SUBMANIFOLDS WITH PARALLEL MEAN CURVATURE VECTOR

IRWEN VALLE GUADALUPE

1. INTRODUCTION

Let M be an n-~dimensional connected riemannian manifold
isometrically immersed in an (n+p)-dimensional riemannian manifold
ﬁn+p(c), with constant sectional curvature c¢ . Let B be the second
fundamental form of the immersion, H the mean curvature vector and

and S the square of the lenght of B.

In [11] Simons prove the following inequality in the case

M™*P(c) = s""P  ang Y minimal and compact
{2 -8 - ng) av » 0 (1.1)
IM? P : 3

where dv is the volume element of Mn. It follows that if MY s

not totally geodesic and S < n1(2-%) then & = n!(z-%). Using

(1.1) Chern,Do Carmo and Kobayashi [4] determined all compact min-

n+p

imal submanifolds of S satisfying (x) S = nf(2-%). The con-

dition (*) was subsequentely generalized by Braidi and Hsiung [1].

The author whihes to his thanks to Professor Chi Cheng Chen for his  wvaluable
guindace in the preparation of this paper, and Professor M. Do Carmo for his
valuable suggestions and Professors A. Rigas and F. Mercuri for helpul conver —

sations.



The purpose of the present paper is to determine all isometric

n

immersions M of ﬁn+p(c), c=0 or c¢c=-1, with non-zero par-

alle]l mean curvature vector, such that S is constant (this condi-
tion is automatically satisfied if M7 is compact) and satisfies
a condition analogous to (x).

In §2 we compute the Laplacian of the second fundamental form
of a submanifold Mn of ﬁn+p{c}, with parallel mean curvature
vector.

In §3 we give a integral inequality analogou to (1.1), while

§4 and §5, contain the main theorems of this paper.

2. LAPLACIAN OF THE SECOND FUNDAMENTAL FORM

r

n ; ‘ y - ; : :
Let M be an n-dimensional riemannian manifold isometrically

~1i+ .
immersed in an (n+p)-dimensional riemannian manifold M" p(c). We
choose a local field of orthonormal frames €yreese in Mn such

n+p

n

; n
that, restricted to M, the vectors e -1€, are tangent to M

l;..

and, consequently, the remaining vectors . re are nor-

PO n+p

mal to M". Unless otherwise stated, we shall make of the follow-

ing convention on the ranges of indices:

1 i A,B,C,eu., i n+p 7 1 i i:j:k:---r < n o,

n+l < a,B,Ys..., < ntp

and we shall agree that repeated indices are summed over the re-

spective ranges, let wl,...,wn+p be the field of dual frames with

~n+p

respect to the frame field of M chosen above. Then the struc-
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ture equations of Tl are given by
A S | B a B _
dw =-Lug Aw , wB+ wp 0 (2.1)
A A 1 A C D
duJB = Ewc A w_ + ¢B . d)B 5 = KBCD w A W
(2:2)
A - Aoy
Xgep * ¥gep = O
If we restrict these forms to M" , then
W' =0 . (2:3)
Since 0 = dw® = - Zmi Aol by CARTAN'S lemma we may write
el S TET e BUPRR N R, (2.4)
1 ij ij 34
From these formulas, we obtain
dw ==Zw: A’ , ot + wl =0 (2.5)
9 i
i - R i k 4
dw. = -Ewk AW, + Q. , QJ 5 T Rjkf?. WA W (2.6)
: | e ¢ T SR . S . |
Rjkl = Kjki + z(hikhjk hiﬁhjk) (2.7)
» S Y a - e o k 2 2.8
de Iw AwB+QB,QB ZZRBkRNAw (2.8)
a - it 8ol o sush
Raxy = Kggg + Z(hyhyy = hyohy) 4349)

The riemannian connection of M" is defined by (w;).The form (wg)



defines a connection in the normal bundle of M. We call be

B = fhzjuleeu the second fundamental form of the immersed mani-

fold M". We shall denote the second fundamental form by lts coms
a % o

ponents hij' We denote by H = Za(zihii)ea the mean curvature

vecton.

If 7 is the riemannian connection of ﬁn+p' X an element of

In

TqM and V 1is a normal vector field along M" we have

= i E
L. vi
VXV AV(X) + .XV

1
where AV(X) and VgV are respectively the tangent and normal

components of 7,V . We will say that H is parallel if V;H =0

X
for aki- % ot TéMn and alii g of M=,

We apply the exterior differential d on (2.4) and define
(o]
hijjx BY
Tt S ol RN SN S R §.o0
Ehijkm = dhij Xhile Zhﬂjwi + Zhiij - (210}
Then
o | J KL
Z(hijk + 3 Kijk)w A w =0 (2-11)
o . o | S -
hijk hikj Kikj Kijk {2.12}
Similarly, we aplly d on (2.10) and define hgjkz by
o - - o . a R en OO | B T S B a
Zhijkm = dhijk Zhﬂjk w4 Zhizkwj Ehijlwk+xhijk wg (2.13)
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Then
a __iﬁ g W ] ad B X e oy T
E(hijkR 2EJHmek£ 5 Lh&dekR + 5 ZninBkQ)m w 0 (Z2-c14)
a 5k S e o =i a _m S -
Biske T Pigax T IBipRykp * IhpgRip, T Ihi Rg (2.15)

Since (m;) defines a connection in the tangent bundle T=1KMm)

[ hence a connection in the cotangent bundle T* = T (M") also ]

and (w%) defines a connection in the normal bundle 7l = Tl(Mn)
we have covariant differentiation, which maps a zaction of
Ti € -0* 6. ... BT, (T* ; k times) to a section of
Tl ®@T*® ... ® T ® T*, (T* . k+1 times). The second fundamen —

tal form h?j is a section of the vector bundle Tl @ T* @ T* ;

and h?jk is the covariant derivative of h?j' Similarly
o z L . » o
hijki is the covariant derivative of hijk'

Lemma 1. Let M" be a niemannian manifold Lsometrnically Am-

mensed in MOYP with parallfel mean curvature vectonr. Then

£y hY. =0 j (2.16)
- J (for all a)
Zi hiijk =0 (2:12)

Proog. Let e, be an orthonormal frame of the normal bundle

such that H = HHHeOl . Hence from the definition of H, we obtain
I, B - B s (2.18)
: SRS U ¢ iy
E; AT, =B 1f B = a (2.19)

1 21



where h = ||H|
"From (2.10) and (2.19) we obtain

o s 4 E ) - g 1S
zi,k hiikw = dh 2 Li h dh (2.20)

A S ¥
Since h 1is constant then by (2.20) we have

beh, o #0 TaE =B (24214
From (2.10) and (2.18) we obtain

B k B

IS S T R T I S (2.22)
The vector field e  is parallel, i.e., w® = 0. Then by (2.22)
we have

t. W = if B # (2.23)

i Mk '

From (2.21) and (2.23) we obtain (2.16). Now (2.17) follows from
(2.13) and (2.16).
The Laplacian AhS . of the second fundamental form h?. is

13 ]
defined by

Ahij = Zkhijkk 5 (2.24)
For each «a, let Ha denote the symmetric matrix (h?j) , and

set
g§ =%, -h*nf (2.25)

aB L3323 %]

Then the (p X p)-matrix (Sa ) is also symmetric and can be assumed

8



to be diagonal for @ suitable choise of e , € . We set

o gl T
B =t ’ (2..26)

and denote the square of the length of the second fundamental form

By iBy i e

s Papd. o oy ag (227
G S i By Qe

In general, for a matrix A(aij) we denote by N(A) the square

of the norm of ‘A, i.e.,
2

trace A tA e -
13

N(A)

Clearly, N(a) = N(T_IAT) for any orthogonal matrix T .

C

Now if the ambient space Mn+p(c) is of constant sectional

curvature ¢, then

KA = ¢

BCD (2.28)

*ac®sp ~ SapSpc!

where & are the Kronecker delta

AC
Proposition 1. Llet M" be a ademannian manigfold "isometrically

3 1 ~1+ y

immensed in MV TP(c)  with parallel mean curvature vector. Then

- o A e 3 i 2 25 il 2 {
“ajqjhij“hij Zy,8 N(H H, HH )= I 8" + ncs cllE||® + 0 (2.29)

= 2
where g = Ea,i { B{Ha(ei), ei], - B

Notice that o does not depend o0f the choice of the frame.



Proog. The proposition follows from equation 3.8 of [1],using
(2.17), the definition of H and the equality Qliﬁﬂﬁz(eﬁ,ei],ﬁ)=

Lo R (er H:S)tr(HuH?,H:x) .

’

§3. INTEGRAL FORMULAS

We need the following algebraic lemma

Lemma 2. (Chern, Do Carmo and Kobayashi [4]). Lef A and B be

symmetrnic (nxn)-matrices. Then

N(AB - BA) < 2N(A)N(B) ,

and the equality holds for non-zero matrices A and B ({4 and only
L4 A and B can bed transformed simultaneously by an orthogonal ma-

trix into scalan multiples of A and B nespectively, whenre

0 1 1 0)
{ @]

3 0 g 0 '1{

1 {310

o) o) o) | o

Moreover, &¢ Ay, A, and A; are (nxn)-symmetric matrices and A

o]
]
(se]
I

N(AGAB- ABAu) = ZN(AQ)N(AB) l<a , B<3 ’

then at Least one of the matrnices A, must be zeno.

Applying Lemma 2 to (2.29), we obtain



S P RE R0 iy d e e
d‘hij“nij < 2140 N(H IN(H,) + L S - ncs + ¢ | Bl o
£ DD 2 '-2,_ |I2_
= ZLQ#BSQSB 4 B 8 = ine8 + G | H| o
= 8 9 +25 8 6. = neS ¥ig (3:2)
oo a<B a B
£ 2 Wi
=:{pay 1S + p(p-l)o, - nc§ + ¢ Ha|* - o
where
cF ok = E...(_E:_}_.)_ = 7
PUy hasa & = 5 a, Ly <B,Su SB (3.3
It can be easily seen that
r
2 2 % i e
p-(p-1) (oy = 0,) = Za<6(sa SB) > 0 (3.4)

and therefore

5 Eh?j&hgj % pzoi + p(pvl)o2 - ncsS + cHHH2 - g
> p(2p-l)o§ & p(p*l)(oi ~ o) = nes +oglH]® - o
2 2
< p(2p-1)oy - ncS + c[H|" - 0o (3.5)

= (2 = %)52 - ncS + cHHHz -c

Theorem 1. Let M" be a compact oniented niemannian manifold

isometnically immernsed in MPVP(c) with paraflef wmean  curvature



| 1

| EJ

}SZ —nes '+ c}HHz = g4 dy->'8 (3.6)

. s n
where dv denotes the volume element cf M .

Proo4. This follows from (3.5) and the following lemma

n : s . : < e
Lemma 3. 14 M L4 an ordented compact aLemanndian mandfold

5 3 : 1 ~ o
in a hiemannian mandfold M 'F , then

Proof of Lemma 3. We have

oot ondys CEgionn 2 a0 e
2‘(”(hij) ) L(hijk) + “nij“hij (3,

~J

Integrating (3.7) over M"  and applying Green's theorem to the
left hand side, we see that the integral of the left hand side and

hence that of the right hand side also vanish.

n ; ; g sy o
Corollary 1. Let M be a compact rniemannian manlLfold {some-

oo : . ~n+ ; ,
thically immensed in M P (c) with paraflef mean curvature vector.

I4
{2 = %)82 + cHHﬁz < necS + o
R Ty i v e *
evenywhere on M, then (2 - E)S + c|H||® = neS + ¢ evenrywhene

n
e M



Assume that 8 = g(hij)z is a constant, (3.6) implies
e P 2 0k Vg, @
0 = L(hijk) + hij”hij .

whether M® is compact or not.

This combined with (3.4) vields

T N2 el 2
2 e e ” !I G J
( p)S ncS + cjH| L(hijk}
We may therefore conclude that if
(2 = -}5)52 + c|H|? = ncs + o
everywhere on M we have h;jk = 0. Then Ahzj = 0, and the terms

at both ends of (3.5) vanish. It follows that all inequalities in
(3.2), (3.4) and (3.5) are actually egqualities. In deriving (3.2)
from (2.29), we made use of the inequality N(H H-HH )<2NH N (H,).

Hence,

N(HQH?-HBH&) = 2N(Hm) N(H,E_‘ {3.8)

From (3.4) we obtain

pz(p—l)(ci - 32) o0 (3.9)

From (3.8) and Lemma 2, we conclude that at most of the ma-
trices Ha are non-zero, in which case they can be assumed to be
scalar multiples of A and B in Lemma 2.

Let us fix some further notation for the case p=1. Set
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B 1n+l
= LE3
i

i
L=

hij We choose our frame field in such a way that hij
for- i #3jJ and we set h, = h., .
il ii

Lemma 4. Let M" be a hypersurnjace of the niemannian mand §ofd
yp

ﬂn+l(c) with paratllel mean curvature vector H # 0, such that is 8

445 constant an the condition

S + cﬁHH2==ncS + @

48 vendifdied. Then after a suditable nenumbering of Zhe base elements

€ r---s8 W have that edlthen: .
(i) hl = bt R i dm g
n
or
(ii) hl = e, S hk = A = constant
hk+l = =.hn =y = constant , (1 < k < n)
Au + ¢ =0 m§ =0 S A ocdie K KL X T 2R

Proo4. Since hijk = 0, setting i=3j in (2.10) we obtain

s =
0 = dhy - 2Thyw; =dh,

which shows that h, is a constant. Since h,., = 0 and dh,. =0,
1§ ijk ij

(2.10) implies

N g L _ 2 i
0 = Thyowy + Thpsuf = (hy - hy)ws

which shows that m§ = 0 whenever hi # hj' Thus, if hi # hj ;

then, by (2.2)
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0 = dw; R T e e J

&
) + 3=
k i Lun_'_l C W W

w; =0 and

w? # 0 would imply hi = hk = hj’ contradicting the hypothesis .

the first sum of the eguation above is zero, because

Hence,
G DAL YR e
mn+l AW w w
- k 2 i 73
= Zhikhji.u AW . el ) [
= (h.h, + c)w" A w?
173
which shows that if hri;éhj, then hihj = -¢c . Set hl = A . Then
we have either h, = ... = h_ = ) , which proves part (i) of Lem-

i n

ma 4, or, by renumbering the indices of €qrev-r®y if necessary,
hl e et hk = A and hj $ A for j > k. In the latter case ,

hyh. = =g ¥for' - j = k+l,...;8; and therefore hk+l £ e hn =

= % = u , proving part (ii)

Lemma 5. Let Mn be a submanifofd of the niemannian manifold
ﬁn+p(c)f p > 2, with paratllfel mean curvature vector H# 0 such that

S 44 constant and the condifion

(2 - %)S2 K CIIH[!2 = ncS + ©

Procg. Since p > 2, Eq. (3.9) implies
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2
gy = Oy - (32518
We know that at most two of H , a = n+l,...,n+p, are different

3
from zero. Assume that only one of them, say ﬂh,is different from
L

zero. Then we have Ly F % Sa and . 0, contradicting (3.10).

Therefore we can assume that

Hn+l = AA , H = pﬁ R =)
( 3.10)

H =0 - for ‘o s nsl

where A and B are defined by (3.1). Moreover, we can verify
that » and u are constants (see [4]). From (3.11). tr Hn-+1 =

= tr Hn-+2 = 0, then H = 0. This is a contradiction and therefore

we obtain the lemma.

§4. SUBMANIFOLDS Of EUCLIDEAN SPACES WITH

PARALLEL MEAN CURVATURE VECTOR.

The purpose of the present section is to determine all isome-

; , : n n+p -
tric immersions M of W , with non-zero parallel mean curva-
ture vector, and such that S is constant and satisfies the condi-

tion

) S = o (4.1)

The first main results is the following
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Theorem 2. Let M" be a complete niemannian manifold {somet-
nically immensed in RMTP  with paraffel mean curvature vector H#O,
such that S is constant and the condition (4.1) L& satisfied. Then
p=1 and M" is either a sphere o4 nadius r, s (r), on product

Sk(r) xjmn-k

y 1 <k < n-1. Except for the case k=1, the immension is
an imbedding.
Assuming p = 1 a theorem of the above type was proved by

Nomizu and Smyth [10], under the condition of non negativity of the

sectional curvature of M" in place of our condition (4.1).

Lemma 6. Let M° be a hipersungace of :Rn+1, with parallel

mean curvature vector H#0, such that S is constant and the condi-
tion (4.1) is venifieds Then either M" &4 pant of a sphere S"(r)
orn 48 Locally a niemannian product M) *x M, o0f spaces M, and M,
04 constant sectional curvatures with dﬁnM1=k3; and dim M,=n-k>1.
In the Latten case, with nespect an adapted frame field, the matrix

04 the connection 4oams w% 04 R jestrnicted a MY, s gdiven

by
1 = S ad
] " ()
. . . ®
K k g ol
1 “x i

e

T

() e ) (4.2)

gt o= 1 T,
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where .= h/k and  h ={g{

Proog cf Lemma 6.

From (i) of lemma 4 we obtain that MY is part of a sphere

s™(x) . Suppose now that condition (ii) of lemma 4 is valid and

A = H then we can define two distributions

n+l’

=
Q
i

{(x € T M" ; Ax = Ax}
g

and

T 4q) = {x € Tan ;s Ax = 0}

of dimensions k and n-k, respectively. Knowing that ) is a cons-
that, it is easy to see that both distributions are differentiable,

involutive and totally geodesic on M". Then every point of M" has

a neighborhood U which is a riemannian product Ml b Mz. From
(2.7) we see that the curvatures of My and M, are given by
=L AR e R e e
Rimg im 32 14 9m = MR o
4 = 0 k+1l < 1,3:m,28 < 1
ij,Q r < 1,].0,% <

If k > 2 (resp. n~k > 2), then Ml (resp. Mz) is a space of cons-

tant curvature Az(resp. 0). We know that H is parallel, then

h =|H|= I h,
% s

is constant. Since h = kA we obtain ) = h/k. Now the lemma fol-
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lows from part (ii) of Lemma 4.

Proog of Theorem 2. We first assume that M? is simply con-

Il n

nected. Let ¢ s M - 1R i be an isometric immersion. If M" is

complete and p=1, by lemma 6 6 (M") is a sphere 87 () Since

M"  and ¢(Mn) are simply connected, we conclude that ¢ is an im-

bedding (see [8] Theor. 4.6).

Now, we consider the hipersurface s* (r) ><]Rn-k, 1. < ik < B l;

8 . + 2
and prove that the matrix of the connection forms }Rn l, restricted

-k

to Sk(r) x R is given by (4.2). Now, we may use the theorem of

local uniqueness of the form. (uA) and (wg) and obtain that
M, x M, is an open set of the riemannian product Sk(r) x R°7K (see

[5] Theor. 1'). If k > 2, then ¢(Mn) is simply connected and we
can conclude that ¢ is an imbedding. If k = 1, then m" may be
JRX]Rn_l, which is immersed onto St(r) xR 1 in =mr"L,

In the general case, let M" be the universal covering mani-
fold on M" with projection Tr::jtn + M. If M has the covering metric,
then M" and 5 = ¢ o m satisfy the same assumptions as M" and d.

n=k

Thus ¢ (M") = ¢ (M) is of the form s"(r) *xR™™%, 1 < k < n-1. If k#l,

then ¢ 4is an imbedding and so is ¢ .

If p > 2 then by lemma 5 have that p 1.

Corollary 2. Let MY be a compact hipersungace of ]Rn+l, with

parallel mean curvature vector H#O0, such that condition (4.1) 43

n

verdigied, then M~ Ais a spherne and the immensdion is an imbeddding.



§5. SUBMANIFOLDS OF HYPEﬁBOLIC SPACE WITH

PARALLEL MEAN CURVATURE VECTOR.

Before determining all isometric immersions M" of ﬁn+p(c)
¢ = =1, with non-zero parallel mean curvature vector and such tha

S 1is constant and satisfies the condition
(2 - %)52 + c|[H[|2 =ncsS + o , (53

let us look at some examples.

j

Consider, in Rp+ the non-degenerate quadratic form

(x,y) = xlyl A XnYn i xn+1yn+l
and let
) - n+l 2 = 2 G ~2
H (C) = {(xl,...,xn+l) € R /Zixi LS i B 0

The above quadratic form induces a complete riemannian metri
of constant sectional curvature -52, on Hn(é). Since H" (&) is sim

ply connected, it can be identified with the hyperbolic space O

curvature —62. The "flat" hypersurface.

n+l n+l(

n _ - .
F —{(xl,...,xn+2) €H (l)/xn+2 = xn-+l} in H 1)

is called a "honrosphere". The second fundamental form of ) ha

n eigenvalues equal to 1 and so |H|= 8 = n, $° + ncs =HHH1+0=2n
For 0 <k <n , r > 0, we define the hypersurface M(r,k

of Hn+l(l) by



i

+1 1R N0 = e
S s = ")

Miz,k) = §%0) xR (142 1/2) o bhe ol

If k =n M(r,k) is called a "geodesdic sphene

Ef ok

il

0 M(r,k) is called an "equidistant hipersunface”

If k#0,n M(r,k) is called a ”ciﬂiﬂdnic-zgpa hypz&éuhgacz"

The second fundamental form of M(r,k) has eigenvalues (1+r2)l/2/r
and r/(1+r2)l/2 with multiplicities k and n-k respectively .

Moreover

SRS YT ki (1 SRR

Eg
|

2)/£% + (n-k)r2/(1422)

Uz
I

k(1l+r

2

)

H2 + g

+ nS =||H

We now prove.

Theorem 3. Let M" be'q complete niemannian mandifold Lsometn-

2 ) 1 D
wically immensed {n gtE

(1) with parallel mean curvature vecton
H#0, such that S is constant and the condition (5.1) 4s satisfied.
Then p=1 and M" is e{ther a horsphere on a mani fold 04 type
M(r,k) . Except fon zhe case k=1 the immension is an imbedding.

We need, the following lemma.

Lemma 7. let M" pe g hipersurgace 04 it

(1), with parallet
mean curvature vector H#0, such that S 44 constant and the con-
diticn (5.1) 4is venified. Then edithexr MT s part of a horsphene

0% part of a geodesdic sphere on part of an equidistant hipernsungace




it 48 Locally a rniemanndan preduct M

1
of constant sectional curvatures with dim M,=k>1 anddhnwh =n=-k>1.

YM2

of spaces M

the fatten case with nespect an adapted frame field, the matrix

of Lthe connectdion gorms mg o4 Hn+1(l) , hestrnicted %o
given by
ol N I - he )
1 . mk W
E 0 b2 S
k k %
u)l . Wy - AW
k+1 k+1 e e
wk+1 . . - (J.Jn Hw
0 - -
Rass n D
n - . . w NJ{AJ
Aw ?\wk ] uwk+l s uwn 0
whene
= (h+ (h% - 4k(n-k)) /2y 2k, :
u = (h-(h?-ak(n-x)Af(n%k) and h =|H|

Proog o4 Lemma 7.

From (i) of lemma 4 and by [13], Theor. 29, we obtain
either M is part of a horsphere (hl = = hn = 1) or part  of
a geodesic sphere (hl = .. = hn = (1+r2)1/2/r) or part of a equi-
distant hypersurface (hl = ... = hn = r/(1+r2)1/2). Let
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by (ii) of Lemma 4, we can define two distributions

]

gl ix € Tan : Ax = Ax}

and

It

Tz(q) ix € Tan ; AX = ux}

of dimensions k and n-k, respectively. Knowing that X and u are
constants, it is easy to see that both distributions are differen-
tiable, involutive and totally geodesic on M". Then every point
of M" has a neighborhood U which is a riemmanian product erMz

From (2.7) we see that the curvatures of Ml and M2 are given by

i 2 -' e

Ring = OF-10(6,,6,, =606, 1<i,3meck
R m (pf 1) (8, 8. -8, 6.0 Kkt < 4,3;m,8 < n
jmg = M im®32 ~ %12%9m’ ’ < i3m0 2

If k>2 (resp. n-k >2), then M., (resp. M,) is a sphere of constant

1 2
curvature kz -1 (resp. uz-l). We know that H is parallel, then

= g
Il

HHH ¥ Eihi

is constant and

I

h kA + (n-k)u

This relation together with Ay =1 imply

1/2

X = h +(h? - &k(na-%))3/2k , u = h =(h® -k in=k))%/72t0k) (5.3)
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or

‘= h ~(h2=ak(m-k1>2 /2% .y =K h° - akn-k1) 2/ (2 (h-k)

Replacing €el by 8y if necessary, we may assume (5.3). Now the lem-

ma follows from part (ii) of Lemma 4.

Procg of Theorem 3. We first assume that M is simply con-
nected. Let b: MO Hn+p(l) be an isometric immersion. If M" is
complete and p=1, by Lemma 7 ¢(Mn) is either a horspehre or a
geodesic sphere or an equidistant hypersurface. Since M® and o (M%)
are simply connected, we conclude that ¢ is an imbedding (see [ 8 ]
Theor. 4.6)

We consider how the "cylindric-type hypersurface"

M(r,k) = Sk(r) x Hn"k((lﬂ:?*)l’/2

n+l(

) 1 < k < n-1, and show that the
connection form of H 1), restricted to  Mir, k) . is given by
{20

We have that the second fundamental form of M(r,k) has an

eigenvalue } of multiplicity k and an eigenvalue u of multiplicity

n-k, and
Ap =1 (5 ')

by the argument in the proof of Lemma 4. On the other hand, Sk(r)

(resp. Hn"k(l+r2)l/2) has constant sectional curvature Xz-l (resp.

u2 - 1) which is equal to 1/r2(resp. —l/(1+r2)) so that

19 e 1T, W R = Rt (5,83



R T R
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Thus by (5.4) and (5.5), without loss of generality, we have
= (l+r2)1/2/r , U= r/(l+r2}l/2 (G ¢6)
from which it follows immediately that
2
' k(14r2) Y 2/1) + (n-k) (x/ (1+c2) Y2 =n (5.9
. where h = ||[H|| and H is the mean curvature vector of M(r,k).
Solving (5.7) we therefore obtain, without loss of generality,
£ = RT = 2uk ~ hiB® ~ #nln=k})) /2B ~h%) (5.8)
For simplicity, we shall denote by r the r given by (5.-8)..
Hence M(ro,k) is a hypersurface in Hn+l(l).

Now let fo'fl""’fk be an orthonormal frame field foriRk+l
such that fO is normal to Sk(ro), and ¢O,¢1,...,¢k the dual
frame field. For Hn_k((1+rg)l/2) in ZRn—k+l, we choose an ortho-
normal frame fk+1""’fn+l' (for instance see [5] P. 123) such
that fn+1 is normal to Hnﬂk((l+r§)l/2), 1.8,

g = - i = . = - 5
(fi,fj) Gij' (fn+l'fi) S ey ) o ) B, < 1 {fn+l'fn+l> 1 -(5.9)
and ¢k+l’-_.’¢n+l be the dual frame field. Let (¢§)AWB=G,1“..JH1
be the connection form for 2 with respect to the dual frame
field (¢A) A=0,1,.,..,ntl. Then these forms ¢g, restricted to

M(ro,k) satisfy
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g% g
Qe i 1 T
¢l = ¢O (l/ro)’iJ ¢ X lrzr ,k
(5=05)
bl s el A0y 27 f oo
¢+1 ¢j (1/ (1+r ) ¥ IR K1, .6 ,0
A _ B
¢B = = ¢A =0 EEaor A =0, Lysse; Kk 8Nnd B = Kkl ; eyt
The image of the imbedding M(ro,k) +:mn+2 lies in the hyperbolic
space Hn+l(l). Now we take a new frame field € 18y reeer® 1y for
Rn+2, with * .= fi’ f-med SN ; e, normal to Hn+l(1),and e 41
normal to M(ro,k), so that
. 2173
- ro(.fo + (d+x) L+l
e, = fi 7 1 & Epe ool Bkl
S 2 A2
e +l-(l+ro) ek - +-ro fn+l
Let «%0Y,...,0""1 be the dual frame field. Then
wo S ro¢o 2 (l+r2)l/2 ¢n+1
bt = ¢t : § = YR (5.12)
wn+l :(1+ri)l/2 ¢O - r, ¢)n+l

The connection form (m%)A,B = 0,1,...,n+l for 'Rp+2 with respect

the dual frame field (mA) is then given by



.

L
Wi = Uig - "ro':*g * (l+r ) A ’+n+lf e Lipawe sl
O A i L .
Yt “o n+l
(5.,13)

i 3 o
UJ; = ¢j I l'J = l’.“'n

o B 1/2,0 - gl
T R (1+r ) i + r by o i RS 5

Substitution of (5.10) in (5.12), (5.13) shows immediately that

the connection form (wg)A,B =L ntl oFf Hn+l(

M(ro,k), coincides with the form in (5.2). Now, we may use the the-

1), restricted to

orem of local uniqueness of the forms (uA).and (wB) and obtain that
M, * Mz is an open set of the riemannian product
Mr_ k) = s5(r ) x BV ((14x2)Y/?) (see (5] P. 128). If k > 2, then

@(Mn) is simply connected and we can conclude that ¢ is an imbed-
Y

ding. If k = 1, then M" may be R x B ((l+ 2 1/2

immersed onto Sl(ro) x HY 1((1+r )l/2 in R" l.

) which is

In the general case, let M" be the universal covering mani-

fold on M' with projection ¢:ﬁn > M". With respect to the cover-

ing metric " and 3 = ¢ o m satisfy the same assumptions as M"

n-k(1:+r )1/2) :

and ¢ . Thus g(Mn) = ¢(M") is of the form Sk(ro) H
1 <k = n=1; £ k¥ 1, then 5 is an imbedding and so is ¢
If p > 2 then by Lemma 5, we have that p = 3 O

n+1(

Corollary 3. Let M?  be a compact hypensurngace of H 1%

with parallel mean curvature vector H#O, such that the condition (5.1)
is vendfied, then M?  is a geodesic spherne and the immernsion L8

an {mbedding.
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