SUMMARY

Let E be a non-archimedean normed space over a non-archime —
dean valued field F. We establish a formula for the distance d4d(f,W)
between a function f g C(X;E), where X 1is a compact Hausdorff space,
and a vector subspace W C C(X;E) which is a module over a subalge —
bra A C C(X;F). As a corollary we obtain several approximation re-
sults and a non-archimedean analogue of Bishop's generalization of

the Stone-Weierstrass Theorem.



§1. PRELIMINARIES

Throughout._{:his paper X stands for a compact Hausdonrff space,
and F stands for a rank one valfued fLield, i.e. a field with a real-
valued valuation, denoted by t » | t| . The letters IR and C denote,
respectively,the fields of the real and the complex numbers. The
symbol C(X;F) denotes the algebra over F of all continucus F-valued
functions on X. On C (X;F) we shall consider the topology of unifoam

convergence on X, given by the sup-norm
£+ ||£|]|=sup {| £(x)]; x€ x}.

A subset A C C(X;F) is said to be separating over X, or to
separate poinits, if for any pair of points x and y in X, with
X # y, there is a gunction a E A such that a(x) # a(y). If the
valued field F is non-archimedean, then C(X;F) is separating over
X 1f, and only if, the space X is O-dimensional (see, for example,
Théoréme 1, §2, Chapitre II, Monna [10] or Theorem 2, section 4.9,
Narici, Beckenstein and Bachman [13]).

We shall denote by X|A the equivalence relation defined on X
as follows: if x,y € X, then x = y (modulo X|A) if, and only if,
a(x) = a(y), for all a e A. Let Y be the quotient topological space
of X modulo X|A and let m be the quotient map of X onto ¥Y;
is continuous and for each x € X, y = m(x) is the equivalence class
of x modulo XIA. Hence, for each a E A, there is a unique b:Y->F
such that a(x) = b(w(x)), for all x E X. We claim that b € C(Y;F).

= 1

Indeed, for every open subset G CF, a (G) is open in X, and

e . T
a '@ = (b 1(G)). By the definition of the quotient topology

-3 :
of Y, this means that b (G) is an open subset of Y.Let us define




B CC(¥:F) by se£ting B=1{be C(Y;F); a=bon, a € A}. It fol-
lows that B 1is a subalgebra (resp. a unitary subalgebra) of C(Y;F),
whenever A is a subalgebra (resp. a unitary subalgebra) of C(X;F).
Notice the important fact that B is separating over Y. This im—
plies that Y is a compact Hausdorff space, which is O-dimensional,
whenever the field F is non-archimedean.

The following separating vernsion of the Stone-Weierstrass theo-

rem is well-known.

1.1, THEOREM. Let F be any valued field except €. Let A C(X;F)
be a unitary subalgebra which is separating over X . Then A 4is uni-
gormly dense Lin C(X;F).

For a proof, see Chernoff, Rasala and Waterhouse [3].In fact
they prove Theorem l:l in the more general case of arbitrary Krull
valuations, i.e. not necessarily real-valued valuations.For .a proof
in the case of non-archimedean rank one valuations, see Theorem 2,
section 4.10 of Narici, Beckenstein, and Bachman [13].

The first author to prove a Stone-Weierstrass Theorem for non
archimedean valued fields was Dieudonné, who proved such a result
in [41 for the field of p-adic numbers. Theorem 1.1 for the case of
rank-one non-archimedean valuations is due to Kaplansky [7].

From Theorem 1.1 and the quotient construction described above,
it is possible to derive a general version of the Stone- Weierstrass

theorem, i.e. a description of the closure of a unitary subalgebra

of C(X;F).

1.2 THEOREM. Let F be any valued field except €. Let A CC(X:F)




be a unitary subalgebra, and Let £ € C(X;F). Then £ belongs Lo the
unigorm closure of A 4in C(X;F) A4, and only i§, £ 4is constant on

each equivalence class of X modulo X|A.

PROOF. Necessity is clear. Let Y, m and B as before. Let now
f e C(X;F) be constant on each equivalence class of X modulo X|A.
There exists g:Y - F such that £ = g ¢ 7. As in the proof that
B is contained in C(Y;F) it is easy to see that g belongs to C(Y;F).
By Theorem 1.1, B is dense in C(Y;F). Therefore g belongs to the
closure of B in (C(¥;F). Since the mapping h + h o w is an iso-
metry of C(Y:;F) into C(X;F), it follows that £ belongs to the
closure of A in € (X;F).

The hypothesis that the algebra A be unitary can be very an

noying, so let us remove it.-.

1.3. THEOREM. Let F be any valued gield except €. Let A CC(X;F)
be a subalgebra, and Let £ € C(X;F). Then £ belongs to the uni —
form closurne of A 4in C(X;F) 44, and only if, the folLlowing condi
tions hold:

(1) giueﬁ X,y €E X with £(x) # f£(y),there exists g EA

such that g(x) # gly);

(2) gdiven xX E X with £(x) # 0, there exists g E A  such

that g(x) # 0.

PROOF: Necessity is clear. Let f € C(X;F) be a function sat

isfying conditions (1) and (2).

CASE I. There exists a voint x € X such that g(x) = 0 for




all g(-: A. By condition (2), we have £f(x) = 0 too. Let BCC(X;F)
be the subalgebra generated by A and the constants. The equivalence
relations X|A and X|B are the same, and by condition (1), f is
constant on each equivalence class of X modulo X|A. By Theorem 1.2,
f belongs to the closure of B in C(X;F). Let € > 0 be given. There
exists g g A and constant A € F such that | £(t) - g(t) - A| <¢,
for all t g X. Making t = x, we obtain |\ | < €. If F is non-ar
chimedean, this implies that for all t € X, |f(t) - g(t)]| < e. If
F is archimedean, then |[£(t) - g(t)| < 2 for all t E X. In any

case, we see that f belongs to the closure of A .

CASE II. The algebra A has no commoh zeros. By Proposition
2, [3], A contains a function h vanishing nowhere on X. Now 1/h
belonas to (C(X:;F) and it is constant on each eguivalence class mod
ulo X|B. By Theorem 1.2, 1/h belongs to the closure of B in C(X;F).
On the other hand, A is a B-module, so 1 = h(l/h) € A. Therefore,
A is a unitary subalgebra. Since A and A determine the same equiva

lence relations on X, by condition (1), f is constant on each equiva

lence class modulo X|A. By Theorem 1.2, f belongs to A.

§2. STONE-WEIERSTRASS THEOREM FOR MODULES.

Throughout this section E denotes a normed space over F,and
we assume that E # 0. It follows that whenever E is non-archimedean,
so is F. The space C(X;E) of all continuous E-valued functions
on X is endowed with the topology of unifoim convergence on X,given

by the sup-norm £+ ||Ell =8sup {|] E(x) |l ; % E X}.




Let A CC(X;F) be a subalgebra and let W C C(X;E) be a vec
tor subspace which is an A-module, i.e. AW € W. Our aim is to des
cribe the closure of W in C(X;E); or more generally, given a func

tion £ EC (X;E) to find the distance of £ from W, i.e. to find
d(f;W) =inf{ || £ -g ||; g E W}.

To solve this problem, we need a "partition of unity" re
sult. To this end, we shall adapt the proof of Rudin [15] , section

2.13, to the non-archimedean setting.

2.1 LEMMA: Let Y be a O-dimensional compact Hausdongf space,
and Let Vy,...,V_  be a finite open covering of Y. Llet F be a
non-archimedean valued field. Therne exist functions h; € CiYw);

1 = 1,0eesn , dttech Lthat
(a) hi(v) =0 gorn all y,&‘Vi,i=l,...,n;
() byl =1, 1=1,...on;

() By + wi« 4B =1 or ¥

PROOF: Each v € Y has a clopen (i.e., closed and open)
neighborhood W(y) C Vi for some i (depending on y). By campactness
of Y, there are points Yyireeor¥p such that ¥ =w,U ... U W_,
where we have set Wj = W(yj) for each j =1,...,m. If 1 < i<n,
let H; be the union of those Wj which lie in V; . Let f, € C; F)

be the characteristic function of Hi' i =1,:is«p « Define

h1 = f1
h, = (1 - £,) £2
hn = (1 - £;)(1 - £3) ... (1 - fn_l) fn




»

Then Hit: vy implies that fi(y) =0 for all y ¢ vy and SO
hi(y) =0 for v ¥ Vi too, i = 1,....,n. This proves (a).Clearly
||hi I £ 1, & = Lyvessty , wince h, takes only the values 0 and 1,

which proves (b). On the other hand Y¥=H U...VU Hn and

i ®lsws +hn= L=l ~ £3)(1 = E2) s (]l = fn).
Hence, given y E Y, at least one fi(y) = 1 and therefore
hofly) + aee F hn(y) = 1.

This proves (c).

2.2. THEOREM. Let E be a non-archimedean normed space. Lei
A CC(X;F) be a subalgebra and Let W C C(X;E) be a vector  sub-

space which 48 an A-module. Let f € C(X;E). Then
d(f;wW) = sup {d(£]|S; W|S); S € Byl s

whene Py denotes the set of all equivalence classes S C X modulo
X|A.
Before proving Theorem 2.2, let us point out that it implies

the following result.

2.3. THEOREM. Let E, A, W and £ be as in theorem 2.2. Then
f belongs to the uniform closure of W An C(X;E) 4§, and only 4if,
f|S 44 4in the uniform clLosure of W|S 4in C(S;E) for each equiva
Lence class S € X modulo X|A.

The above- Theorem 2.3 contains the noﬁ—archimedean analogue
of Nachbin's Stone-Weierstrass Theorem for modules (Nachbin [ll],

§19), and .2.2.. is = the "strong" Stone-Weierstrass Theorem for




modulés (terminology of Buck [ 2]).

PROOF OF THEOREM 2.2. Let us put d = d(£f;W) and
c = sup {A(f]|S; W[S) ; S E P,}.

Clearly, c¢ < d. To prove the reverse inequality, let € > 0. With
out loss of generality we may assume that A 1is unitary. Indeed,
the subalgebra A' of C(C(X;F) generated by A and the constants is
unitary, and the equivalence relations X|A and X|A' are the sam.
Moreover, since W is a vector space, W is an A-module if, and only
if, W is an A'-module.

Let Y be the quotient space of X modulo X|A, with quotient

map mn. For any S E P since d(f|S; W|S) < c + €, there exists

AI
some function wg  in the A-module W such that st'(t) - f(t)||<c +e

for all t e S. Let Kg = {x € X; || wg(x) - £(x)|[> c+e}. Then Kg

S
is compact and disjoint from S. Hence, for each y E Y, y Eﬂ(KS) ’

if 8 = ¢!(y). This implies that

n {n (Rg) i+ 8= 7' (y), yEY)

is empty. By the finite intersection property, there is a finite
set {y;,...,yn}CY such that @(K;) N ... N w(K) =@, where

K for 8§ = 'rr‘l(yi), i =1,...,n. Let V, be the open subset

i~ Kgr
given by the complement of n(Ki) i 1= Yusaslic ¥ is @& O:~dimen
sional compact Hausdorff space. Hence, by Lemma 2.1, there exist

functions hi E C(Y;F), i = 1l;:..;8; such that

(a) hi(y) =0 for all Yy EVi s T = Ly snegh 1




(b) || hy H £ 3 ¢ 4% Bgoessth 2
(C) h1+-..+hn=1-

Put g, = h, ¢ # , so that we have g, € C(X;F), 1 = 1,...,n, and each
) & i i

g.

i 1s constant on every equivalence class of X modulo X|A. By Theo—

rem 1.2, 95 belongs to the closure of A in the space C(X;F), for

each i = 1,2,...,n. Notice that gi(x) = 0 for all x € Ki,i=l,...,n,
since h,(y) = 0 for all y € n(K;), i = 1,...,n. Moreover Il gi[|il,
n
i=leeen,ad g, + ... +g_=1lon X. Let g= I gy W, where
n Pyart Mk
wy =wg, with § = n'l(yi) , i=1,...,n. then || g(x) - £(x)||<c+e,

for all x £ X. Indeed, for any x € X we have

n :
lg) - £l =1l £ g;(x) (w(x) - £(x))]|
i=1
< max [g,(x)] - |[w(x) - £(x)]] .
1<i<n
Now, for each 1 < i < n, either x E K, and then g, (x) = 0; or else

X Ki and then

|gi(x)| - | w, (x) - f(x)||_<_||wi(x) - f(x)|| < ¢ + €.

Let 1\‘1=max{|]wi ; 1i=1,...,n } and choose §'> 0 such that

M <c+ e.For each i=1,...,n , there is a; € A such that !Iai—gi]|<6.
n

z aiwi.ThenwEWandforall X E X,

i=1

[[w(x) - g(x)|| < ¢ + €.

Il

Let us define w

Indeed, for any x E X we have

n

[| wix) = g(x)]|| = | iEl(ai(X) - gy (x))wy (x) ||
< max a,(x) = g, (x)] || w, ()]
< pax g L6 e [y G|
= M < c + € .




Finally, notice that ||w(x) - £(®) ||=]wx® -gX® +gx - £x ]| <
< max (|| wx) -g®]|l, ||lgx - £x) ||) <c+e, for all x g X. Hence

d<c+e. Since ¢ » 0 was arbitrary, 4 < o.

2.4. THEOREM. Let E,A and W be as 4in Theorem 2.2. For each
f € C(X;E), there exdists an equivalence class S C X modulo XA such

that

d(f;w) = d(f|s ; W|S).
PROOF. Let Y and m be as before. For each g € W, the function
y > |l £ [74y) - g |74y ||

is upper semicontinuous on ¥, by Lemma 1, Machado and Prolla [9]

Hence

y + inf { ||[f |[*»"Uy) - g |[v"y)]|| + 9 E W}
is upper semicontinuous on Y too, and therefore attains its supre-
mum on Y. By Theorem 2.2, this supremum is d(£f;W). Let then y Ey

be the point where d(f;W). is attained and let S = m Y(y) . Then

a(f;w) inf {|| £|s - g|S]| » g E W} =

d(f|s ; w|s),

as desired.

2.5 COROLLARY. Let E, A and W be as in Theorem 2.2. Assume
that A is separating over X. Then W 44 dense in C(X;E) 4§ and
onky Lf W(x) =. {g(x); g EW} 4is dense in E, for each x € X.
Mone generally, §orn any £ € C(X;E), £ € W 4f ,and only £if, £(x) € W(x)

in B, for each x € X.




Using the ébove corollary we can prove a result on ideals in
function algebras. Let E be a non-archimedean normed non-associa
tive algebra with unit over a (necessarily) non-archimedean field
F; that is, E is a not necessarily associative linear algebra with
unit e over F equipped with a non-archimedean norm satisfying

(L) Jluvil < flall vl and

(2) llell = 1.

Condition (1) implies that multiplication is jointly con —
tinuous: If X is any compact Hausdorff space, C(X;E) with point-
wise operations and sup norm bécomes a non-archimedean normed al
gebra with unit too (over the same field F). Now the problem arises
of characterizing the closed right (resp. left) ideals I CC(XE).
Suppose that for every X € X a closed right (resp. left) ideal

Ix CE is given, and let us define

I = {f 8 ClX;E); £(x) B Ix for all = in X}.

Manifestly, I is a closed right (resp. left) ideal in C(X;E). We
shall prove that any closed right (resp. left) ideal in CiX;E)

has the above form. Namely we have the following.

2.6. THEOREM: Let X be a O-dimensional compact Hausdorff
space. Let E be a non-archimedean normed algebra with unit e over
a (necessarnily non-archimedean) valued field F. Let I CC(X;E) be a
closed right (nesp, LegZ) Ldeal. For each x € X, Let I, be the

closdure of I(x) 4in E . Then I, 48 a closed night (nesp. Left) ideak




j o

in E,, and
I ={fe C(XE); £(x) E I, for atl x in X}.

PROOF: For every x in X, I(x) is clearly a right (resp.
left) ideal in E. Since the multiplication in E is jointly continu
ous, the closure Ix of I(x) is a right (resp. left) ideal in E.
We claim that I is a C(X;F)-module. Indeed, let f € I and gEC(X;F)
be given. Define h € C(X;E) to be x » g(x)e, where e is the unit
of E. If I is a right ideal, then for all x E X,

g(x)f£(x) = g(x) [£(x)e] = £(x) [g(x)e] = £(x)h(x).

Since fh € I, gf belongs to I. (The case of a left ideal is
treated similarly.) It remains to apply Corollary 2.5 to the sepa
rating algebra C(X;F) and the closed C(X;F)-module I.

2.7. COROLLARY: Under the hypothesis of Theorem 2.6 assume
that the algebra E 4is simple. Then any ftwo-sided closed Ldeal con
5488 0f all gunctions vanishing on a closed subset of X.

PROOF: We first recall that the unitary algebra E is said
to be simple if it has no two-sided ideals other than 0 and E
Let N C X be a closed subset of X. Clearly, the subset

Z(N) = {f e C(X;E); f(x) = 0 for all x in N}
is a closed two-sided ideal of C(X;E).

Conversely, if I is a closed two-sided ideal in C(X;E), let
us define N = {x €& X; f(x) = 0 for all f € I}. Clearly, N is
closed in X and I C Z(N). Conversely, let f € Z(N), and assume
by contradiction that f g I. By Theorem 2.6, there is some X E X
such that £ (x) EIX. Since IX is a two-sided ideal, and E is sim—
ple, i, = {0}. Therefore, f(x) # 0. Now £f € Z(N), so x E N. How-
ever, Ix = {0} implies 1I(x) = 0, and so x € N. This contradic-

tion shows that £ € I.
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'§3. SOME APPLICATIONS.

In this section E is a non-archimedean normed space over F,
and we assume that E # 0. The vector subspace of C(X;E) consisting
of all finlite sums of functions of #he form x > £{x)v, where
f e C(X;F) and v EE, will be denoted by AX:F) @7E. Clearly,

C(X;F) @ E is a C(C (¥X;F)-module.

3.1. THEOREM. Let X be a O-dimensional compact Hausdornff

space. Then C(X;F) @ E 48 uniformly dense in C(X;E).

PROOF: Let W = C(X;F) ® E. Then W is a C(X;F)—module, and
C(X;F)ris separating over X. For each x € X, W(x) = E. By corol-
lary 2.5 W is dense in C(X;E).

If X and Y are two compact Hausdorff spaces, C(X;F) ® C(Y;F)
denotes the vector subspace of C(C(X X Y;F) consisting of all finite
sums of functions of the form

(x,yvy) * £(x)g(y)

where f € C(X;F) and g E C(Y;F). If both X and Y are O-dimen —
sional spaces, then C(X;F) ® C(Y;F) 1is a separating unitary sub-

algebra of C(X x Y;F).

3.2. THEOREM. lLet X and Y be two o-dimensional compact Haus
dong 4 Apdceé. Then (C(X;F) © C(Y;F)) @ E 48 undiformly dense 4Ln

CiX x ¥:E).

PROOF: Let W = (C(X;F) © C(Y¥;F)) © E. Wis a C(X;F) ® C(Y;F)-

module such that W(x,y) = E for every pair (x,y) € X x Y. The




B

resuli: now follows from Corollary 2.5.

REMARK : When E = F, then the space (C(X;F) ® C(Y;F)) ® E
is just C(X;F) ® C(Y;F) and one obtains Dieudonn&'s Theorem[4].
In [14] we studied polynomial algebras of functions with
values in vector spaces over IR or €. To study the non-archimedean

analogue let us adopt the following

3.3. DEFINITION. A vector subspace W £ C(X;E) L4 called a
polynomial algebra 4§ A = {u(f); u € E', £ € W} L4 a subalgebra o

C(X;F) such that A ® E CW.
Let us give an example of a polynomial algebra. Let
Pf(fE;F) C C(E;F)

be the algebra over F generated by the topological dual E' of E.
An element p E Pf(E;F) is called a continuous polynomial of gfinite

type frnom E 4nto F, and is of the form

(1) p = ¥ aKuK
|k | <m
where k = (K‘I,...,Kn) g N , n E N*, ||<| =Ky ¥ eoo # Kn,mEI\I,
a EF, u= (ul,...,un) e ('), and we define
i< K1 n
(2) u (t) = (u,(t)) (un(t))

for all t € E. Let us now consider two non-archimedean normed spaces
E, and E, over the same non-archimedean valued field F. We define
Pf(El,EZ) as the vector subspace of C(E,;;E,) generated by the func

tions of the form t €EE; > p(t)v
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where - pE Pf(El;Fj and VE E,. Let now A = {u(p); u€ Ej; pE Pf(El;Ez) i
Clearly, A C‘Pf(El;F), and A ® E, CZPf(El;Ez). Suppose (E,;)'# 0.
Then A = Pf(El;F) and Pf(El; E,) is a polynomial algebra. Also,
if XCE, is any compact subset, then W = Pf(El;E2)|X is a poly
nomial algebra contained in C(X;E,). More generally, if S &C(X;F)
is any subset, let A < C(X;F) be the subalgebra over F generated
by S. If E' # 0, then W =A ® E is a polynomial algebra. Indeed,
in this case we have A = {u(f); u€ E', £fE W }. In particular,
C(X;E) is a polynomial algebra, when E' # 0 (e.g., when E = F).

When the field F is spheadically complete, the Hahn - Banach
Theorem is valid for any non-archimedean normed space E over F (see
Ingleton [5]), and then E' is separating over E, and a fortiori,
E' # 0. B

Let us introduce the following notation. If W & C(X;E) is an
A-module, where A C C(X;F), we denote by LA(W) the set of all
f € C(X;E) such that the restriction £|S is in the uniform closure
of W|S in C(S;E), for each equivalence class S € X modulo X|A.
Thus, if W denotes the uniform closure of W in C(X;E), the Theo

rem 2.3 may be stated as f E W <=>f E L, (W) .

3.4 THEOREM. Let E be a non-archimedean normed space such
that E' 4is separating oven E, and Let W € C(X;E) be a polynomi
al algebra. Let A = {u(g); u € E', g E W}. Then,for every £ E C(X;E)

the folLowing conditions are equivalent.

(1) £ eW;




19

(2) giuen"x,y E X and € > 0, there i85 g E W such that

| £(x) - g(x) || < € and | £¢y) - gty) |l < €;

{3) (a) gdven x,y € X, with £(x) # £(y), Lhere i8 g E W
such that g(x) # gl(y) ; and
(b) gdven x € X , with £(x) # 0, there {8 gEW such

that g(x) # 0;

(4) f E LA(A ® E).

PROOF: (1) => (2). Obvious.

(2) === (3); Let %,y € X . with £ix) # £{y). Define
e = || £(x) - £(y) ][> 0. By (2) there is g € W such that
| £(x) - g(x) || < e and | £(y) - gly) || < e.

If g(x) = giy). then e =] £ix) - g(x) + gly) - £(¥) || <

-max (]| £(x) - gx) ||, |l gly) - £(¥)]]) <e,
a contradiction. This proves (a). The proof of (b) is similar.

(3) => (4). Let S.C:XIbe an equivalence class modulo XIA,
and let x,y € 8. If f£f(x) ¥ £(y}, by (a) there is g EW such
that g(x) # g(y). Since E' is separating over E, there is u€E'
such that u(g(é)) # u(g(y)). This is impossible , because u(g)E A.
Hence f is constant over S. Let t € E be its constant value.If
t =0, then 0 e A ® E agrees with £ over S. If t # 0, then,by
(b) there is g € W such that g(x) # 0, where x € S 1is chosen
arbitrarily. Let now u € E' be such that u(g(x)) = 1. Then the

function h = u(g) ® t
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belongs to A ® E- and agrees with f over S . Therefore

fE LA(A ® E).

(4) =>(1). By Theorem 2.3 applied to the A-module A® ECC(X;E),
f belongs to the uniform closure of A ® E in Citxamy) Since

A® ECW, the proof is complete.

3.5. COROLLARY: Let X be a O-dimensional compact Hausdonrgg
space, and Let E and W be as in Theorem 3.4. The folLowing state

ments are equivalent.

(1) W 44 undifoumly dense _/Ln C(X;E);
(2) Wix,y) = {(g(x),g(y)) ;i g E W} 44 dense in E x E, {or
every pa’i& X,y B Ky
(3) (a) W L5 separating over X; and
(b) W 4s eue&ywhm‘e difgerent from zero, L.e.,given x € X,
thene £5 - g EW with gi{x) # 0.
(4) Let A = {u(g); u € E', g €E W}. Then A 4is separating over

X and W(x) =-{g(x); gEW} = E {4on every x € X.

PROOF: (1) =>(2) => (3) are immediate from Theorem 3.4. (3)=> (4)
follows from the hypothesis that E' is separating over E and from
A®E CW.

Finally, (4) => (1) by Corollary 2.5 applied to the A-module

A ® E, which is contained in W.

3.6. COROLLARY: (Weierstrass polynomial approximation)letf E1

and E: be two non-archimedean normed spaces over F such that Ei
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is separating over E; (i = 1,2). For every compact subset K CE,

the set Pf(El:Ez)IK L5 undiformly dense in C(K;E,).

PROOF: Let W = P (E;;E,)|K. Since E; is separating over E
W is a polynomial algebra contained in C (K;E,). Now W contains the
constants and it is separating over K, because E; is separating

over E; . It remains to apply the preceding Corollary.

As another application of the general results proved above,
let us give a non-archimedean analogue of Blatter's Stone-Weierstrass
Theorems for finite-dimensional non-associative real algebras (see

Theorems 1.22 and’ 1.24 of [1]).

Let E be a finite-dimensional non-associative (i.e. not neces
sarily associative) linear algebra over a compfete non-archimedean
non-trivially valued field F. Since every field provided with a to
pology induced by a non-trivial valuation is sfrictly minimal (see
Nachbin [12]), there is a unique Hausdorff topology on E that makes
it a topological vector space over F, and moreover, under this to-
pology, every linear transformation T:E > E is continuous. (See
Nachbin [12], Theorems7 and 9.) We shall always consider E endowed
with its unique Hausdorff topology that makes it a topological vec
tor space over F. This topology, called admissibfe in [12], can be
defined as follows. If {e;,...,e] } is a basis of E over F, then

the non-archimedean sup-norm

fv|l =max {|v, ] s 124 xnm o
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: n
whenever v = I v,e, is in E, defines the unique admissible to

pology of E.

If we define operations pointwise, C (X;E) becomes a non-as-
sociative algebira over F too, as well a bimodule over E:if v E E
and f € C(X;E) then the mappings x + vf(x) and x - f(x)v belong
to C(X;E). A vector subspace W C C(X;E) is called a submodule over
E if it is a bimodule over E, with the above operations. An alge —
bra E is called a zeno-algebra if uv = 0 for all u,v E E. The
algebra E 1is called s4impfe if it is not a zero-algebra and has no
subspaces invariant relative to ﬁhe right and left multiplications,
except 0 and E. Lét M(E) be the subalgebra of [ (E) denerated
by the set of all right and left multiplications. M(E) is called
the multiplication algebra of E. It follows that a non-zero-alge-
bra is simple if, and only if, M(E) is an irreducible algebra of
linear transformations. The ceni@oid of E is the set of all linear
transformations T E L(E) which commute with all right and left
multiplications. Clearly, all linear transformations of the form
AI belong to the centroid of E, where X E F and I is the iden

tity map of E. We say that E is centraf if its centroid is Jjust

{x1; A E F}.

3.7. THEOREM. Let F be a complete and non-trivially valued
non-archimedean §ield. Let E be a finite-dimensional central and
simple non-associative algebra over F . Let W C C(X;E) be an F-sub

algebra which is a submodufe over E. Then, for every £ € C(X;E),
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conditions (1) - (4) of Theorem 3.4 are equivalent.

PROOF: The proof consists in showing that, under the above
hypothesis on E, any F-subalgebra W CC(X;E) which is a submodule
over E is a polynomial algebra.

By Theorem 4, Chapter X, Jacobson |[6], we have WM(E) =B .
Hence the submodule W is invariant under composition with any lin
ear transformation T € LiB). ILet A = {u{f): ue B', £8 Wk, Bﬁ/
Lemma 1.1 of ]:13], extended to the case of F ,A is a vector sub-
space of C(X;F) and A ® EC W. It remains to prove that A is
closed under multiplication. Since E is not a zero-algebra, choose
a pair Wy, Vs dn E guch that U; Ve # 0. Let u E'R* be gsuch that

u(ugvyg) = 1. Let v(f) and w(g) be in A . The mappings
x > v(f(x))uo and x * wilig@E)vy

belong to W, since A ® E CW. By hypothesis, W is a subalgebra
of C(X:;E). Therefore,
x > [VE(x))u, ]« [wlg(x))ve] = v(£(x)) w(g(x))u, v,

belongs to W. Call it h. Then u(h) € A, and u(h) =v(f)w(g), since

u(ugvy) = 1. Thus W is polynomial algebra.

§4. BISHOP'S THEOREM

Let F be a non-archimedean valued field, and let K be a fi
nite extension of F. If F is complete, then the rank one valua —
tion t » |t]| € R, of F can be extended from F to K in a unique

way as a rank one valuation. If F is not complete, then its valua
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tion can be extended to a rank one valuation of K in finitely many

non-equivalent ways.

4.1. DEFINITION. Let F be a non-archimedean valued §ield;
Let K be a finite algebradic extension of F, endowed with a rank
one valuation extending that of F. Let A CC(X;K) be a subal
gebra. A subset S C X {5 called A-antisymmetric (with respect to
F) 4if, for every a € A, a|S being F-valued implLies that al|S Lis

constant.

4.2. DEFINITION. Let X,y E X. We write x =y 44 there L3

an A-antisymmetrié set S which contains both x and y .

The equivalence classes modulo the eguivalence relation x = y
are called maximal A-antisymmetric sets (with nrespect to F).

The following result is the non-archimedean analogue of Machado's
version of Bishop's Theorem [8]. In it, F is a non- archimedean
valued field; K is a finite algebraic extension of F, and K is
valued by one extension to K of the valuation of F ; X is a com —
pact Hausdorff space and E is a non-archimedean normed space over

K.

4.3. THEOREM. Let A CC(X;K) be a subalgebra; Let W €C(X;E)
be a vectorn subspace which <8 an A-modufe. For each f & C(X;E),
there {5 a maximal A-antisymmetric set (with respect o F) S CX

such that

a(f;w) =d(f|ls ; W|s).
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4.4. COROLLARY. Lef A and W be as in Theorem 4.3, and Lot
fe C(X;E). Then £ belongs to the closure 0of W Ain C(X;E) 4f,and
only if, £|S belongs to the closure of W|S 4Lin C(S;E), for each

maximal A-antisymmetric set (with respect to F) S C X.

PROOF OF THEOREM 4.3.

Let f e C(X;E). Put d = d(f;W). We can assume d > 0, the
result being clear for d=0, since d(f[s; W|S) < d for any SC X.

Let D be the set of all ordered pairs (P, S) such that

(i) P is a partition of X into non-empty pairwise disjoint
and closed subsets of X ;

(i1) s e P and d = d{f|s; w|s).

The pair ({ X}, X) belongs to D, so D # @. We partially or
der D by setting (P, S) < (Q,T) if, and only if, the partition
Q is finer than P, and T C S. The arguments in Machado's proof of
Bishop's Theorem (see [8]) apply here, so that each chain in D
has an upper bound. By Zorn's Lemma there 1is a . maximal . element
(Q, T) € D. We claim that T is A-antisymmetric (with respect to F).
Indeed, let A, be the set {a € A; a|T is F-valued} . By con —
tradiction admit that B = ATIT contains non-constant functions.
Since B C C(T;F), and W|T is a B-module, by Theorem 2.4 we may

find an equivalence class V CT (modulo T|B) such that

a(flr; wiT) = d(f|v; w[v).

Since d = d(£|T; W|T), and V is a proper subset of T, the partition
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P of X consisting of the elements of Q distinct from T and .. by
the equivalence classes of T modulo T|B is strictly finer then Q,
and therefore (Q;T) < (P, V), which contradicts the maximality
of (Q, T). The maximaf A-antisymmetric set S, which contains T,

is then such that 4 = d(f|s ; W|s).
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