belong to P, shen v . € D,

4.2. PROPOSITION: Let A € Pn. The following are equivalent con-
ditions for each D C A.

(1) D is a3 Btone filter of A.

(ii) D is a deduttive system of A.

PROOF: (i) 4Amplies (ii). Let D be a Stone filter of A. Since
1 € D, we need to prove that (D2) is satisfied. 8Suppose x and
x + y € D. Then 0?(x = y) T cRs and TRy = 0§(x - o) w v € BBy

the remarks at the beguining of this section, it follows that y € D. |

(ii) 4mplies (i): Let D be a deductive system of A. Suppose
that x and X * ¥ € D. Since ‘R =y < x * ¥y, it follows that Xx
and x =+ y belong to D and (D2) implies that condition (2) is
satisfied. Since (1) is equivalent to (D1l), we have that D 1is a
filter of A. Lemma 3.4 implies that Cg(x) = 1 € D, and several

applications of (D2) wvield that if x €0, then U?X € D.

As an application of the above result we have that:

4.3. PROPOSITION: Let.D be a deductive system of A € P, . The
following are equivalent conditions for each pair x,y of elements
of . At

(1) {x,¥v) € 8ID)
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(¥} m =y €D and Al G

) =y €8 oand oy X8R

PROOF: (1) Aimplies (2): Suppose (x,y) € 06(D). Since x>y is a
polynomial funetion of A, it follows Ehat ' (x » v, x ¥ x) € #(D)
and' (3 » %X, ¥y*> ¥ € 4i{P). Since x v x =y +y =1, 1t Ffollows
that - % >y &0 808 v+ x & 1.

(2) implies (3): Suppose x>y €D and y * x € D, Then
cl(x = v) € D . and oy (y = x) € D. Consequently x=='y=crl(x->y)v vYe€D
and y=’x=cl(y->x)vxED.

(3) implie¢s (1): Suppose x =y €D and y = x € D. Then

0?(x = ) A o?(y = x) € D and we have that:

n n n
x Aop(x=y) Aoj(y=x <yhojlx=y) A op(x = y) <

n n
< x A ol(x = ¥) A ol(y = )i

Therefore, (X,y) € 6(D).

5. LUKASIEWICZ n-VALUED PROPOSITIONAL CALCULI

Let F; denote the algebra of (well formed) formulas con~

structed as usual from a denumerable set of propositional

rtyen
variables by means of the binary connectives v,A,=,F?j,(i,j) = Tn'

and the unary connectives *b,o? v 1 €1 <n =1, and let An denote

the following set of axiom-schemes; where a ® B is an abbrevia-

tionsaf | e WRY LRI RS w.la) > and Jia is an abbreviation of
n
sl B SR I et e S L 23

(Bl) o = (B = a)

iR (o m i (fimy)) =~ ((g:* By = (o= v))
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{AR3) o = (a.% B)
(AQ.) B *. Lo v B)
(K5) foa = ¥l cig -~ v) = A(a v B) = &)
(RG) fa 4 B) ™ @
(A7) (o A B) = B
IAB) dn = f)'™ {{(a ™ y) " g * (# 8%}
(A9) a * v (v a)

(Alo)g;j'a = B) *YvB = na)

n n n
(All) o, (@ v B) © o0 v 0 B 1. ¢4 2 8= 2
» n—-1
(R12) ol (e = B) * A (o ameB) "1 <icnan~l
1 e | 1 e -3
i,
n _n n fitnaly
(A13) oy gy » g3 T e Pt o G i |

(A1) g v mep O A =

n n
Al5 A LAY i Ay
(Al5) oy Oy VO

(AlG)U? a v w:o?a
(Al?)mc]’:F;‘j(a,s) Lisdk sl J+ G315 T,

.0
§ el o = ina
(AlB)ckFij(u,B) bt Jiu I JjB i=7 k <n Lol d) Tn

Let C; be the consequence operator defined on F; by the

set of axiom-schemes An and the rules of inference modus ponens:

{a =By J'B and the rule (rn) o /o? a . By the propositional

calculus Luk; (n € N, n> 2) we understand the pair (F;, C;).

5.1. LEMMA: The propositional calculus Luk; belongs to the class




5

S nat standard implicative calculi in the sense of Rasiowa ([11]
L ChERIT. B5).

PROOF: 8Since conditions .Sl) and 82) of the definitien of the
class S of the standard implicative calculi ([11], Ch. VIII, §5)

are obviously satisfied, it follows from Theorem X. 1.1 and X.
1.2 of [11] that in order to complete the proof that Luh; .8
we need to show that, for each X C F' and o,B8 in ke the

following properties hold:

S e 0 AT c;(X), then ~o @ AR € c;(X)
(i) 1€ ‘o ® g€ 7’ (X}, then ﬁ?u - c?s for i=1,2,...,n-1
@it} 1€ & *a' and B8 *= B' belong to C;(X),

then FL . (0,8) ¥, . (a',8') € CX(X} for saeh (i,j) e T

lj ]_]
followa from axicwd Afﬂ)&cqa‘ Aly) and (2a),
(i) 4s—an-immediate consequence ef—axiom=23%0). In order to

prove (ii), note that if o = B € C;(X), then it follows from rule

n-1
(rn) and Al2) that Nilo
i=l

that UP& - on B GC*(X) for 1 =1,2,...;0 =1, Observe that con=~

na = c <8 C (X), and consequently,

versely, if oja = 0 B € C*(X) far -l a4 < f~1, then 0?((1*8)6

i
€ C;(X), and it follows from Al4) and modus :-ponens that
o= B € C;(X). Thus we have also proved:

{1il) 3% G?a " c? 8 EC;(X) for ench "1 <4 =9 -~ 1, then

*
o *'B € Cn(x).
; n - e n ; : o

Since Jja ® (cn_iw A~ on_i_la) it follows from (i), (ii) and
{L1*) thats

(11) o « B € C¥(X) if and only if J;(a) = J; (B) € CO(X) for

R n= L.

| A



