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INTRODUCTION: Many-valued logics were introduced by J. Lukaéiewicz
in 1920. With the aim of developing an algebraic theory of the
n-valued Lukasiewicz propositional calculi, G.Moisil introduced in
1940 the n-valued Lukasié;icz algebras. These algebras are distribu-

tive lattices on which are defined a De Morgan negation and n-=-1

modal operators fulfilling some axioms that are given in 5%.

The three - and four-valued Lukasiewicz algebras are the al-
gebraic counterpart of the three and four-valued Lukasiewicz propo-
sitional calculi respectively, but this is not the case if n > 5.
The adequate algebraic notion corresponding to the cases n>5 was
introduced by R. Grigolia [9 ] following some ideas of C. C. Chang.
But these structures are not directly based on lattices, and so
their comparison with algebraic structures corresponding to ofher
logical calculi (for instance, classical, Post, intuitionistic cal-

culi) is not easy.

Three-valued Lukasiewicz algebras were characterized in [ 1
as Kleene algebras such that the subalgebra of its complemented ele-
ments is relativelly complete and separating, and in [3] it was

shown that if the complemented elements of a bounded distributive



lattice satisfy theabove conditions, then it  admits a Kleene algebra
structure. Thus three-valued Lukasiewicz algebras ‘were characterized
as bounded distributive lattices such that their complemented ele-
ments satisfy certain specific properties. These results motivated
the characterization of three-valued Lukasiewicz algebras as asub-

variety of the variety of double Stone algebras in [11].

On the other hand, it is well known that if n >4, then the
De Morgan negation cannot be defined in terms of the complemented
elements and the laftice operations of an n-valued Lukasiewicz al-
gebra, and that if n >6, then there are Kleene algebras admitting

two non-isomorphic structures of n-valued Lukasiewicz algebra.

The aim of this paper is to characterize five-valued Lukasiewicz
algebras as De Morgan algebras such that their complemented ele-
ments satisfy certain conditions, and to obtain corresponding charac-
terizations of four-valued and three-valued Lukasiewicz algebras as
particular cases. We hope that this will be a step toward a possible
algebraic characterization of n-valued Lukasiewicz -logics in temms
of lattices, which will permit to compare it with other proposi-
tional calculis and to evaluate possible appl;cations to the theory

of circuits and programming.

In §1, after recalling the definitions and some properties of
De Morgan, Kleene and Lukasiewicz algebras, we show that a bounded
distributive lattice admits at most one structure of n -valued

Likasiewicz algebra for n=3, 4 and 5 (and that it is not the case if n>6).

Our proof depends strongly on properties of the prime filters of the




Lukasiewicz algebras that were established 4n [4 ], and on the fact
that the modal operators that appear in the definition of n-valued
Lukasiewicz algebras for n =3, 4 and 5 have an intrinsic defini-
tion in terms of the subjacent De Morgan algebra structure.The main
properties of these modal operators are studied in §2, where we
consider them as defined on a De Morgan algebra. We think that the
results of this section are of an independent interest. Finally, in
§3 we show that if such modal operators can be defined on a De Morgan
algebra and if they satisfy a relation known as the Moisil deter-
mination principle, then they authomatically fulfill all the other
requirements of the Qefinition of a five-valued Lukasiewicz alge-
bra. We also give the extra conditions necessary to characterize

four-valued and three-valued Lukasiewicz algebras.

1. DE MORGAN, KLEENE AND LUKASIEWICZ ALGEBRAS:

We shall consider bounded distributive lattices as algebras
(L,v,A, 0,1 of type (2,2,0,0), i.e., the zero 0 and unit 1 are
considered as nullary operations defined on L, so by a sublattice
we shall always understand a sublattice containing 0 and 1, and
by a homomorphism a lattice homomorphism preserving 0 and l. B(L)
will denote the boolean sublattice of all complemented elements of.
L, and if x € B(L) the complement of x will be denoted by -X.
If S is a sublattice of L and x,y are elements of L, we are
going to denote (following G. Epstein and A. Horn [ 7] [8]1) the

largest (smallest) element 2z of S such that xAz <y (x vVZ2>Y),



in case it exists, by x 2. y (X'Ai‘y). We are going to write
X +y tx + y) instead of x-E+ y (x «E*y) and x =y (x =y} An=
stead of }:JEL&LQ ¥ .{x +§iél*y). Note that the pseudocomplement x*
of an element x € L, if it exists, coincides with x>0 and

analogously, the dual pseudocomplement S equal to x = 1.

A De Morgan algebra <(A,v,A,v,0, 1), or simply A, is an al-
gebra such that {(&A,v,A, 0,1) is adistributive lattice and ~n is a

unary operation defined on A fulfilling the following conditions:
(M1) vvx = x and (M2) ~v(x vy) = ux Anry

A De Morgan algebra A such that the operation <~ fulfills the

condition:
(K) x Avx <y vy for any | . [ I T

is called a Kleene algebra.

A systematic treatment of De Morgan and Kleene algebras can

be found in [1l, Chapter XI] (see also [5]).

If S is a De Morgan subalgebra of A, it is plain that xii*y
exists if and only if ~wvx @g—Jny exists, and in this case
'\:(x-§~> y) = Vx & Ay . Analogously we have that ~v(x 'E'y)='\»x-s->'my.

+ _+
In particular we have that x =y = nv(wx « vy), x*= Mux) , X =n (ux) ¥
and since B(A) is always a De Morgan subalgebra of A 18 - 8ad ]

we also have that x =y = v (vx € vy), x €y = v(wx = Vvy).




Let K(A) = {z € B(A)| vz = - z}; K(A)-is both a De Morgan
subalgebra of A and a Boolean subalgebra of B(A) [5, Lemma -2.1].

If z € B(A) and -2z 1is comparable with <~g, then z:€ K(A). For,

suppose, for instance, that =~ 2 < 42, Then 1l = -z v Z2 < vz v 2,
and this also implies that 0 = nv(vz v z) = vz Az, Therefore
vz = — 2z, This result, together with the next lemma, provide an

inmediate proof of the following result of A. Monteiro (see [2, 2.2]):

In a Kleene algebra A, K(A) = B(A).

l1.1. LEMMA: In a Kleene algebra A, if x Ay =0, then y < VvX.

PROOF: If x A y = 0, we have that,

y=y A(ux v ooy sy & wx) viy A vy) < (y Anx) v (X v MX) = Xy W%

Therefore: y =y A (%t v wx) = (y A x) v (y A vx) =y A vx,

This lemma also shows that if in a Kleene algebra A x*km'x+)

- +
exists, then we have that x* < wx < x .

The notion of an n-valued Lukasiewicz algebra was introduced
by G. Moisil [10] in ﬁhe following way: An n-valued Lukasiewicz
algebra (n am integer > 2) is an algebra (L,v,A,m,o;,...,02_1,0,1{
such that (L,v,A,v, 0, 1) is a De Morgan algebra and oni (1<i<n~=1)
are unary operations defined on L fulfilling the following condi-
tions:

n o AT n
Ll) ci(x VYY) =0.x vio, Y



L2) . ofx v notx =1 -
i 1;
L3) ot N x = ofr.1 X
3= J
n i n
L4) O ANE) S0, X
n n n
L5) O1X £ O £ se0 £ O 4%
L6) Tf c?x = ozy oy 4= 1.2, .. =1, Ehen % '=;

Condition L6 is known as "the Moisil determiﬁation principle"
and it was shown in [ 4] (see also [1l, Chapter XI]) that it can be

replaced by the conditions:
L7) X < oE_lx .o
n n ;
L8) x & voLX A Oi43Y L ¥ for £ 1.2, ™ ds

Note that the axioms Ll1) - L5), L7) and L8) give an equational

characterization of n-valued Lukasiewicz algebras.

It is easy to prove that in an n-valued Lukasiewicz algebra

the following properties hold true (see [4] or [1l, Chapter XI])
n P - n
L9) ci(x Ay) = SFp A oY -

L10) x < y Aif and only if cr.l‘x < c‘i‘y for i=1,2,...,n-1.

L11l) c?x <%
n A n =
L12) cil =1, 0,0 0.

It is also well known that Lukasiewicz algebras are Kleene
algebras, and that z € B(L) if and only if there is an i€{1,2,...,n-1}
such that c?z = z, and in this case c?z wz  for 3 =1,2,.. dm%l.

It follows, in particular, that ogx € B(L) for each x € L and




every i € {l,...,mn-1} and hence that %o?x = - o?x.

As an easy application of these facts we can'prove that the
structure of n-valued Lukasiewicz algebra determines the De Morgan

negation . More precisely, we have:

l1.2. LEMMA: Let (L,v,A, 0,1} be a distributive lattice, ~ and 1
unary operations defined on L such that (L,v,A,n, 0,1) and

{(L,v,A, 1, 0,1) are De Morgan algebras. If we can define n-1 unary

operations 0?""'02-1 such that (L,v,A,m,cn,...,og_l, 0,1) and
(L,v,A,'T,c?,...,cg_l, o,1) are both n-valued Lukasiewicz algebras,

then 7iIx =%x for each x in L.

n

PROOF: For each i € {1,2,...,n-1}, we have og_l'bx =-—on_ix=on'|x,
and the Moisil determination principle implies that ~x =7X.

are

It was proved in [4 ] that the operations ogr and 02_1

intrinsically defined by the lattice structure of an n -valued

Lukasiewicz algebra. Indeed, we have that:

LI3) 0?
£ x =0« x

Ll4) - ¢ 1

x = 1= x,” and
n—

1.3. LEMMA: Let L be an n-valued Lukasiewicz algebra. If n is
even, we have that 02/2x = = x ="vx = x. If n is odd, we have

that

n e <= n = .
U(n*l)/zx = yx x and G(n+l)/2x | N 2R

PROOF: Suppose that .n is even. If i < n/2, by using L3), L9),



15) and L4) we get that: -
n n R n n n i n
o (vx A on/zx) =y, () Acn/zx < on/z(mx) Acn/zx =0 < o;x.
n n n n
If i>n/2, then oi(mx A on/zx) £ Ony2% £ 04 X, therefore:

c?(mx A oi/zx) < U?X for i=1,2,...,n-1, and L10) implies that

n
vx A i

On the other hand, if 2z € B(L) is such that ~x A z < x, by
: n n
applying L10) we get that on/z(%x A 2) < cn/zx, by L9) and the
properties of the Boolean complement in Lukasiewicz algebras we

n n . . : 2 n 4
have that cn/zx A'a % cn/zx, which implies: z < on/zx. There

fore we have proved that 02/2x - WX * X.

To complete the proof of the case n even, observe that from

L4) we get that:

L . =0 X = Ngo N = % ) = L = XK.
E n/2 n/2 x ( )

The case n odd can be proved by similar arguments. When
n=3, 4 or 5, the above lemmas, together with properties L13) and
L14), give a complete characterization of all the operations 02,

1=1,2,i¢0,n~1. That 1is:

For n =3, oix s Lo=iae = AR XS ch =0 = x =" *X
4 /- £ Y.
For n =4, o,x = 1 = x; 0 % = v ®* X = VWX € X; 03x =0 += x
For n =5, cix = 1 = X; ogx = X * X; ng = Ny w3 cix==0 - X,




This characterization implies, in particular, that the struc-
ture of n-valued Lukasiewicz algebra (n =3, 4 or 5) is .determined
by the structure of De Morgan algebra: We cannot define two aif-
ferent structures of n-valued Lukasiewicz élgebra {n=3, 4 or S)on

a De Morgan algebra.

It is also remarkable that the cases n =3 and n=4 are both

particular cases of the case n= 5.

We have proved that in an n-valued Lukasiewicz algebra the
lattice operations together with the operations o? determine the
De Morgan negation (Lemma 1.2) and that for n=3, 4 or 5 the lat-
tice operations and 'the De Morgan negation determine the operations
o?. The following proposition shows that for n = 3, 4 or 5 the

De Morgan negation and the operations 02 are determined by the

lattice operations.

1.4. PROPOSITION: There is at most one structure of 5 —valued
Lukasiewicz algebra that can be defined on a distributive lattice

Lo (L v -0l )y

PROOF: Suppose L admits two structures of 5-valued Lukasiewicz
5 5 b 5

algebras: (L,v,A,w,cl,...,o4 ;0 eand® (L, v, Ay W,al,...,a4 e Bl -
By L13) and L14) we have that aix i U =U?_x and aix=0 =x = o‘zx.

Suppose there is x € L such that ch % agx. By the well

known Theorem of Stone there is an ultrafilter U of B(L) such that:

(1) ogxe U . and (2) agx & U.
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If we define U; = {x €L :oix € U} and Ui'= {x € L :uzx e L}

then (1) and (2) imply respectively:

(3) xe€1, and 4) x¢g ug.
: ; g =yt
I: is ilalm that Ul - Ul' By = U4 and that U1 c U2 c U3 c U4,
1 1 ; 1 1
c c = =
Ul C U2 c U3 c U4 . We are going to prove now that Ul-—Uz(Ul —UZ)

is equivalent to Uy = U4(U§ = Ui). Indeed, suppose Ul = U, and

U3 # U, - Then there is y € U, such that y & U that is, oiye U

3 r
and ogy & U. But oiy € U implies (U ultrafilter) that ci’by =

5 :
==g.¥ % U, 1.8, Wy B Ul = UZ' Hence -cgy = s Y & U and,since
U is an ultrafilter of B(L), cgy € Uy ven vy oE U3 ; A4 contradiec=

tion. Therefore U3 = U4 (because U

reasonning we can prove that U3 = U4 implies Ul = U2'

3 S Uy) - By a symmetrical

It is easy to check that Ui are prime filters of L and that

Ui nB(L) =0 for 1=1,2,3,4. Then, according to the results of
[4] there is an i € {1,2,3,4) such that U; = U, .
Since (3) and (4) imply that U2 E_U%, we cannot have that
Ué = Ui for i=2,3 or 4. Suppose U; = Uy = Ui. Then we would
also have Ué = Ui . By applying the results of [4] to the prime
filter U2, we get that there is Jj € {1,2,3,4} such that 02 =U§,
1 i il

and since 02 o 02 i 3 should be 3 or 4, 1.e. U2 = U3 = U4 = U4

= = ol ek Ml il 1 i
and we would have Ul = U2 = U3 = U4 = Ul - U2 = U3 U4 ; @& con

tradiction. Therefore we must conclude that ch 2 agx. Inter=

changing the roles of the ci and ai , we finally prove that

ch = agx ,.for each x in L, and equations L4) imply that ng =

Sx for each x. Therefore we have proved that o?x = a:X for

Wik i i
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each x in L and 1i=1,2,3,4. The proof is-completed by applying

Lemma 1.2.

1.5. COROLLARY: There is at most one structure of 3 (4) -valued
Lukasiewicz algebra that can be defined on a distributive lattice

PROOF: Suppose n =3 and that L admits two structures of 3-valued

Lukasiewicz algebra:

3 3

(L,V,A,’\a,ol r 0y 0,1} and (L,v,A, ‘l,a3 s

AW as 0 e B

we can associate two 5-valued structures by defining ci =og = ci,

g 5 3 3 5 3 5 5 3

Gy =G4 = Oq and Q) ® G, =Gy, Gy ® Qg ™ Gy, By the Proposition
3 83 a3
we have 0] = o and oy = a5.

The same proof applies to the case n =4, if we consider ci=oi,

5 R 5 4 5 4 - A, e e X R
® Oos Oy ® 04 and.al—ul, ay = a3 = 057 Qg4 = Og.

REMARK: If n >6, we may have two non-isomorphic n-valued Lukasiewicz
algebras defined on the same Kleene algebra. For instance, let
Ly be the four-element chain with the natural structure of a 4-val-
ued Lukasiewicz algebra (see [4] or [1]). We can introduce  two
non-isomorphic structures of 6-valued Lukasiewicz algebras on Ly

e B -4 SRR WSS Sl Qo W ¢ _Tiga.a
by defining 0, = Oy Gy ™= 0g ™ 0, ® 85 05—03and a) =0, Oy

b 6 6 4

We are going to close this paragraph -with an exemple that shows
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that cg- (or cg) cannot be defined in terms of the De Morgan al-
gebra operations, 0]5_ and 03.

EXEMPLE: Let L=L4 X L4 ;, S the subset of L formed by the ele-

ments (0,0), (1/3, 1/3), (1/3, 2/3), (2/3, 1/3), (2/3, 2/3) and (l.1).

S is a De Morgan subalgebra of L closed under O’i and 02 y Uk
it is not closed under cg (in this case, og - cg). Indeed

03(1/3, 2/3) = (0,1) & S.

2. SOME OPERATORS ON DE MORGAN ALGEBRAS

Lemma 1.3 suggest the study of the following operators on a

De Morgan algebra A:

a{X)ea= vk € X and R(x) =m$c=>x.

Since we have the relations

v

(1)  a(x) = vB(vx)  and (2) B(x) = va(vx)

it is plain that a(x) exists for each x in A if and only il

B(x) exists for each x in A. In this notation Lemma 1.3 can be

reformulated by saying that if n is even, 02/2}: = a(x) = B(x) and
: y n > n = i
if..n . is odd, cn_l/zx = a(x) and °n+l/2x Ri{%). IE A dls T a

Kleene algebra, B(A) =K(A) and therefore in this case we have that

(3) o(x) = vx =" x and (4) B(x) = '\ax-K A) X
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It is interesting to note that relations (3) and (4) are true in

any De Morgan algebra.

More precisely, we have that:

2.1. PROPOSITION: Let A be a De Morgan algebra such that a(x)
and B(x) exist for each x in A. Then the following properties

hold true:
(1) If x <y, then a(x) < a(y) and B(x) < B(y).

(ii) x < vx if and only if a(x)=0 and "vx<x if and only

£F Bix)y =1.
(111) If =z € B(A), then a(z) = v-z2 A z and B(z) ="v=-2z2 vz,

(iv) z € K(A) if and only if for every x in A: a(x A z) =a(x)Az

(respectively B(x v z) = B(x) v z) if and only if a(2) =z

(respectively B(z) = z).
(v) a(x) = ax KAy ana B(x) = Aty g for each x
in A.

(vi) a(a(x)) =ax); aB(x) =B8(x); B8(x) =ax); B(B(x)) =BX).

(vii) If ‘A is a Kleene algebra, then oa(x v y) = a(x) v a(y)
and B(x A y) = B(x) A B(y) for each pair x,y of ele-

ments of A.

PROOF: We are going to prove just the results corresponding to B,
because those corresponding to o follow from formulae (1) and (2)

and the fact that =z € K(A) if and only if ~z € K(A).
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Parts (i) and (ii) are inmediate consequences of the defini-

tion of B .

(iii) It is easy to see that: ~z A (v-z v z) < z. Also, |is
trivial that ~z A b < z implies b < -nz v z, that is b< v-z vz

(see [5], Lemma 2.1). Then B(z) ="Vv-2 v 2.
(iv) Let be 2z € K(A), that is: nz = - 2., For every x in A

from the definition of RB(x) it follows that:

vix v 2) A (B(x) vz) =vx A-2 A B(xX) < x A-2 < x vV zZ.

If 2' € B(A) is such that' ~(x v 2) A 2" < x v 2, then  wA-zA2' <
<XV 3z .. ax A=z A 2' < x, and pince -z A 2' € B(A) it

follows that -z A z' < B(x), i.e. 2' < B(z) v z.

Suppose now that for each x € A is B(x v z) = B(x) v z. In

particular for x =0 this implies that: B(x) = z.
Finally, we are going to prove that for every x in A, B(x) is
in K(A). Indeed, since; Vvx < vx v =B (x) = (vx AB(x))v -B(x) <xv-B(x),

we have that ~x A v~ -B(x) < x. Then, from the definition of B(x)
it follows that v-B(x) < B(x), i.e. vB(x) < -B(X), and this
implies that B(x) € K(A) (see §1). This fact proves that if

Bl{z) = g, then -z € K(A),

(v) and (vi) are obvious consequences of the fact that o(x)

and PB(x) belong to K(A).

(vii) If follows at once from (i) that B(x A y) < B(x)A B(y).

In order to prove the other inequality, we have to show that:
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(1) %ix A y) A B(x) AB(y) <sx'A y. From the definition of @ B(x),
we obtain that (2) vx A B(x) A B(y) < x A B(y) < x+ and by con-

dition (K) (see §1):

(3) ~x A B(x) A B(y)

A

v A x A B(y) < (vy v y) A B(y)

| A

(vy A B(y)) v (v A B(y))

A
=

From (2) and (3) it follows that
vx A B(x) A B(y) <x Ay
and by interchanging. X and y, we also get that
vy A B(x) ABlYy) <x Ay

and the last two inequalities are equivalent to (1).

REMARKS: In the statement of (vii) of the above proposition we
need to require that A be a Kleene algebra, because it is not hard
to find a finite De Morgan algebra A, with K(A) = B(A) = {0, 1}
and such that B(x A y) # B(x) A B(y) for a pair of elements x, Y
of A. It is also easy to find examples of finite Kleene algebraéin
which B(x v y) # B(x) v B(y).

In Lukasiewicz algebras are important the operators ch=l=:£

n
n-1

algebras are Kleene algebras, we have also the equalities

and o X =0 « x (see formulae L13) and Ll14)). Since Lukasiewicz

T e B - and LIRS D K. S
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But. it is easy to find examples of (finite) De - Morgan algebras
in which 1 = x # ll{—(—z}-)—v ¥ fahd f0ieix 2 0 4i(—‘w—x.-'l'his remarks
motivates the introduction of the following operators in a De Morgan

algebra A:

Ax=l£(—&)——>x and Vx=0<—K—(-zix.
We have the relations
(5) Ax = wWux and (6) Vx = VvAvx

and from them it follows that Ax exists for each x in A if and
only if Vx exists for each x. It is well known (and easy to
check) that V is a closure operator and A and interior operator

defined on A. Explicity, we have:

2.2. PROPOSITION: Let A be a De Morgan algebra such that- Ax and

Vx are defined for each x in A. Then the following properties hold:

(i) Nge < % and % < ¥x

(ii) AAx = Ax and VVx = Ux
(1131) A% A-p) = AxABY and Vix v y) =Vx v Vy

(iv) 2z € K(A) if and only if for every % in A: “A(X'v Z) = AxV 2
(respectively V(x A z) = Vk A 2z) if and only if A(2z) =z

(respectively Vz = z).

2.3. DEFINITION: We are going to say that a De Morgan algebra A

satisfies property (Bl) if Ax and o(x) exist for each x in A.
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Note that this is equivalent to require the” existence of any oneof
Ehe paies . Ax and Bx; Vx and  dxX or Vi and - fx for each Xx

I A,

2.4. LEMMA: If A satisties property (Bl), then the following in-

equalities hold:
£x) Bx < oix) < ¥x

(11) &x < Bix) < ¥R

PROOF: (i) Since Ax < x, we have that aAx < ax and  since
Ax € K(a), aAx = Ax. On the other hand, since "x v Vx > Vx > %, and
Vx € K(A), it follows that a(x) < Vx. The proof of (ii) now fol-

lows from relations (1), (2) (begining of §2) (5) and (6).

REMARK: It is not hard to find a finite Kleene algebra A in which

g(x) £ B(x) for some x in A.

3. THE MOISIL DETERMINATION PRINCIPLE

3.1. DEFINITION: We say that a De Morgan algebra A satisfies proper-
ty (B2) if it satisfies (Bl) and the following determination prin=
ciple: 1§ x,y are in A and Ax < Ay, ax < ay, Bx < By and Vx < Vy,

then x < ¥

3.2. LEMMA: If a De Morgan algebra A fulfills condition (B2),

then:
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(1) a(x) < B(x) for each x in A, 3nd

(ii) A is a Kleene algebra.

PROOF': (i) Accordingly to the definition of a, the inequality

a(x) < B(x) is equivalent to

(1) X < vx v B(x).

Since Ax < Bx < vx v Bx, it is plain that

(2) Ax < A(vx v BX).

From properties (iv) of Proposition 2.1 it follows at once that:

(3)  B(x) < B(vx) v B(x) = B(vx v Bx)
and from propertis (vi) and (i) we have that:

l1=-Bx v Bx = a(vx) v a(Bx) < a(vwx v BX).

Thus, using Lemma 2.4, we get that:

(4) ax < a(vx v Bx) 1

and

(5) Ux < V(vx v Bx) 1.

Now (i) follows from (2), (3), (4), (5) and (B2).

(ii) Since ~(x v vx) =vx A x < vx v X, it follows from (ii)
of Proposition 2.1 that B(x v vx) = 1. Analogously a(x A vx) =0.
By Lemma 2.4 we also have A(x A vx) =0 and V(vx v x) = l.There-

fore a simple application of (B2) shows that x A vx <y v vy far
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each pair x,y of elements of A. £

We recall now some definitions and results ffom [6]1, that we

are going to use.

3.3. DEFINITION: Let S be a sublattice of the bounded distributive
lattice L. A filter F of L is called an S—-filter in case that
for any x in F there is an element s € 5 such that S € F and
S < x. In other words, F is an S-filter if and only LTIt AN the
filter of L generated by a filter Fl,of S, a;d in this case
F. =Fn 8. A filter F of L' 'is said to be S-prime if it is the 'filter

1
generated by a prime filter of S.

3.4. DEFINITION: A bounded distributive lattice L is called S-com-
pletely normal if S is a sublattice of L and if given Xx,y in
L, there are elements s, t in S such that x A s <y, ¥ At=x X

and s v t = 1.

3.5. THEOREM: [6, Th 1.3] L is an S-completely normal lattice if
and only if S is a sublattice of L and each proper filter of L

that contains an S-prime filter is prime in L.

We are not going to use directly the above theorem, but the

following:

3.6. COROLLARY: Let L be an S-completely normal lattice and

f : L - S such that:
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(i). f(x Ay) = £(x) A £(y) for any x,y in L, and
(ii) s < f(s) for each s € S,

Then f(x v y) = £f(x) v £(y) for each x,y in L.

PROOF: By hypothesis (i), f is monotonic, so we need to prove that
f(x vy) < £(x) v £(y). Suppose that there are elements u,v in L
such -that £{u v ¥v) < f(u) v £(v). By the well known Birkhoff - Stone
theorem, there is a prime filter P of _S such that flu-vv) € P
and f£(u) v £(v) & P. Let P' = £ 1(P). Hypothesis (i) implies that
P' is a filter of L and hypothesis (ii) that P", the filter of L
generated by P, is contained in P'. Since P" is an S-prime filter,
it follows from the theorem quoted above that P' is a prime filter
of -1 ,rand-aince u . v.v.€ P'_,we have that u‘E P' or v € P', in con~-

tradiction with f(u) v f(v) & P.

Our interest in S-completely normal lattices is due to the '

following:

3.7. PROPOSITION: Let A be a De Morgan algebra satisfying (B2).

Then A is a B(A)-completely normal lattice.
PROOF: Let x,y € L and set:
z=-Vxv(WA=-Bx A Vy)v(Bx A-ox A By) v (ox A-Ax A ay) v (Ax A Ay).

In order to prove the proposition, it will be enough to prove that

xAz<y and y A~z < x. (See [6, Th. 2.1])
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- d
It is easy to check that x A z = u; v u, veug v u, , where

u; = X A-Bx A Vy
u2=xABxﬂ-axABy

uy = X A ax A -Ax A ay and
u, = Ax A Ay.

Since Aul <ouy < Bul = 0 and Vul < Vy, (B2) implies that U, <.
Analogously, from Au, < au, = 0 and B(u,) < Vu, < By < Vy we

get that u, <y and from Au3 =0, ony < oy, Bu3 _<_Vu3 < ay < By < Vy,

that uy < Y- Since it is obvious that U, £y, we have proved that

x Az <y.
After some computations we can see that: y A=z = ViV V,VVy,
where:
Wy = Ax A =&y A ¥
v, = aX A-ay Ay and

v. = 8x A -8By A ¥.

It is obvious that v, < x, and (B2) an the relations Av, < av, =0,

1

Bv, £ Vv, 2 ax < Bx < Vx; Avgy 2 avy < Brg = 0, Vvq = Bx < Vx, ’‘im-

ply that v, < x and V5 < X. Thus we also have that y A -z < X

2

We are now in conditions of establishing our main result:

3.8. THEOREM: If A = (A,v,A,~,0,1) is a Morgan algebra satisfying
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property (B2), then <(A,v,A,v,A,a,B8,Y, 0,1) ig a 5-valued Lukasiewicz

algebra.

PROOF: The equations A(x v y) = Ax v Ay and B(x v y) = Bx v By
follow from Corollary 3.6 and Proposition 3.7, taking into account
properties (iv). and (vii) of Proposition 2.1, (iii) and (iv) of Proposition
2.2, and Lemma 3.2. That oa(x v y) = ax v ay follows from (vii)of
Proposition 2.1 and V(x v y) = Vx v Vy was established in (iii)
of Proposition 2.2. The inequalities Ax < ax < Bx < Vx follow
from Lemmas 2.4 and 3.2. Properties L2) L3) and L4) in the defini-
tion of Lukasiewicz algebras follow at once from Propositions 2.1

and 2.2 and property L6) coincides with (B2).

3.9. COROLLARY: In the conditions of 3.8, if o = B, then
CRsv e BBy ¥y 0 is a 4-valued Lukasiewicz algebra. The struc-

ture is unique.

REMARK: Let be (B2)' the condition defined by:

(B2)' is condition (Bl) together with the following determi-
nation principle: if x,y are in A and

Ax < Ay, ax < ay, Vx < Vy, then X < ¥

Then, it is interesting to observe that the hypothesis

(B2)' is not sufficient to define the structure, that is, not

necessarily o = B.
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!;‘LJ \,’6’
The example is a 3-valued Lukasiewicz algebra. Indeed, we are)

proved (see Lemma 1.3) that ci = A = a and 03 = V = B.

2
It is also false that (Bl) and the condition a = B imply (B2)'.

It suffices to consider the chain of six elements.

3.30. COROLLARY: . :In the-conditions cf 3.8, .if A = .0, . .B.=¥; then
o GRRVRY G VE, ey S 0 G o is a 3-valued Lukasiewicz algebra. The struc-

ture is unique.
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