ABSTRACT

Alconcept of integration appropriate to the conceptual
framework of Non-deterministic analysis is introduced and stud-
ied. A nunber of desirable theorems are demonstrated. Also Non-
—deterministic Analysis is discussed in relation to the theory
of Carathéodory Measure. Finally, some physical applications of

Non-deterministic Analysis are considered.
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"Les géométres, gqui ne sont gue géométres ont donc
l'esprit droit, mais pourvu qu'on leur exprime bien toutes
choses par définitions et principes; autrement ils sont faux et
insupportables, car ils ne sont droits que sur les principes

bien éclairxcis".

B. Pascal

§1

Introduction to Hon-deterministic Analysis

l. By Non-deterministic Analysis (NDA) we mean a
mathematical system or structure in which the usual concepts we
associate with analysis, such as continuity, differentiability,
etc., are expressed in a "non-deterministic" way. By the word
"non-deterministic" we mean we take as basic elements open sets
rather than points. Functions then operate on open sets rather
than points. (We call this kind of function an n—fgnction and
(2,Def.l) gives its precise definition. We use the notatiocnal
convention of prefixing the name of the usual concept with a
"n" to express the same concept in NDA). The use of the word
non-deterministic is justified if we think of how we express
mathematically the path of a particle. We usually give a specif

ic position coordinate for each time coordinate. 1In NDA we as



sociate with each time interval some space interval (i.e. an
open set). So the path of the particle is only approximately de
termined relative to the usual way we express a path. Further
discussions ;nd intuitive background to the main ideas of NDA

can be seen at [6].

2. Definition I: Let X and Y be two topological spaces

and lfﬁnd lﬁ be two families of open collections of seﬁs X and
Y respectively.

Suppose for each € W we can associate some p' 81}1
such that A € y is associated with some A' € u'. We call this

association a n-function and denote it by

£: (X V) > W

and

-:uE’V
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So a n-function consists of a function, %Y: ) ot

family of functions, fu: TP, "SGR T



Notation I: Let A be a subset of the real line, R. Define

$ A = (inf A, sup A), an open interval.

If A is a singleton set then $A= A. The dollar  sign
is almost from the superposition of the first letters of Inf and

Sup.
.Notation II: V AsE'tris equivalent to Y ABo, VY g E 1?2

Notatijon IIT: Given two collections ¢ and T of subsets of X, we

say that 1 refines o, v > o, if any set A € 7T is contained in some

set B E O .

In the special case where Y is the real line we allow
Tﬂ to be an arbitrafy collection of covers with sets that are ei
ther open or single points. For convenience we call this a real

valued n-function and denote it by

£: (xV) — [R, V7] .
If we want to make it clear that\?é only contains open sets we

will use ( ) instead of [ ] as for the general case. Through-

out the rest of this paper, we usé1); to be the collection of
all connected covers of R, in the sense that any cover Or B tg

is made up of openiintervals or isolated points. In previous work,

f was called a special g-function.



Definition IX: We say that the n-function £,

v "
f: (X,10 S (Y,&F), is continuous if for all u, AeV’

and for A € uy, B E X with B € A we have

a) quA) 2 £yl
b) £y C £.(a) .

.

For a real n~function, the definition of continuity is

slightly different:

Definition IXI': " A real n—-function
£ (x,0f —> [rV}]
is continuous if

a) T > U=?fv(‘r) > f_u(c)

b) If BcA, B E'1T, A E 0, T >0 then

i) fT(B) C £ (n) if fT(B) and fc‘(A) are both

open or points.

ii) fT(B) E fc(A)' if fr(B) is a point and fo(A)

is open.

3. We know something about the relations between n--functions

and usual functions. We have specific ways of "associating” n-func
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tions with usual functions and vice-versa which we give now very

briefly. More details can be seen in [ﬁ].

Definition IXI: Let Q be a usual function from X to ¥ and

£ x\0

> (Y,ﬁﬁ) an n-function. We say that f generates Q

if for all x € X and any neighborhood W in Y with Q(x)EewW, 3 u &Y

-and A E p such th'at. X E A, Q(x) € fu(A) _and fu(A) < W.

Definition IV: Let Q be a map from X to ¥ such that Q(U)o,
the interior of Q(U), is not empty for all open non-empty sets U

of X. Letfvrbe a family of open coverings of X and define V' as
\f = {{0(A)° : A€ u};n € V)

-
Then the n-function-f: (X,tr) —3 (YUY defined by taking

f\j(U) = {on)% : A € u} and fu(A) = 0(n)° for all A E p , is

called the n-functicn associated with Q by the image method.

In the special case where Y = R and Q is an arbitrary function we

let

(inf Gea) . sup 0fzY): Af Q(AY iz not a ' sin-
gleton
fu (A)

i

0(p) if OQ(A) is a singleton
Also \Y" = {{fu(Al ; aeu}l : uw eVl

The real valued n-function



£: (x,\N)

> [R, 17’]

so defined is called the real n-function associated with Q by the

image method.

It is clear from the definition that any n-function con=-
structed from a map Q by the image method will be continuous. De-

tails about these facts can be seen in [3].

We remark that it is essential to have the particular def
inition II' for continuity of real n-functions to guarantee its cog'
tinuity when generated by the image method just described. Indeed,

consider the usual real function

Considering an open interval I containing x = 1 we see that by‘the
image method this would preoduce an open interval I' on the y-axis
having 1 as least upper bound and so any other open interval J C I
to the right of x = lrwould produce a point, y = 1, by the image

method and this point does not belong to I', but does belong to I'.

4. As a preliminary to the definition of n-derivative of

an n-function let us introduce the concept of Gauss space.

Definition V: A standard family of coverinqs,ﬁ? in a to
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pological space X, is a family of collections a, of subsets of X

such that

a)

b)

c)

d)

e)

)

Any set A of a E i; is the closure of an open

get of X.

Given o E'g and two distinct sets Al’A2 E o, then

b 0 0
ny N A, = g ( denotes the interior).

ANy o El§ is a covering of X.

‘Given any point x € X there is a neighﬁorhood N of

x such that any o has only a finite number of sets

intersecting N.

oA

Given any open set 0 of X, there is a covering o€

suchr that o has a set ACD.

Ordered by refinement,'§ is a directed set.

Definition VI: A Gauss space is a topological space X

with a standard family of coverings ?%. We note this by (x,q:).

The reason for the above nomenclature is due to the fact

that a standard family of coverings is a generalization of a sys-

tem of Gauss coordinates on a surface S.

A detailed study of Gauss spaces has been done by O.T.

Alas and part of her results are given in Reference [1].

.

Definition VII: A Gauss transformation from the Gauss
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) ]
space (X,'—gf} into the Gauss space (Y, % ) is a function

1
G: q’ —_— C\-' compatible with the order of refinement of?and

oA

l1.e. o.B E? ;<3 ‘ghen G(a) _<_G(B).

Definition VIII: A continuous n-function
[ L . 3
£ (X,\T) > (Y, \.7 ) is called n-differentiable relative to
o ]
the Gauss transformation G:‘_‘g' > '\’ and the standard families
- 1 .
of coverings 'i and ,} of X and Y respectively, if for any uev/,

vl
at 5’ o AEN the number of sets. of o which interseet A is finite

and the same for a'-= G(a), u' = f,U, () B fu(A) : Wé denote

these numbers by n(A,a) and n(a',a') respectively.

Definition IX: Let the n-function f£f: (X,V) —> (Y,U")

P 8 cr !
be n-differentiable relative to ’3’, ‘P and G. The n-derivative

of f is a real n-function Df: (X,V) > [R_. U’R] defined as

follows:

a) Let n(A,a) as before, denote the number of sets of

o that intersect the set A, which is an element of

we V.

b) Let Df (A,a) = n(a',a')

£ ' =t
5 where £ _(u) = ', ‘fu(A) A

and Gla) = a'.
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'd)

e)

£)

_12_

Leatl Pt~ {A)Yy" = lim Bf (A, &)
" a EG H
T
£ (x = 3 Bf (A
D u( ) 5 ;r% u( ,0)

So for each B E X and each X E U/ we have tywo real
numbers (possibly infinite) i.e. 5fA{B) and Df, (B).
Let us call EEH(A) the set of all such numbers
Eor: B C A, with VBYe Fand S s pwe Tleiwe i idel
ine

Igum)={g% mhiﬁl(m:BCAfBﬂ,l§“X€V}

Finally we défine Dfu (A) to be the open interval

(inf BE, (A), sup _“;j_fu (A)) or the point in R

inf EEH (A) = sup 2£u (A) . with our former nota

tion I we can write Dfu(A) = § Eiu (n) .

So for each A E 1 we get a point or interval in

R. We denote this collection DE (A) by pp. And

% '
as u runs through.uywe get a family 1%_ of

such collections.

We then have defined a real n-function
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DE: (XIU/) i [Rr UR]

which we call the n-derivative, Df, of f. If Df_ (A) is a fin-

ite interval Y A E o £ tr; we say f is finite differentiable.

We note that by the definition of n-derivative Df is al
ways a continuous real n-function. So providing Df is n-dif-

ferentiable and we give a standard family of coverings, ?f

r on
(-' .
R with a Gauss transformation ﬁf’x — -fR we can . define
“higher derivatives inductively.
Pl n=1
D'f = D(D £) n = 2,36
5. We now want to make several remarks concerning the

definition.

a) The definition ﬁf n-derivative depends on the
Gauss transformation G and this is natural, be-
cause intuitively speaking G connects the "measwue
of motion" in (X,q-) with that in (Y,T') or in
other words is analogous to the relation between

scales in two lines.

b) It can be observed that as far as the definition
of n-functions, continuity and differentiability
go, the is no reason to restrict the concept of
n-function to families of collections of open sets.

These concepts would still be mathematically mean



)

a)

e)

o i

ingful for arbitrary families of collections of
sets. But on intuitive grounds we prefer to re-

strict ourselves to open sets.

In the definition of n-differentiability ve re-
guire both n(A,0) and n(A',a') to be finite for
all A& i g TT and A' = fu (A). But we need only
require n(A',B') to be finite for all A E p E Lf

BlAL et
n{A,a)

if we take = 0 when n(A,a) is infinite |
Again looking at the definition of n-derivative
we required £ to be continuous on intuitive
grounds since mathematically the definition would

still be meaningful for a non-continuous f£.

We notice that in the definition of n-derivative
we constructed the interval Dfu(A) by counting
sets, so we always get Dfu(A) & R+. If we have
the additional structure of a linear ordering on
X we can intfoduce a concept of a signed set on X
and consequently we can then speak of a n—func-
tion as increasing or decreasing. Then in an anal
ogous way to the classical case we can introduce
a sién in the construction of our - n-derivative,

so Dfu (A) can then contain negative points of R.
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This is essential to do if we want to get a cor-
respondence betwaen higher n~derivative and usual
derivatives in R. This is due to the fact that
without a sign our interval Dfu(A], would be smal
ler than it should be, exactly analogous to what
the situation would be with usual derivatives if

we only allowed positive values for it.

.

Several results showing the correspondence between n-de
rivatives and usual derivatives for Euclidean spaces can be

seenin [2] or [3] .

6. MNotation IV: The standard family of coverings we

will be using on R will be denoted by r; and is called the

R
canonical standard family of coverings on R. It is defined by

:;

=-Ha. Y ® . g = {E.} ®
.3 5 {aT b 7 - 8] Y= med
= i i j+l _— -
Iij = {XER: T L K i j 0, £ To¥ B.u4)

This is simply the family of closed intervals of length *fff
2

starting from the origin, which have only their end points in

common.
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Notation V: The standard family of coverings that we

will use on R™ will be denoted by '; ; apd.is. called the ca-

; : 4 n
nonical standard family of coverings on R .

2 (o } TR
= R Aogs- By Bl S0 R e
R i=1 %

Notation VI: We will use GE to denote what we call

the canonical GCauss transformation which is the identity Gauss

transformation.

i-e. Gg: K% g —_— '—% g s-tc G(Qi) = a_i

We note that on any Euclidean space any implicity refer-
ence to a standard family of coverings is to the canonical famil
ies. l i

We now introduce the concept of two n-functions being

almost equal.

Definition X: Let X be any space and suppose [ 1is an

open covering of X. We say that two subsets A,B of X are I'-equal,

A B df

r

a) AN B =¢g implies that there is a set H € T such
that 2. B € H;
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b) AM B # § implies that there are two sets H,GET

such that
A-BCH
B-~-Ac G

Definition XI: Two n—functions

f1 (X,0) = (¥4
qg: (XJU} ——'."5‘ (Yf v')

are said to be I'-equal, £ = g , if there exists a u E\Ysuch
— r :

that for all A > p and for all A € X we have f, (A) = gl(A).

I

Definition XII: Two n-functions £ and g as in Defini

tion XI are said to be almost equal, f = g, if for any I', £ % &

Of course, f equals g,f = g, means that for any u € \rand

any A E yu, fu(A) = gu(A)-

For convenience we specialize the form of the previous
three definitions for the case where X = R, it being an impoxr-

tant special case,

Definition XIII: Let € > 0. We say two subsets A,B

of R are g-equal, A = B, if
e TIEE

a) AN B=g¢g implies diameter (AU B) < ¢

b) AN B # @ implies
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diameter (A-B) < €

diameter (B-A) < €

Definition XIV:  Two special n-functions.

Es - XA

> [R.V']

g: (XJUJ)

> [~Rr ﬂ‘/ "]

are said to be t-equal, £ g, i1f there exists a un E- 19/ such

€
that for all X > u,- A E U/ and for all A € A we have

£, (2) z g, (D)

Definition XV: Two special n-functions f and g as in

g for

Definition XIV are said to be almost equal, f g Al f

M

all numbers &£ > 0.

We now give the definitions of product and relative

Gauss spaces.

Definition XVI: Let (X,'g) be a Gauss space and U an

open subset of X. Then we have a result showing (U, ?U) is a

Gauss space with the relative topology on U and

ffu-—-{{Un.A: A E a}: aéT}

We call (U,q'u) the relative Gauss snace. See [1].
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be a non-empty fam-

Definltion XVIL: Lct.(xi, ’i)iEI

ily of Gauss spaces. Let X = LEl xi have the product topology.
We then have a result showing (X,q-) is a Gauss space where q: is

given by:

(X—: {{igI At Ai_e oy V_LEJandAi=XiVJ.EI—J}:

J is a finitc non-empty subset of I, (ai). E I ré} }
1el . i

1ET
We call (X,ig) the product Gauss space of the (Xi,q;i)iEI and use
9 | :
the notatlonq = iRt ”}i . See [l]

Algebraic Operations: Any algebraic operation is always

defined pointwise on the image space. Letting: f and g be two

n-functions
£ (x,0) — (¥, U
g: (x,\v) — (¥,
with ¥ an additive group, then f + g means the n-function

h: (x,0) —> (Y, \J''") as follows:

vaeoelU, h, (R) =7fU(A) + qU(A),

74
where the addition is taken to be pointwise and W)"' is defined
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in the obvicus way.

If k is real number and f: (X,{¥) —s [&, lfR]

we can define h= kf to be the real valued n-function

h(A) =kf,(A) , AEoO e

Definition XVIII: Let {An] be a sequence of sets of

real numbers. Define the set limit, A, of this sequence as fol
lows:
A = lim A
n-+o

r

where x € A iff there exists a sequénce of points'{xn} s.t. x EA

for all n and Yim X, = X. We say the limit exists if A is not
n-+co

empty. Kuratowski [S] (Page 241) gives a number of properties of
.this type of limit; which he calls lower limit. Also note that
the above definition is equivalent to saying X € A iff every

nbhd of x intersects every Al from a sufficiently great index

onward.



§ II

Gauss Structure and Measure Theory

1. oOur aim in this section is to show how we can build a
measure from a Gauss space if.suitable hypothesis are considered.
We start by introducing the category of Gauss spaces. The objects
of this category are Gauss spaces (X,ig), (Y,'S') etc. and the

morphisms are given by

.

Definition I: A morphism of the Gauss space (x,ﬁ})

into the Gauss space (Y,fﬁ') is
a) a Gauss transformation
G: '4 —_ q 1

[P d ; !
b) @ ‘for every o € & a surjective function

G: o —> o

L ‘Gl(a)

such that if o < 8 and F € a, H € B with HCF, then
GB (H.) 5 Gu (F)

We notice the strong analogy between the concept of
morphism just defined and that of continuous n-functions. The
main difference lies on the fact that for n-functions we deal

with open sets, which is not the case of definition I above.

Clearly, the composition of two morphisms of Gauss
space is again a morphism of the same kind and the identity mor-

phism can be defined in a obvious way. Therefore we have a Cate-
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gory of Gauss spaces.

If ¢: X —> ¥ 1is a homeomorphism onto, it induces an
_isomorphism of Gauss space in a natural way. Indeed, if (X,g Yods
a Gauss space, the image by ¢ of all sets in a E g: for all o def
ines in Y'a structure of Gauss space, as well as an isomorphism

of Gauss space.

If ¢ is a morphism of Gauss spaces we use the notation
e (x,T) — v, I
We also indicate the funtion G in (a) by ©o.

2. The first question we shall consider is the fol~

lowing: given an isomorphism of Gauss space

e: (x,F) — (v, F "

and a family \7 of collections of open sets in X we shall build

in a particular way, a continuous n-function.
21 5,5 x, W9

wvhere V' is determined by v and @, which we shall call n-func-
tion generated by ¢. To do that, take any A € ¢ E lf'and any aEf}.
Call

{FEa: FN A # £}

~
I

and

A' = U QG(F)

o FEAa

Let us show that



Int ( /’\ Al ) # 8 (1)

Indeed, let a be such that there is an F E ¢ and FCA,
which is possible by definition of a Gauss structure. Let B E'?
with B > a, then, due to the definition of Gauss structure, there

is a collection of sets FsczB whose union is F what implies that

AI

B D \*)B b (H) = 0, (F)

HETF

due to the definition of ¢. In other words

and as
Int ¢;(F) # g

relation (1) is established.

Next we shall prove that for any «, BEC¥, we have

N S {2 Al (2)

Y>a ¥ §>8 )

Indeed, let € > a,B8, which gives

f\Au Cn}-U

8 (R H>E T-h

and
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But from the definition of A‘a, A'B, elc. 1E A,

.are such that A>0 then

1 1
Ay c A 6

so for every A'Y i Yoo there is an A'n ; WoE; with

1 Al
Anc i

This implies that also

BT '
Y>OLA'\'DTI>A

(3]

n

and

m

" (] T
QAG'DIP -An

what gives (2).

Therefore we can associale to A the open set

o .|
A' = Int (BC\GAB)
with & E f;- arbitrary. Call o' = {A'} and

1}4 = {g': UEl}f

0

g -

.
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Define
fw: W7<~—> QJT
by -
V. g & TT, foylo) = o' obtained as above and
define
fa: g —> g’
by :

¥ A B o, fu(A) = A' € o' defined as above,

We have in this way defined an n-function.
£: (X’.‘O/) ==3. (¥, VI)
Let us show that f is continuous. Take o<t and let

B' € fo(T)’ which means that

B! g Int ( {ﬂ\ BT +)

for some B E T. As o<t there is A € ¢ with BCA, which for

every o € ? implies that B < A, and so by the definition of ¢, B& . Ac‘“

which gives B'c A' and so

£,7(0) < £,,(1) : ;
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The proof that BCA implies fT(B)c:fU(A) oy B B T, A 8.0,

o<t is the same as above and therefore f is continuous.

3. Now we investigate the behavior of derivatives of
n-functions under morphisms of Gauss spaces. The main result is

contained in the theorem which follows.

Theorem 1: - Let (xl,'g'l), (%50 Fode (¥3.FP . (. T2

be Gauss spaces and

' ot
o1: (X, F ) —> (X,,F )

- i ff ¥
¢2' (Yl'(gl) o (er.-]' 2)

isomorphisms of Gauss spaces. Let

£f: (Xl;/\J/l) — (Yl: Vi)

be a continuous n-function and let

: g '(Xl' Ul) —is (Xzf’\fz)

£y @ VO — {7, V)

be the continuous n-function generated by ¢l and ¢2 respectively.

Let
g: (xzr blz) m— (Yzl 'U/é)
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be an n-function such that

(le ’0,1) “£"> {Yl' vi)

b e

(le ’U’z) g > (er 'U’.JZ)
Commutes. -
Let Gy: (X, %) —> (¥, P and
G2= (le _52) T, (Yzl’rﬁ" é)

be Gauss transformations such that

T1

Wl
$2 2 . F3

commutes. Then

Df = D(gof?)

Proof: We‘have to show that for any o, € tﬁ and

A] ‘E 0] we have
= i i
DE (A]) Dg (A ( )

)
2, 2

every
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where
e
o, = iUi (cl)
and
P ¢
Az = fol (Al)-

We first show that a4 E qi implies

n(Alro‘-l) == n(Aervz) ' (2

where @, = Ql(al).
.

pake F; E a) with Fy N\ a, #¢ and let B, € Ty

C By O A, This implies that

with Bl>al having an element Q4

and by the definition of f1

o, By (0)) € By

which implies

8, 0 (F) 0 By 0

This shows that

p(Al,ul) < n(AZ,az)
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because. @l is an isomorphism. So using @1 we also get
n(dy,a,) = n(Ap,aq)
which gives (2). Analogouély we also have
n(ay,a) = n(Aj,0eq)

Now looking to the comutative diagram above we have

55 n(Ai,aé) » n(Ai,ai) n(Aé,aé) _ n(Ai,ui)
n(Al,al) n(Al,al) n(A]'_,ai) n(Al,al)
with
Aé = 9% (AZ) Ai ; ful (Al)
and also
i n(Aé,aé) : n(Ai,aé) n(Az,az) _ n(Aé,aé)
n(Al,ul) n(Az,az) n(Al,al) n(Az,az)

So (3) and (4) give

n(Ai,ai) n(Aé.aé)

n(Al,al) n(AZ,az)
and by definition of derivative this gives (1}.

Definition II: The n—-function g considered in theorem

1 above is called n-function image of f by the pair (¢1 ' 02) and
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will be denoted by f£f.

Corollaxy l: If £ is the image by £ of a pair (@l p @2)

then if Df is pointwise cofinal(') the same is true for DEf.
Remarks:

a) If ¢: X =+ Y is a surjective homeomorphism, it

defines in a natural way an isomorphism of Gauss structures. More
precisely if X has a structure of Gauss space given by Tf, then
the image by ¢ of all, F € o for all a E ?} will give a Gauss
structure '@' in ¥ and 9: (X,%—) > (Y}'é') is then defined by
the image by ¢ of all F € a for all a €F .

b) 1In general an isomorphism of Gauss structure does
not come from a hbmccmorphism as described in (a). An easy exam—
ple is given by the real line X with the canonical Gauss struc-
ture and the same X, considering now only the rational points,
denoted by Y. The isomorphism ¢ is given by associating to cach
Pug e g‘, the same F without irrational points.

Corollary 2: If ¢, and ¢, are induced by a homeomoxr
phism ¢y and ¢2 then if f generates a map ¢: X + ¥, £ also gen

erates a map ¢ = ¢2 o ¢ o ¢11 .

4. We intend to investigate now the relations between
Gauss structures and measure. Let us start with some general con

(.) On n-function £: (X,V) - (¥,1") is pointwise cofinal 1£
given any cover I of Y by open sets and any xEX there 1s
o E \y and A E o, with x € A and £ (A) &'V for some V. &8 T
For the analogous definition for a real n—-function (see (4],
P. 2).
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siderations.

I1f we have a figure in the plane and want to measure its
area it is a tradition in mathematics, as conceived in the Western
Culture, to approach the given figure with figures whose area is
known and then to define the area as a limit, whenever it makes
sensc. This process was regarded by the Greeks as something not
precise, and was good only for practical purposes due to their geo
metrical approach to mathematical problems and aversion to limit
processes in general. However, in both mathematics - the Greek and
the Western — a basic assumption underlying the process of measur
ing areas is the homogeneity of space, in consequence of which a
rectangle, by rigid motion has its area unchanged and hence we can
consider in particular the square of side one as unit of area, be
cause it does not matter where we place it in the plane, its area
is always the same. But' suppose we imagine a world where concept
of space is not homogeneous, i.e., the concept of area might chanp
drastically when we move from one point to another. In this case,
the best we can do is to subdivide such space in pieces with each
of them having a known area and if one of the pieces is subdivided,
the area changes accordingly. That is the "leit-motiv" for theory

of measure in Gauss spaces which we intend to develop here.

We start by introducing several concepts.

Definition IIT: A base in (X,'%) is a set of coverings
2 it . e “1 g -
in ¥ cofinal in 3 . A base of '%— is denoted by B (¥).

Definition IV: A Gauss space (x,?ﬁ is measurable rela

tive to a base 'Q({}) if the following conditions are satisfied:

(T) v Bvery set P _E .« .E @ F}) for any a is the wunion
of at most countable sets of 8 € B (F) if g > a.

(II) To every set F E a E 65(7}} of every a Eiafé)
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it is associated a non-negative real number m(I') , called measure
of ¥, such that, if F is a union of at most countably many sets

Fi belonging to coverings o € & (3’), no two of them with over-

lapping interiors, then

m(r) = & m(F,)
i 1

Remark: We emphasize that in condition (II) above, the
sets F; do not belong necessarily to the same covering o Eﬁ%(?‘)'

‘and the statement of that condition should also be understood in

the sense that every time F is written as a union of at most

countably many sets Fi, ete.

Definition V: A figure in X is a paif (BH,A) where A is

-t
a collection, at most countable, of elements of coverings of Hbf?)
such that no two of them have overlapping interiors and H is the
union of all elements in A. We call A a decomposition of H,

Remarks:

a) We emphasize that in A we have in general sets of
different coverings of ES(';}.

b) Sometimes we just say that "H is a figure", meaning
that it can have a decomposition A, without making mention of
this decomposition.

5. Now we want to show how a measurable Gauss space
(xf?} generates a measure in X. We start with the particular ca
se of a figure (H,A) contained in some measurable Gauss Space

(X: %)

Assume
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A ={F,,Fy...F;...} , F, e[ (%)

and define

m(H,A) =

m(F.;)
i S

18

1.

as the measure of the figure (H,A) which may be finite or infi-
nite-.

Lemma A - If an element of F € a € § () is contained
in the union of at most countable many sets K, E By E'B (%) '

two by two with disjoint interiors, then

m(F) < I m(K;) (1)
i=1

r

Proof = Indeed, for each Ki we can find Yi'E Kb(c}) such
that Y5> Bi,a. Consider the set, at most countable by LK)
Def. IV,

E; = {K & v;, KCKy}

It can be decomposed in two sets

=]
[
I

{K € Ej, K CK; NF}
E] = Ei = Ei

which is a consequence of the concept of refinement in Gauss
spaces. Then we have

m(K,) > I m (K)

'
kEEi
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and so

-~ o
¥ m(Ki) > ¥ E m(K) = m(F)
i=1 T A=l kERl
i
Lemma B - If Al and A2 are two decomposition of the same

figure then

m(H,Al) = m(H,Az)

Proof - First we show that if a figure (H,A) is '‘contained
in anether figure (W', A'), f.e., B € H', then
m(H,A) < m(H',A') (2)

Indeed, for each Fj E A let us associate the set

= {KEy, .

E{j L chinFj}
where K; € A' and K; € B; € B(%), Fy € u3 £ ‘3 (%) and
L R T
We have ()
i I m(K) = m(F,)
KEE} | J

(.) the notation iI means that the index i is wvariable and
all the others involved remain constant.
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ey = m(K) < m(Ki) 8
. o
KEEij
Then
A w3 Pl P b A ngE. mK) < i ” m(K)

L] 13 L}

KEEij S iy KiEA

= mi{HY , AY).

Finally if A, A' are two decompositions of H, we have

m(i,4) < m(H,A")

m(H,A') < m(H,A)

and therefore = e
m(H,A) = m(H,A")

and the lemma is proved.

As a consequence of this lemma, we can define the
measure of any figure H of (X,?&) which is the underlying space

of a figure by
m(H) = m(H I‘A)

with A an arbitrary decomposition of I, as a figure.

Definition VI: If E is an arbitrary subset of (x,%ﬁ

the exterior measure of E is
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m,(E) = inf m()
HDE

: : . o : - g
with H a figure in (X, ), if there is at least one figure HDOE.

Otherwvise

me(E) = o ,

6. Our final goal is to show that m_ defined above is

e
indeed an exterior measure in the sense of Carathébdory ([15],

Chapter II) and so it will generate a measure in X.

Lemma C - Let (Hi,Ai) be figures, F 82 e v in

(X,’g}. Then it is possible to find a decomposition A for

W,
H = H.
fe1

in such a way that we have a figure (H,A).

Proof: Let us order all sets of all Ai in a single row
Fl'FZ""'Fn"" Take Fl and F2 and as a conseguence of the

concept of refinement in Gauss spaces we can find a decomposi-
tion of FlL}Fz as a figure. Now looking to F1L1F21JF3 we pro

vide in the same way, a decomposition for it as a figure. By
proceeding in this way, we finally get H as the union of at
most countably many sets of coverings of ¥ (%) two by two with
out common interior points. Therefore if A is the collection of
all these sets (H,A) is a figure. i

Lemma D - Let (Hi ’ Ai} be a sequence of figures in



-3

(X, F) and let (H,A) be defined as in lemma B. Then

m(H) o S

mH.)
i :

1

Proof: By the way (H,A) is defined, any set F € A is con
tained in some Hy and so by lemma B and relation (2) we have

m(F) < m(H,).

Now writing all sets of A in a row Fl’ FZ"‘Fn"' we have

that m(F,) < m{H, ). Looking to F., we have that m(F,) < m(H, )
17 —= i, 2 21 i,

and if Hy happens to be equal to Hy we keep Hy and so we
1 1

2
have

m(F]:) + m(F,) = m(FUF,) < m(ﬁil)

Proceeding in this way for any integer n we get

: p

m(Fl) + m(F2) * G5 F m(En) < _E m(Hi_) ¢ PUS Dy

J=1 J
where the sets T l ... p, are all distincts. From this Wwe con
J
clude that
i [ p ]
m(H) = I m(Fn) Ko m(Hi Y %asE m(Hi), p < <.
i j=1 3 i=1

Theorem 2: The exterior measure m, in (X,fg) introduced
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in definition VITI is an exterior measure in the sense of Cara-
theddory in X.

Proof: We have to show that m_

= satisfies the conditions:

a) for any two subsets A,BCX, with ACB we have

m, (&) < m, (B),

i) of igGbests o, A

b) for any sequence {E;

E =

-
1l
'.—l

Cs
=
—

then ‘ m, (E) < m, (Ey) .«

N8

i=1

The proof of (a) is an immediate consequence of the def
inition of exterior measure mg,.

To prove (b), take an arbitrary € > 0 and associate to
each Ei a figure (Hi,bi) with Ei C:Hi s.t. the below equation

is satisfied. If this is not possible for some E;., then me(Ei)=m

and (b) is proved. Otherwise, consider

for 61 > 0  with

Now E is contained in H = L}Hi which by lemma B can be

)
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considerced as a figure (H,A). By lemma C we have

me(E) < m(H) 5 iil m(ni) < izl me(Ei) + € ,

As € is arbitrary we conclude that

Il =8

me(E) & me(Ei).

174

Definition VII: The measure me(E) induces, in the same

.

sense of Carathéodory, a measure m(E) in X, called, measure in
(X,g) induced by the Gauss structure % .

7. Before we discuss some examples to illustrate our

theory, we prove some general results, interesting in them- .

selves, as well as, helpful in building examples of measurable
spaces. '

Definition VIII: A Gauss space (x,?ﬂ is a measurable

union, of a family of measurable Gauss spaces (xa'?;a)’ a E A,

with A an arbitrary set of indices and such that for a$b,
X, N¥%, has empty interior in both X, and X, , if

(I) for every o E ?}, the collection

« N x,=1(r N X, FEal

belongs to ﬁ}a, for every a E A.

(II) for every F € a E (§ , arbitrary «, FNX, F ¢
for at most countably many a € A and if m, is the measure in

(Xa,?fa) we have
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I m_(H_ ) < o,
agn - P

where H, = ana .

Theorem 3: If (X,T‘) is measurable n-union of the measur
able Gauss spaces (Xa,ﬁga] ;& B Az Ethen (X,EF) is also measur-

able.

Proof: We must show that both conditions of Def. IV are
satisfied.

Let us consider condition (I). Take any F E a € 7F and let
B >a, BEF . By Def. VIII we have that 81X, and anNX, both be

long to q}a for each a E A and also

BAX, > an¥X,.

call
Bp = {K & B: KGF)
and let F = \)Ha a countable union, with H_, =F NX,.
Each set Fu € Hy intersects at most countably many sets
K € BF. Indeed, Fa € ¥ £ 1:a and so there is “a,e q;a with

Uy > ¥g ¢ By ® g 0\ X and, therefore, as (Xa,ffa) is measurable,
there is at most countably many sets of u, whose union is F_ and
the same applies for every set K r\Fa where K E BF. Therefore 4%
intersects at most c¢ountably many sets K. Now as each set H_ is
union of at most countably many sets and as F is the union of at

most countably many H, we conclude that By is at most countable,

il
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what proves (I).

To prove (II) let us define for any F E o E qf’

m(F) = ¢ m_(H.))
aEA a a

for H, defined as above. This definition depends only on F be-
cause if F(\Xa can be expressed by another figure K, instead of
H, we know that ma(Ka) = ma(Ha) .

Finally, let F be expressed as the countable union of
sets Fi belonging to coverings of ﬁ:, no two of them with overx

lapping interiors. Then each F; can be written as

F, = H;_
aeh

A i 2 4 i
with Ha a figure in {xa:{a) with

i
m{F;) = I m_(HD)
= atA e

Then

‘where K, is a figure in (Xaiyé) by 6, lemma C and moreover as

all H; have two by two non-overlapping interior, from the def-

inition of measure of a figure it fallows that

2 .
ma(Ka) = E ma(Ha) 4

Now
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il
™~

s T I 1
m(F) = "I ma(Ka),-— r ¥ ma(Ha)

: i
bl U ) R T T B
agh aga i f wEK P 3 -

which proves the theorem.

"The measure m in (x,??) induced by fg is called sum of

the measures m. .

We can also study the connections between measurable
spaces and their cartesian multiplication, their inverse limits,
etc., but we do not consider these questions now. We content ouxr

selves with a few examples.

Example 1l: Let X = R" and F the canonical ‘Gauss ‘struc—
ture as defined_in $§I, 6, Not. V. Define for any F E o E 1;, m(F)
as its usual n-dimensional volume. Then the measure generated by
'} is nothing else bu£ the Lebesgue measure in R . It is enough
to observe that an open set in R" iz a figure in the sense con—
sidered'before. A generalization of this example should be the
case of an n-dimensional manifold M" with a Gauss structure??haz
ing a base ﬁb(r})‘such that any F.E o € X3 (q:) implies that F
has an n-dimensional area. That such Gauss structures do exist

when M" is differentiable can be seen at (16), §IT, 2.

Example 2: Let M® be a tépological manifold mnot neces-
sarily differentiable. In [13], Chapter'5, 5.2, it is introduced
the concept of cano#ical Gauss strucﬁure f? in M having the pro
perty that if F E o for any a in ?f,'then g=interior of  F,

is homeomorphic to-an open set A in R" and then we define m(F)
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as the Lebesgue measure of A in R™. This will define (vacg) as
a measurable Gauss space. We remark that by the definition of
canonical Gauss structure in M" the set A is uniquely defined by

P

Example 3: Let A be an arbitrary ordinal number and con
sider the set of all ordinals from 0 up to A. Attach a segment
of the real line in between each two of these ordinals starting
with 0 going up to A. The result is a connected space X . irreduc
ible between 0 and A. Consider each segment referred to above as
a Gauss space (Xa,'ga) with the canonical Gauss structure which
induces a measure in xa, so that really (xa,f?a) is a measurable
space. Now if ‘? is the” Gauss structure in X given by all qf o
then (X,ﬁ') is the measurable union of all (xa,qfa) and hence by

theorem 3 above it is also a measurable space.

Example 4: 1In general if we have a measﬁrable-Gauss
space (X,ff) and consider the measure m generated by its Gauss
structure we might have that the measure of a single point in
X is not necessarily zero. Indeed, let X be the real line and

consider in X the canonical Gauss structure ?F .

Let £f: R + R be defined by

f(x) =
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and define for every o E Bf and evexy F B a ,
m(F) = £(b) - £(a)

vhere a < b are the extremits of the interval F.
Now for every F, not containing 0, m(F) coincides with its usual

lenght. However the point 0 itself has measure 1.

Example 5: For later use we need to consider mea- |
sures in a finite product of Causs spaces. Let (Xi,;ji)f i = L..n

be measurable Gauss spaces with measures my and consider

with the corresponding Gauss structure ¥ given by the cartesian

multiplication of the 3' im l,ssn., IEf T B o B E’is given by

i'

o
!

= Fl 5 Fz.x v Wi an

with F; € a; € ¥ ; we define

m(F) = ml(Fl) . mz(Fz) « sss = mn'(Fn)

- This makes (X,I’) a measurable Gauss space and m

is called the product of the measures my i=l,...n.

Example 6: Let (x,7) be a Gauss space and let m

be the measure induced by ¥ . Then any figure (H,A) in (x, %)
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is measurable and its measure now coincides with the one previously
defined. Indeed, it is enough to show that any F € ¢« € ¥ for any o
is measurable. First if F is not contained in any figure of B(Y)

them m(F) = o, Otherwise if F is contained in a figure (H,A) of B(¥T)

we write all sets of A in a row.

)

2’ e n,

Consider F, and look to 8, E 65{'?) refinining both a

1

and oy where oy is such that‘Fl E o - Then Fln F is the union of

at most countable many sets of oy and therefore it is measurable.

Do the same for FZ’ F3...Fn - and get F as the union of at most

countable many measurable sets with non overlopping interiors and

so F is measurable.

We finish here by calling attention of the behaviour of
measure in the category of Gauss spaces. More precisely we have:

if
d: (X:’y) ¥ (¥, g')

is an isomorphism of Gauss spaces and if (X, ¥ ) is a measurable
L]
with measure m them (Y,?? ) can be made a measurable space with

measure defined by m. Indeed, for any F E a e O(Y) define

m* (¢Q(F)) = m(F)

In this case we say that the notion of measurable épace
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is invariant by isomorphisms of Gauss spaces.

Many other interesting questions can be investigated by
approaching the concept of derivative of n-functions with that of
the concept of measure. For instance, we might investigate condi-
tions under which the derivative of an n-function can be expres-—

sed by a quotient of the measure of two sets, namely, if
£ (Xr,D/) +* (Ycll.()ﬁ)

L] .
and if (X, ¥ ) and (Y, Y ) are measurable spaces with measures m

amd m', then when is it true that, for A € 0 € U

m' [fU(Af]

Df_(An) =
¢ m(Aa}

In future publications we shall study these guestions.



§ III

The Integral of an n-Function

In this section we define the concept of integration for
an n-function, prove a number of the usually desired properties of
the integral, and finally give several results showing the rela-
tionship between the integral of an n-function and the integral of
a usual function when the n-function is "generated" by that usual

[

function.

1. Some Assumptions and Notation.

The concepts of NDA are very general, applying to at
least regular topologicél spaces. In order to avoid too many tech
nical details, we have made no effort to always try to frame each
result in the most general context that seemed possible. It is con
venient to here establish the below blanket assumptions and nota-

tion.

a. When we are dealing with any Euclidean space we always as-
sume the Canonical Gauss Structure defined in Section I.6, which
we use for both n-differentiation and n-integration. As stated in

Section II.6, Example 1, this gives us the Lebesque measure.

b. (X,Er) is both a Gauss space and a measure space with measure
m. The measure m is not necessarily constructed from Y by the meth
ods of Séction IT. Also ?f is countable and of finite type. That
is, n(F,B) < » for all F in a in ¥ and for all a,8 in ¥ . Further

m(F) is finite for all F in a in ¥ .
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i, Qf'is a directed countable family of locally finite covex
ings such that each ¢ in'U/is countable, m(A) and n(A,a) is fi-

o
nite for all A in o in 13 and all o in 3/.

d. By definition the canonical family of open coverings on

the real line, R, is defined by

V = {bi}izl ' oy = {15 ).~

Ly g
I, ={xe¢R ?*1 % € _J%AZ_ 3= 0, 21, % 2...)
) jl—l jl“

The canonical family of open converings on R is defined by

n
;5 < . .
VYO =n A: A Eog)o V)
k=1
e. We use the product measure m' = m x X on the product space

X x R where ) is the Lebesque measure on R and m is the given mea
sure on ¥. We use the symbol m for both the measure on X and X x R

whenever it is clear.

f. The notation

Il

£, (a) (0, sup fd(A)]

I

£ () (0, inf £_(A)]

is convenient to use, where (0, sup fU(A)] is the half-open inter

val with extremities 0 and sup{fo(A)}. Here f is assumed to be a
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real n-function.

2. The n-Intearal of a Positive Real n~Function.

Definitlion T3 Iet

£: (x,V) > &Y Vs )

be a non-negative n-function. Define

Sf,(a) = A x (0, sup fU(A)]

]

If (A) = A x (0, inf £_(A)]

with A € o & q}/'and (0, sup fo(A)] the half-open interval with

extremities 0 and sup{fc(A)}. Let

st

= A E o}

(Y £ (a)

(1)

If AE o}

A

o

If Sf and If are m-measurable and E C X is m-measurable, then

define

S(f,, E) = m[sf_ N (ExR)]

(2)

I(f,, E)

m[Ifo N (ExR)]

and
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S(£,E) = lim S(f_,E)
oEV (3)
' I(£,E) = Iim T (£ ,E)

age

where the previous limits are the limit inferior and the limit su

perior respectively. Then the integral of f on E is defined as the

open interval
J fém = §{1(£,E), S(£,E)} (4)

We say £ is integralle on E if the sets in Equation (1) are mea-

surable and the limits in Eguation (3) are finite.

The getmetric significance of this definition is easily

»

seen by making a diagram for £ an n-function from R to R.

For convenience in the remainder of this section, we as-
sume, that when the n~-integral exists, that the limit inferior
and the limit superior in Equation (3a) and (3b) respectively

can be replaced by a simple limit.

We remark that the symbols defined in Equation (2) of

Definition (I) can also be_written as

I

S(£,,E) = n{(ANE) x (0, sup £ (2)] : A E o}

(2')

I(£,.E) = n{(ANE) x (0, inf £ (2)] : A € 0}

Definition II: Let

£: (X,

> (Y, v')
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be an n-function. Consider a‘'continuous non-negative real-valued

n-function

i g: (x”lf)

> RG]

Then define

J £fdg = Jg o fdm
E E

which is a type of Lebesque-Stieltjes integral.

3. Some Properties of the n-Integral

Definition TII: Let E € X be m-measurable and finite. Def

ine the characteristic n-function,

35k3 (x.r‘l?/) : > [R”U/R]
on E by
1 ANE#S

fg(A)=
0 ANE=@

Theorem 1:

E

Proof: By definition



L

S£U(R) = | A x (0, sup £2(A)] ANE # g
4} ANE =g
o X% (9,1) ANE# 2
¥ ANE=4g
So
stee,B) = n{Y@aE) x [0,1): A€ o)
=m{ Ex [0,1]}=
= m(E).
Likewise
M
I(fy.E) m(E) ,
and therefore
s ffam = ${s(£2,B), 1(£L,B)} = m(E).
Definition IV: Let K € R and f,g real-valued n-func-
tions :
e 4%, ) > (R Uy )
g: (%) I | 17?{]



Define Kf as an n-function

KE: (X,Ty) e [R,WT;]

with
(Kf)G(A) = KfU(A) =A{Kx: X E fU(A)}

Define h = £ + g as an n-function

h: (x, U) > [R, V]

with

h (A) = £.(A) + g (n) = {xty: xef (7)), yEg, (A)}

The folléﬁing definition and two lemmas are helpful in

the proof of several theorems.

Definition V: Let o E 1% and define the disjoint cover

¢' of 0 as follows:
]
g = 4L B - \=J By: ¥ By E 0 s.t. By # Ay, i=1,n}: A €0, n<N}

where N is the order of the coverings o, which by assumption is

locally finite.

This complicated expression for ¢' is simply the new

cover constructed (no longer copen) from ¢ in such a way as to
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obtain a disjoint cover. For example, the cover consisting of the

three sets

gives the cover consisting of the seven numbered sets.

Lemma A: If each A E o0 is measurable then each

A' E o' is also measurable.

Proof: Since measure is preserved under countable in-
tersections, unions and complementation, then each element of A'

is measurable if all A E ¢ are measurable.

Notation I:

£, (B)

il

{Ufo_(A):V A€o, A D B}

£,.(B) {V£ (n):¥ aeo, A D B}

with B E o' , o¢' the disjoint cover constructed from o.

Lemma B:

(i) m{U(Bxfc, (B)) N (ExR): V Bec'} = m{U(axf_(A)) N (ExR): V A€o}
B A

S(£.E)

(1) m{U(Bx£f_,(B)) N (ExR): V Bec'} =
B

n{V (Axf_(A)) N\ (ExR): V¥ Ato }
A
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= I(fU,E).

-

Proof: Let x be an element on the set on the left-hand-

~side -of Equation (i). This implies

e - ek - o f;.(B), some B E ¢'.

So

® B A fU (A) some AE O

and therefore x is an element of the set on the right-hand-side

of Equation (i) since each B is a subset of some A.

P

Let x = (xl,xz) be an element of the set on the right-

—hand-side of Equation (i). So
X E A X fU(A),' some A E O

Let B E o' be such that Xy E B<c A. Let A, be any other element

oflc containing B. %y E B and
£ - U )
£50(B) {x fU(A). A€o, A DB}

imply x, € %‘o,(s).

Since the sets on the two sides of Equation (i) are
eqgial, the equation is true.

Expression (ii) follows in a similiar manner,
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Theorem 2: Let £ and g be non-negative real-valued

‘n-functions
gae Ty L [R+,TY%+]

and k a positive constant. Then

(i) k' J fdm = J  kfdm
E : . B

f2i) J fam + J gdm > S (£ + g)dm
E E E

where we assume the integrals on the left-hand sides of the

previous two expressions exist. The symbol “>" is given in Def

inition VI.

Proof: Démonstration of (il). Flirst wa show that for

any o E ¥

S(fUrE) + S(gorE) el S((f+g)arE)

Indeed

S(£,,E) m{;f(nxf;TK3) N\ (ExR): A€ o)}

]

m{g (Bxf&,(B)) N iExR): B E a'}

by Lemma B. Since ¢' is disjoint

S(£,,E) =In {(Bxf_,(®)) N (ExR)} , B e o'
B e :



Similarly

S(g,+E)
and

S(hG,E)
where

h=f+
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= I m {(Bxg,, (B)) N (ExR)}, B € ¢°
B

x = : ,
g 0 {(Bxh_,(B)) N (ExR)}, BE O

2 |

Then we have

ho.l (B)

i

{% h (a): A € o, e

e

'{g (0, sup h (n)] AodE g, A S8}
{X (0, sup fU (A) + sup gO(A)] : A E o, ADB}

{U (0, sup fo (Aﬂ + (0, sup gU(A)] :A E g, A > B}

Y (0, sup £, (a)]

LY A Y] s
At o , A D B}{{(o, sup gg(A)].

A E o, A DB}

Making the observation that the right-hand side of the

previous inequaliﬁy is of the form

(0,a]  # L0,b],.
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we then obtain
Mhy () < A(E L (B))  + A(G,. (B)

with A the Lebesque measure on R. This implies

m(e) A (g, (B) € m(B) A (E,(B)) + m(B) X (5. (B)

and

m(B x ‘ﬁq. (B)) < m(B x £,(B)) -+ m(B x g, (B)).

So we have

I m(B x EU. (B))
B

I A

é[m(B x T, (B)) + m(B x G, (8))]

I m(B x fc;(s)) + In(B x G, (B))
B B

A

which is valid since the integrals of £ and g exist. Therefore

we have the stated result
S(hy,E) < S(£,E) + S(g,,E)
we can show
I(£,,E) + I(g,,E) 2 I(h,,E)
by the previous procedure and due to the fact that

{U (0, inf £_(7)] : Aeo, A2 B} + {V (0, inf ggs(m)] : A€o, A=B]
A , A
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D{U(0, inf h (A)] : ABo, A D B}.
A

Therefore we have

i

lim S(fo,E) + lim S(gU,E)

S(f,E) + S{g,E)
- oeV ogev

|v

lim S(hU,E) = S(h,E)
gE

and

1l

I{(£,E) + I(g,E} lim I(fo,E) T m I(go,E)

oeV . oEV"

|v

limn I(hG,E) = I(h,E)
oeV

This gives us the desdired result

]

[ fdm + / gdnm $ {(x(£,E), S(£,E)}

E E

+ § {1(g,B), S(g,E)}

4 {z(h,E), S(h,E)} = S hanm.
E

|v

Demonstration of (i). By lemma B, its proof and the fact that

o' is disjoint we have the following equations

_S((kf)U,E) m{U(a x kfo(A)) k\(ExR) : ABg}
A

i

m{V (B x EEU.(B))K\(ExR)}: BEC'}
B

I

Im {(Bxi%c.(B)) \ {(ExR)}, Beo'
B
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= PImiB iy A (T:‘fc.(n)), B E o'
B

=% km(B N E) X ('f"o.(m). BEOo'
B

=k I m{(Bxf_,(®)) N (ExR) : B E o'}
B o

= km{U(Bfo.(B)) N (ExR) : B E o'}
B

il

km{U(A x £,(n)) N (ExR) : A E o}
A %

k S(fU,E).

In an analogous manner it can be shown that

= uI((kf)U'E) = kI(f,,E).

Therefore

S(kf,E)

n

ks (£,E)

I(kE,E)

g

kI(£f,E)

and

J kfdm = Xis-f £dm
E E

We remark that it can be shown that

J fdm + [ gdm £ J (£ + g)dm
E E :

i ¢

unless we place further restrictions on'U/. We recall that Wj’is
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assumed to be countable, directed and locally finite. None of
thegse conditions require the coverings of TY to become "small"
relative to the mecasure m. We conjecture that if we require

this, in some appropriate sense, then

S fdm + J gdm o> J (f 4+ g) dm.
B E E

Lemna C: Let S € X x R and E;, E, € X. Then

s N[(E; VE,) xR] = [sN (g, xR] VU [s0(, xR]

Proof: Let x = (a,b) be an element of the left-hand side of the

above equation. So

x &S, (E,VE,) xR,
This implies a E El or E,, say E,. Then (a,b) € A, E,XR,
and therefore x is an element of the right-~hand side.

Let x be an element of the right-hand side. So

(a,b) € S, E; x Ror (a,b) € E, x R, say B, x R. This means

aEE b € R and therefore (a,b) € (El‘J Ez) ¥ R. S0 X 1s element

l'

of the left-hand side, and we are done.
Theorem 3: Let E,, Eé € X be disjoint m-measurable sets

»—‘1 3

and f a non-negative real-valued function n-function.



£: (x,V) > [R+, ’l}”/R+]
Then
J fdm + [ f£dm = b 1 fam
By B ByVE,

where it is assumed the integrals on the left-hand side exist.
Proof: By definition

S(fc, Elu Ey) = m(SfU N ((ElU E,;) x R))

which equals

-

m((Sf0 0 (leR))kJ (Sfof\(szR))

by lemma C. Since El and E2 are disjoint

il

S(fc. E1U E,) m(sf N (EyxR)) + m(Sf (\ (E,xR))

1

S(£,,E)) + S(£,,B,).

This implies

S{f, B, U B,) = 1im S(f_,E,) + lim S(f_,E;)
Ll - 2 GEY (o A | CEV Lo it

n

BUEE) + B, By

Likewise we . have

I(E, ElU Ez) = I(f:El) +.  X(f,; Ez)l
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which giwves

£dm
2

! #{I(f,El) + I(£,E,), S(£,E;) + S(f,E,))
E, U E

i

ﬁ{I(f,El) 7 S(f,El)} + #{I(f,Ez), S(f,Ez)}

P Eam % [ Eam.
el E,

Definition VI: We say a set A is-less then or equal to

" a set B, A < B, where A,B C R if

sup A < sup B
“inf A < inf B.
Then we say £ < g,’f,g two real-valued n-functions

f,9: (xr’U/)

> ER ',U/R]
115

£,(8) < g, ()
for all A € o, for all o € lf.

Definition VIXI: Let £ and g be two n-functions

P (X,'U’) > (Y,r‘f')

We say
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1f
fU(A) oo gG(A)
for all A E o, for all ¢ € Y.

Theorem 4: Let £ and g be two n-differentiable real-

valued non-negative n-—-functions.

e [R+' qy%f]

£,9: (x,7)

such that

JEdm and Jgdm
r B B

exist. Then

(i £ cg = Jfdm €' Jgdm and Df < Dg
E E

i) £ < g = J[ffdm < Jgdm
% E E

Proof of, {i): First DI < Dg follows immediately from the def-

inition of n-derivative.

Now

£,(8) © g, (n)
implies

SfU(A) = A x fUI(A) o A gU(_A) = Sgc(A)



and

Ifo,(A) = Ax fO(A) 2D A X gc(A) = IgU(A)

This in turn implies

Blam {xSfG(A) : A} C {ZSC_;U(A) : AEo} = Sg,

and

TE. D g

Hence

S(£,,8) = misf, N (ExR)} < miSg, M (ExR)} = S(g,,E)
and also

I(fU.E)

Iv

I(gU.E) .

So we have

I(qc,E) i_I(fc'E) i'S(fg,E) f-S(fa'E)
and therefore

I(g,E) < I(£f,E) < S(f,E) < S (g,E)
This gives us the desired result

Jfam = B{1(£,E), S(£,B)} € §{1(9,E), S(g,E)} = fgdm
E

E

Proof of (ii): £:¢ g implies
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i
i

SE (M) = A x £.(A) C A x g (B) = Sg,(A)

and

il
i

Ifcm) A X fu(z_xlc A x gU(A) Igo(l\) '

which gives

sf, = {USE_(n) : AEc} < {u T, (B) = Aee) =Gy
A A .
and ;
Ifc = Igo.
Hence L
g s(f ,E) = m{sf; (1 (ExR))
< mi{sg O (ExR)} = S(g,,E)
and also

I(fO,E) & I(gU.E)-
Therefore we have

S(f,E) = lim S(f_,E) < lim S(g,,E) = S(g,E)
cEVW CEV

Y BY 4 T(g B .

which gives us the desired result
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$(x(£,8), S(£,E)} < ${I(9,E), S(g,E)}

It

ff£dm
B

= [gdm
E

The following theorem shows that the n—-integral is in-

" varient under translations for an appropriate Qj/.

Theorem 5: Let ¥ have an additive group structure and

]

£: (X, V)

-+
> [R ’ VR-g-] .
Supposé that for any a E X such that YV A € o E YW and ¥ B & ¢,
o' the disjoint cover agsociated with o, we have A+a€o and B+a€Eg'. Also
V A,A' E 0 we have m(A) = m{(A') and m{a) = 0. Define

a =
fc(A) = fc(a + A)

VAEOG, Yo£e1l. Then

/£%am = ffdm
5.3 X

where we assume the integral on the right-hand side exists.

Proof: By definition

a L - "
B, . » {XAxfc(A) : A E 0}

{UAxf (A+2a) : A€ol
ey o

So
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S(£F2,%x) =m{UA x £ (A + a) : A E o)
g A (s ]

= m{UB x ?&.(B + a) : B € ¢} (by Lemma B)
B

= I m(Bxf ,(B+ a)), B E o
B o

= L m(B) A (F.,(B+ a)), BE ¢
B o

= P m(B+a) A (£ ,(B+a)),BE o’
B ¢ ;

Since B + a E Gﬂby assumption and m(a) = 0

, s(ff;,x)

i

Im(B) A (£,,(B)) , B E o
B

il

Im(B x £ ,(B)) , B E o
B g

m {U(B x 'f_c.(s)) BEG')
B

m{Una x £,(8) : A E o}

A
= 8(£f,,X).
Likewise
I(£5,X) = I(£,X).
and therefore
S £%dm = [ fdm.



-69-

Definltion VITL:  Tet B C X;rty a family of coverings

of X and m a measure on X. We say 1} becomes arbitrarily small

relative to E and m if YE> 0 there exists a Te’stuch that for

2l oe VY , o > T we have

m{UA : AE o, AANE#P, Ad E} < €
A

If L is a family of subsets of X, we say Tf becomes arbitrari-

ly small relative to % and m when 5~ becomes arbitrarily small

for each E € "L and the same 1 serves for all E g "L .

Definition IX: Let E < X and

r

£ (%, 'U/) > IR'(U/RI

We say £ is bounded on E relative to'fy if for some constant

k € R there exists a T E TY such that V o > 1

sup {fo(A)} <k

YVaga ,a08 # 8.

Theorem 6: Let f be a continuous n;function

I: (Xf’d) > 1R+r W}T"l

which is integrable on E ¢ X and bounded by k on E. Let E € 99

some 0 E'U7: m(E) finite and'U,become arbitrarily small rela-

tive to E and m. Then



s T

Jfdm o £ (E) m(E)
E 0

where £_ (E) is the closure of £_ (E).
% %

Proef: Let

o = fA A& o, AG'E)
* %
(o] = In = Rog g, A0 B g, A doB)
Then
I(£,,E) =m {U (A x £_(n)) N(ExR) : AE o)

A P

|v

el Sl i n eamu s e o
m Vs x % :

*
Vo2>o0, v co. Since

*
fc(A ) o= de(E)

then

*
£,08) D £, 8

* *
N A RO, B0

1(£,8) > mlU, (AN E) x £ (E) :A €0 )
A PSR P

.
>
m
Q
et

= m{(u, A" NE) x £ (E)
A 0




L T 1

i

*
m (U A"NE:a" €0} inf £ (B)
A %

We also have

n{U, 2A"NE:2a" €o") < m(E)
A

% % * % * & * * *
<l AR TON-EL X g o F+nmitian OB VR CED )
] ] *

A A
* * *
< € + nu & NE st A 861
A _

*
with ¢ ¢ o and o sufficiently "large" since Qﬁ’ becomes arbitra

rily small. So

r

m{ U A*(\ E : A* E c*} > mi{E) - B
and

I(£,B) > (m(E) - €) dinf £, (E)
(1)

|v

m(E) inf £_(E) - k €
%
for o sufficiently large. In a similar manner we can show
St , B) =k & < m(E) sup £_ (E).
g m— 00

Combining (1) and (2) we get

m(E) inf fUO(E) -k €& < I(f,BE) < S(f;,E)



7D
< m(E) sup £_ (E) + k E.

Since € is arbitrary and f; (E) is connected, we have
' 0

I(£,E) € m(E) £ (E)
%

S(£,E) € m(E) £_ (B)
%

which gives the desired result

I gon . omiE)E, E
E 0

4. The n—-Integral and the Usual Integral

5

In this part we give some results relating the integral
of an n-function with that of the "Riemann integral" of a usual
function when the n-function is constructed from the usual func-

tion in a certain natural way.
Let us assume that ¢ is a usual function

> R+

which is m-integrable on E ¢ X and f is the positive real-valued

n-function

£: (x,) > ﬁf} 1?;+]

constructed from ¢ by the image method. That is

fU(A) = {4 ()



Y

Y A8 aG; M G B Qj/.

We think it reasonable to extend the definition of Riemann

integral as follows.

Definition X: Define the "Riemann Inteqgral" on E C X

S ¢ dm
E
for ¢é: X —> R in the following manner. Let {Pn}nzl be a se-
quence of partitions of E, a set of non-zero measure. P € {Pn} o
n=1

being a partition means that

r

Fe==y o B e P_}

Fet TRET NS S

mig, ) > 0; "N im 1,2....

lim sup {m(Hin) L, B P =0 ¥ 1.

n-re i =
‘Define
Ié= I m{H ) inf $(H; ),
i=1
. ©
Sn¢ = 151 m(Hin) sup ¢(Hin).

When the below limits exist, we define
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I¢ = 1lim In¢
n-+e

S¢ = lim S_¢
naew O

In the case I¢ = S$ < « for all possible sequences of partitions,

it is said that ¢ is "Riemann integrable" on E and

Jé dem = I¢ = S¢ .
E

Theorem 7: Let

£f: (X:’U/) > [R+t ’U/R'*':]

be the n-function constructed from ¢: X ——> R+ by the image

method, with ¢ "Riemann" integrable on E € X. That is

J ¢ dm < =
E

Then with the below restrictions

J fdm = J ¢dm.
E E

Hypothesis:

(1) 17, becomes arbitrarily small relative to any parti-

tion Pn and the measure m.

(ii) f is bounded by k on E relative to Qj/.



Proof: We proceed in steps.

(a) We can write

i

Snr": = m{ l\;Jl (H_ X ¢(Hln) : Hin B Pn}

(1)

= m{ i\=Jl (m, = x ¢ (H; )) N\ (ExRr) : Hy € %

I ¢=m{ U (H, =x ¢min)) : Hy € Pn}
i:

(2)

= m( igl (Hy % ¢ (H; )) N (ExRr) : g 8.2 )

Proof: By definition

=51

nil m(Hin) sup ¢(Hin) ; Hin B Pn

i

S,¢

n

o

E m(H, ) X (p(H; )), H, EP
n—;l

I

n

=St > m(Hin x ¢ (Hy )), Hyo € P
n=1



o, ).

since the H;  are disjoint and are subsets of E. Equations (2)

are demonstrated similarly.

n

fo, (n) ¢ (n)

(L)
fU(A)

It

o ()

Proof: This is obvious since
£,(8) = §6(n) = (inf ¢ (), sup ¢(A))

and

f @) = (0, sup fo(n)]

Because of this result in the definition of the inte-
gral of f we will use the right-hand sides of Expressions (3)

instead of the left-hand sides without stating so explicity.

(c) Some convenient notation.
- * *
of = {n : A € o6,r ACF, some F E Pn}

* % * % * %
o ={n" :A" €0 ,A¢EF, VFEP, ANE: P

where U is the cover associated with Pn by the meaning of Con-

ditions (i) and (ii).
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(d) YLet E be a real number greater than zero.

S(fo,n,E) £ 84+ KE

Proof: Let Pn‘be a partition of E and On the cover associated

with P by Conditicns (i)-and:- {it)s

SE ={U(Axf0, (A)):AEGH,A{\E;&J&}
n A
={U(Ax¢(A)):AEon,AﬂE#ﬂ}
A
* * * * * %k xS * % %%
= U (& xg@A) 22 BB MU, (A x¢B ) + A B0 ]
A A :
since

* % *

g WLE v e IRG A S g, RVEFH

By Condition (ii)

* % ** * % * Kk *% * % k%
{X**(A * ¢lh° ) 2 A ean}c{x**m x (0.%k]): Ao & 0}

Then by Condition £1)

* Xk * % %* %
i, (A ‘x [0,k]) 22 Bo. ) <X6
A



o e

m{U x ¢(n)) : AE o, ANE # #}
A

% * ¥ *
<« m{U@A x¢(A) : A E on} + k E (4)
A

Also since each ANCZ H some H € Pn and ¢(A*) c ¢ (H)
We have

W, (" x $a")) N ExR :a €0}
A

C VU xeH)) Sv(BxR) 2 HE Pn} (5)
H

Equation (5) gives

R
m{U*(A* s ) e A* E 0;}
A
< (U @Hx¢(H) : HE P} (6)
H

Equations (4) and (6) then give

Stfx B
l-In

L}

m{Ua x ¢(A)) N(ExR) : AE cn}
A &

A

m{U(H x ¢(H)) N (E x R) : HE Pn} + k E
H

=S¢ +ke

by (a).
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(e) e, By X -k €

Proof: First we observe that

U x ¢(n)) (\ (Exr) : A € o }D{U, (" x_rb_(_i\__*_)) N (Exr) :A" € 0:;}
A B A

*
by the meaning of B e So

m{U (A x 6(A)) N (ExR) : A € o_} !
A R it n :

> m{V, (2" x $(2%)) N (Exr) : A" € 0;} k)
A

Let Hin E Pn and define the following symbols

The property we will need of Hin is that

. * * *
HinC{\}J\*A 2 A, Bagk .

So
{ 181(Hin x ¢4, ) NVEXRY: M, B P 3N (B, x (0.k]}

T _U (e X B H)D N (ExR) : H._ € P_}

in n
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and therefore

in n

————

m {\J Hi x¢(H)) Y\ (ExR): H,_ EP.} + k E
: i=1 7 2

> mf igl(nin x ¢(H; )) N (ExR): H; € P_} (8)

¥*

*
Since each A E - is a subset cf some Hin E Pn and

*
o(Hy ) < ¢(al),

it is not hard to see that

m {;gl (H]  x ¢(H; )) N\ (ExR) : Hy, B gn}

<ot Y, " xe@"Hn @A e o)) (9)
A

Inequalities (7), (9) and (8) then give

I(f_,E) m{g (A x £, (n)) N (ExR): A € o}

n

|v

m{ U, (A* x ¢(A*)) N (ExR) : PN 'U;}
A "

> mf igl (Hf  x ¢ (H; )) MY (exr) = B,  €P}
> m{ igl (H; % 6.(H,.)) N (ExR) : W, 8B} =%eE
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= Indl - k€ .
(£) f fdm = [$ dm
0 E

Proof: (d) and (e) give us the inequality

I¢-kE€¢« I(fcn, EY = S(fon, E) < S, ¢+ 1

After taking the limits we have

Sodr -~ KE = lim I b= K E = 1im T i E)
E nae O L BRY “n

’

<5 g SEL W) lim S_.¢ + k € = f¢é dm + k €
- o] n E

o ] o o n n+o
n : -
Since E is arbitrary we have

f fdm = [¢ dn
E

which completes the proof.

Corollary I: Let

be an usual function such that

fody & X< <o
E
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where A is the Lebesque measure on R?, Ec R, and A(E) is fin-
ite. Let Tj’bc the canonical family of open coverings on r"

which is defined in the beginning of this section.

Now let

£5% (Rn;'ly)

> [R+,17g+]
be the n-function constructed from by the image method. Then
under the below restrictions.

S £ax = [ ¢ ar
E E

(1) E . is the finite union of connected sets of .

(ii) ¢ is bounded on an open set, U, containing E . That is

sﬁpf¢(U)} L A

Proof: If B c R" is connected, then it is clearly possible to

find a family of partitions {Pn}:=l satisfying the conditions of

Theorem (7) relative to lf. The same is true for the define union
of connected sets. Condition (ii) of the theorem is satisfied by

Condition {(ii) of this corollary.

Remark: With the Canonical Standard Family of open cover=-
ings,'UY, of R™ and E C Rn, Condition (i) of the previous theorem
is not satisfied. We feel that this corollary could be genera-
lized in a number of different ways. For instance, define therin—

tegral



AE G

£oEdX: = ldm fefid)
E Mo B

[<=]
such that A (E ) < « and \JE =R with E, C By S By +00 »
’ m=1

We would xike to emphasize strongly that we by no means
feel that the previous two results, or any of the others, are the
most general possible. As we mentioned earlier, it would be fool-
hardy to continually try to do everything in the most general con

text as possible during this stage of the development .of NDA.

Counterexample I: The following example shows that

using the image method of constructing an n-function, £, from a

usual function, ¢, we rdo not have
S ¢aax- = [ £dX
E E

where [ ¢ dX 1is the Lebesque integral. Let
E

> R+

be the Derichlet function. That is,

E bid irrational
$ (x) =
0 X rational
Then
&
I 48y = 3, E = [0,1]
o

But letting QY be the canonical family of open coverings on E, we
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have
£, = o)} = (0,1).
So
If_(n) = Alx £,(2) = A x g
SE_(R) = A x E;—(K—) = a x [0,1]
which implies .
I(£,,E) =0, E-= [b,l]
S(f;,E) = m([0,1] = [0,1])
e
and therefore
g L(E2) =0,
S¢E,E) = 1,
and
S £ ax = 10,11 = (0,1) # J'(l)d:wdk.

E

We point out that the ";‘)rc:oblem.'I here may be in the method
of constructing an £ to associated with this pathelogical usual

function. For instance, f does not generated ¢ in the sense defined
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in Reference[4] where the conditions under which an n-~function

generate a usual function is studied in. detail.

5. The Fundamental Theorem of Calculus.

Pefinition XI: Let

£: (x,V) —— [R" Vel

be a positive real-valued n-function, which is m-integrable on
all AECE , m a measure or X which may or may not be the Gauss measure con

N
structed from 7, the standard family of coverings on X. Then define the

integral n-funection g of f by
g @) =$( S fam : BCcA, BET T > 0}
B -.

v A E g, ? g E TY.

We remind the reader in the following that the restrictions
on ? and'U/given in the beginning of this section are still applic-
able.

The NDA analog of the Fundamental Theorem of Calculus is
given by following theorem. Since derivation of an n-function is
defined relative to a standard family of coverings, # , on X, and
since in integration one uses a measure m on X which does not neces
sarily have to ha&e any connection with the Gauss structure, one
nceds to assume some relationship. This will be studied in detail

in a future article, and here we content ourselves with the rea-
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sonably general theorem below.
Theorem 8: Let
girn ke W) seva 1Y, Unal
be the integral p*function of £
£ 31K, W) ey [R+., T;%,,]

which we assume to be continuocus and integrable on all A E g E Uf

Then with the restrictions below
Dg,, (n) C £ (n)
YA E o E LV, which we also write as

pg ¢ £ .

The connection between the Gauss structures (X,¥F) and

(R,'?R) with the measures m and XA on X and R respectively is

Xia)

(i) lim n(A',a') _ I n{Al 8'). .
«E? n(A ,a ) at% n(a ;o) m(A)
where a' = G(c), G being the Gauss transformation between ﬁf and

r; pr A' E o' E ﬂf%, m(A) < o, VA EOE ’U/. ﬁfR is the cano-

nical standard family of coverings on R and )\ is the Lebesque

measure on R.

(11) Let E be a real number greater than zero. Then there exists
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aaqg e Tﬁf such that m(A) < €, Y A B 0.

v
(33:4), 19 becomes arbitrarily small relative to any A € v, any

o
o E IT/. £ is bounded on each A € o € V) relative to

197,

Proof: By the definition of the integral n-function g of £

g, Ay = ${f f4n: B €A, BET,T 20,7 8 )
B i

Since £ is positive and by Condition (ii) the inf and sup of

the above set is clearly given by

éG(A) =40, sup &S £dm)
A
YAEOCE Tj/. Then since
A(gc(A)) = sup f fdm, VY A E o0 E 1j/,
A

we have

Dg (B) = lim n(g_(B),a') _ A(gT(B))l
983 n(B,a) m(B)
= é iy n(g_(B), a')
el moade 2T a = By _(8)
m(B) at¥ n(B,a)

by Condition (i). By definition

sup S fdm = é(f,B) = 1im S{f_ ,B)
B yevw ¥

(1)
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= limm{'U (b x £ (D)) /N (BxR) : D € v > T} (2)
vyeEU D ¥

<limm{ VU (0 x T N(BxR) : Dc B, DEY > 7}
YEY D X

* R

ot
4

E' m(B)

where € is any positive real number. This last inequality is true
since Condition (iii) tells us that we ¢an always find a % £ Tj/
such that for all ¥ = Y& the total measure of the sets which in-
terseét B, but are not contained in B, is less than aﬂy given
real number (in this case €' m(B)). Also one needs the fact that

f is bounded on A by some number k.

Continuding, with the observation that £ is continuous,we

have

supf dfdm 5 = Tim m{U(D X fT(B)) flexey miDEC B, DE y & v}

B YElY D

+ k € m(B)

;1imvm{(UDﬁB) x () : DEY > 1, DC Bl k E'm(B)
YE D

= lim m{(UD NB) : D€y DcB} A (E(B) +k g' m(B)
YEU D :

A

1lim m(B) sup fT(B) + k E' m(B)
YE

= m(B) sup £ (B) + k e‘:}n(B) ' (3)

So using (1) and (3) we obtain

QQT(B)‘ = 5§T(B) < sup fT(B) + kg - (4)
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Returning to Eguation (2) we get

sup f fdm = S(£,B) = 1lim S(f_,B)
B YE L

= lim m{U(D x £_(D)) N\ (BxR) : D€ Yy > 1}

YyeEY¥ D Y
> 1im m{U(D x £_(D)) /N (BxR) De y el
T inegiaiD i A =
> 1im m{U(D x £. (D)) N (BxR) : DEe y > 1, D C B}
“hyeV¥ D e A - :
> lim m{U(D x fr(é)) N (BxR) D& 5 2% 0 B}

YEV D

= lim m{(U BNB) x £ (B) : DE Y > 7, DC B}
YEU D ST

= lim m{UD N B) : DEY > 7 , D € B} A (£ (B))
vyEWY B ; —

= lim m(B) inf £_(B)
YEV i

= m({B) inf fT(B)A. “5)
Then using (1) and (5)
Dg (B) = Dg_(B) > inf £ _(B) (6)

This implies by the definition of derivative and by (4) and (6)

that

bg, (A) = {pg (B), D5 _(B) : BC A, BE T > o}
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C{inf £ (B), sup £ (B) : BE T > 0, BCA} £k g’

Since £ is continuous

sup B3, (A)

A

sup £_(n) + €' 6 e Ry e '}

inf T)_ﬁo (n)

| v
m

inf £ _(A) £,(0)

and thus
pg_(a) = § {Dg_(A)} (C fan) =+ €
Since €' is arbitrary we then have the desired result
by 8 & £ (n)

Corollary IT: IE£

£: (R, )

> (55, A ]

is a continuous, positive, real-valued n-function which is in-
tegrable on all & € o € 'U/ with-'ty the canonical standard fa

mily of open coverings on R, (R,'ﬁ R) the canonical Gauss space,

and G the identity Gauss transformation, then
Py C £ .

Proof: Lemma ITI.1 in Reference [2] shows condition (i) of

the theorem is satisfied. Also W clearly satisfies Conditions
(ii) and (iii).
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6. The n-Integral of a Non—-Positive n-Function

Up to now we have only defined the integral of a posi-
tive real-valued n-function. We could proceed in various ways
as with the case of defining the integral of a usual function
which may take on negative values. For the time being the fol

lowing seems to be the most convenient.

Definition XII: Assume |£| is bounded by k on .E C X.

that is,;

|sup £,(A)| < k

VY A€o, AR EBEY IIY o E IT: Then

f fam = Sf£%im - S kam

E. E E
where
) = £.(a) + x
ag ag
ko(A) = {k}

YA ECOoE Wj/ .

It is clear that

/ kdm = km(E)
E

In a future article the theorems proved for a positive

n;funétion in this paper will be studied for an arbitrary real-



QP

-valved n-function. We content oursclves here with the following
theorem.

" Theorem 9: With the notation and condition of Theorems 2

and 3 we have

(1) o - f fadm = o £dm
E E
(ii) f o fam-% [ £f&m = f £dn =7
: B, E, Bl

where o E R is a real constant and £ is bounded by k on E.

Proof:s {(i):

« f fam = off fam - m(E)K]
E E
-k
= o f FTdm = wmiiB) ko
E
k.
= [f of dm -~ . m(E) ko
E
= [ fdm
E
(i1) ¢ By definition we have

F Fam @ F paw
By

= s ffam - km(B)) + / £%m - km(E,)

#y By
- X K
El EZ !
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- km(E, U E,)



PHYSICAL INTERPRETATION OF NON-DETERMINISTIC MATHEMATICS

1. In thils scction we apply basic concepts of non-deter-
ministic mathematics, like derivative and integral of n-functions,
to describe fundamental notions in physics connected with motion of
particles and fields which might be of some relevance for gquantum
mechanics. Same investigation in this direction has been initiat
ed in [6] and here we recall and generalize same of those ideas in

1

troducing as well several new ones.

The fundamental idea of this approach is to accept that
even though the notion of metric space 1s convenient for macroscop
ic phenomena it is not so for microscopic ones. In more detail, our
picture of the would comes first through our senses and then our
imagination works out a form of expression for it. This form charges
from time to time and it is conditioned by the basic beliefs of
our civilization, namely, for the greek civilization the picture of
the cosmos was different from that of the arabian civilization,
on our western civilization. So in the end physics will provide a
picture of the world according to the basic symbols of each civiliza
tion, which in our case areenergy, time, dynamic space. In this way
if we analyse it closer we notice that the evolution of classical
mechanics, for example, started with the concept of Newtonian force
and finally, in the hands of Lagrange, reached the stége that we
have a space - the euclidean 3-dimensional space-together - with a

dynamic structure given by the idea of motion conditioned to a cer
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tain distribution of encrgy in space, as we see from the concept of
Lagrangiin. So the intermil beauty of classical mechanics relies on
that harmony between a certain space where the motion of bodies
takes place and the dynamical variables conditioning that motion.
In modern days this spirit is still there for all microscopic phe-
nomena although +the space in question is not necessarily - S For
instance, in dynamical systems the‘space is a differentiable mani
fold M" of dimension n and the dynamics structure is given by the
action of a Lie groups on M%; for the generalized theory of relativ
ity the space is a four dimensional Riemannian manifold and the dy
nami;al structure is given by Einstein's equationsempnﬁsaifor con
venience in tcnéor form.

Now the question arises: for microscopic phenomena what is
the space where motionﬁﬁkes place? If we 1oék back to the history
of atomic theory we notice that the first idea was to suppose that
the space in questioﬁ-still is our old and dear cuclidean space R3.
So the atom of Rutherford is nothing else but a statement in this
belief. But soon it was found that such a model was in clear contra
diction with eletromagnetic theory, because an atom with such struc
ture would collapse immediately due to the loss of radiating ener
gy. Then came N., Bohr with his hypothesis of orbits of stability and
basically the same model of Rutherford was maintained together with
that additional hypothesis taking care of the stability of the atom.
Then a nice accordance of this model of the atom with speétrosqopic
evidence was reached and the theory was quite satisfactory, at least
for the hydrogen atom. But for atoms with many electrons things.did
not work so well and then it was the begining of the tragedy: more

hypothesis have to be introduced to take care of this and that and
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finally, due to Heisenberdg's uncertainty principle, the conclusion
was reached that the electron, for instance, was not a particle af
ter all, in the sense we always understood the word, but it was
instead "something" that does not have a path in the classical

3y

sense, but any how this something still lives in R Now, hcow is

it possible to have any kind of compatibility of R3

with such con-
cept of particle and its motion! For instance, does the electron
have a volume?

If so welcan consider parts of it, and all sorts of pa
radoxes will arrise in the line of well known and old philosophical
considerations. Then it was thought : well let us forgeé about
space and cconsider physical entities as pure mathematical symbols
and then we get Sﬁhédinger's approach where the basic element is
the wave'functign and the electron or any other particle will be re
presented by such a function satisfying Schrédinger's equation. All
this is very nice and worked out beatifully as for as the agree-
ment with experiment was concerned. However, the old gquestion stll
remains involved namely, if there is any physical reality associat
ed to a wave function and by God we want such a thing! - then such
physical entity must be "somewhere in space". But what space? IE
the world in the small is still euclidian there is no possible com
patibility between the gecmetric structure of the space and the dy
namical structure given by Schrﬁdinger's or Heisenherg's equa-
tions, because the concept of wave function or wuncertainty princi
ple are both incompatible with metric structure. Certainly we speak
about "radius" of the nucleus, "distance" from electros to protons

etc, but these can be only words, because if we take then mﬁiowﬂy
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all kind of paradoxes take ﬁlace and to overcome them more and more
artificfal hypothesis must be introduced.

Considering all that, why we Jjust don't do the following:
let us abandon the idea that the space at microscopic level is eu
clidian and instead assume that it is a topological space without
relying on the concept of distance.

The deep philosophical question would be then: we must as
sume. the existence in the real world of a structure in the small
which cannot be grasped by our intuition. Well, as hard as it is
to believe we must get use of it and learn to live with it, because
thefe is no logical reasoﬁ to conclude that it cannot bé like that.
The only reason to deny it is the one based on the usual meaning of
the term intuition. But whé ever said that reality must be'necessag
ily only that which isfaccessible to our intuition? We have to ~ get
rid of that kind of prejudice and.accept'the existence of entities
which can be detegtea indirectly by our senses but whose essence is
not accessible toour intuition. If we agree on that, then the exis
tence of a physical world, at least in the small, which is topologi
cal without notion of distance becomes acceptable.

Based on these consideration we discuss the possibility of
building a mechanics in a topological space, In [6] a first attempt
was done in that direction and here we try to generalize’thOSe ideas

in particular by introducing the concept of energy, now possible  be-

cause we have a theory of integration available in NDA..

2. We start by introducing some fundamental notions. Some

of these have been discussed in [6].
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Definition I - A germ in a pailr (X,\f& is a.collecticon of

open sets p = {AG}U eAr With A € o E Y such that:

Gy) mw!xc#ﬁ ;

OE |

GII) 3£ 15 9; then AT c Ao'

Given a set E C X and a given p & {7} .y

we denote by p (\ E the set

[\ AU(\E

oE \y

Definition IT - A particle in (x,A%) is a continuous n-
=function

£ R s x N,

where R is the real line, such that if q = { A;]; é y is a germ
in (R,\l) then {f;(A)} belongs to a germ in (x,%y).

We make the important convention of do not distinguishing two
particles if they agree on a cofinal subset of tL

The set

c(f) = ' J £ (A)

ce\l Aco v

is called the trajectory of £ and due to Definition II is always non

émpty.
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Definition III - A non-deterministic field, abbreviated,

L] o/
n—-field, in (X,ﬂj) is a continuouis real n-function
ov (6 U — o 000

3 # :
where R is the set of non negative real numbers.

‘In [6] it was proposed an equation of motion
(1) ] .E & & o-F

for a particle £ under the action of a n-field ¢, where y was tak
en to be the mass of f. We.intend to‘generalizé this equation in sev
eral ways to cover the case 6f variable fields, wvariable mass, etc,
in non-deterministic sense, which we shall clarify in the follow-

. | i
ing.

Befinteing I¥ « & Asvtable n-dield in- 12100 with tespect

to (R.UJ is a n-function.

% (x x R, W)

= [er?%]

where W C ljlx u,and R 1s the set ‘of real numbexs.

The exponent t recalls the time and (R,) is called the
time scale. Sometimes a n-field as defined before is called a sta

tionary n-field .

Next we want to introduce what we call attributes of a par-

ticle. So let us consider a particle in (X,\T}

£: (R s (X, 1)
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and for every o € \L let us define a ccllection o(f) of open_ sets

-in X by
G(f) = {n € c=fu(5)= A=fI(A), AEo},
Call
Yiey = { o)} U

i.e., the fanmily .of all off) of all ¢ E Uﬂ Then an attribute of £

/

is a continuous n-function from (x,\7€f)) into [R, LﬁR

]. For in-
stance, the mass of a particle is an attribute usually given by a

constant n-function or inrelativistic situation a n-function

we x, Y

» IR, l};]

In the samerway we can define electric-charge, kinetic en
ergy, etc as attributes of f depending on the particular situation
we have in mind. As we proceed the use of attributes will be made

clear.

Let us now introduce the notion of periodicsl n-field.

Let

ot: (x xR, W) —> [r, V3]

be a variable n-field in (X,ﬁfﬁ, with respect to (R,Y) and assume

the following:

(p there is a constant K >0 such that for every a E R and

1!
every germ p in (X,\j3 if we select any coveringy o E W



- 103~

~ o

and any Am = A X A & g with A€o0, AEp , AEq

we have

i

*, (A x A) ¥ (A x B) (1)
(3] w

2

for any B € ¢ with a€A and a + K E B

(Pyrd the infimum of all K satisfying P, is a positive
number T.
Under conditions (PI) and (PII)J ¢t is called a _peri-

odical n-field, with period T.

.

If (I) is true only for a particular germ p of (X,U/) we

say that ¢t is periodic at p and T is called the period of ¢t

at p, indicated by Tp'

The frequency of ot is given by
s
bt

and analogously for the frequency vp at P

Definition V - A physical system is a GCauss space (x,?F)

together with particles and fields both stationnary and variable

defined on it.

As an illustration for this definition we introduce the
hydrogen atom seen from the point of view of non-deterministic ma
thematics. Let (X,§:) be a Gauss space with an open covering T giwv

en by a particular system of countably many open sets Vl’VZ"'Vn"'

such that
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(Hl) bt & Wy C e £ Vy = Vineg & oo

(112) there is a n-field ¢

o: (X, V)— [r, U]

such that for any o € \‘/yand any A € ¢ with A N bd L

(hd Vn is the boundary of Vn) implies .that

l%,(I\.) =0

(H3) there is an open subset N of X with N ool Vl such that

for any oel¥ and any A € 0 with & N\ N # ¢ implies
410(2\) = 0
and N is called the nucleus of (X,‘-})

In general we call stationary orbit for a n-field ¢ a sub

set S of X satisfying condition (H,) above, i.e., if A € 0 E A is

such that & (\ S # § then ¢_(A) = 0.

The stationary orbits of (X,T) are written as S;,5,..5,...

and the numbers 1, 2,...n... are called orbital quantum numbers.
A Gauss space (X,?) satisfying conditions (H,), (}12),(H3)

ie called an hydrogen atom if there is a particle

" fr (RAD ———> %,

whoge trajectory contains same stationaryorbit of (X.?) .
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The particle f is called an electron and has several at

tributes which are considered depending on the conditions relevant

for a certain experiment we might be interested in a certain momert.

Other kind of atoms can be defined in similar way by ad

ding more electrens to (X,¥).

Sometime we are interested in the nucleus of (X,g:) and to
describe the action of nuclecar forces when we have several particles
in N we have to introduce appropiate n-fields, but the dynamics of
the whole thing depends on the equation of motion.

In summary the main pfoblem of non-deterministic mechan-
iecs is the following: given a physical system to study the equa=
tion of motion of the several particles involved as well as inter
actions among then and,the n-fields in questions. The meaning of

this problem will be clarified as we proced.

3. To give a first step in the solution of the main problem

above we shall study now the relation between particle and n-field.

Pefinition VI ~ A-variable fi=field. du iz,

ot (X x R, W —> [R,Tﬁﬂ
with respect to (R,|) and a particle

£r 0, M) i (X, V)

are dual to each other if for any o = o x 0 € W and any A € o, .

Aw = A X A we have
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q»g (A x A) = 0 if ANE () =g,
w

We also say that ¢t generates £ or f generates @t.

Theorem 1 - Let (Xf? ) be a measurable Gauss space and m

the measure generated by ?f. Let

R A —s x, V)

M

be a particle in (x, V) with attribute

n: (x, Ule)n

> [R, UR]

such that all sets in the coverings of m?/are m-measurable.
~Then f generates a variable n-field in (X, 03 with respect

to (,\D). r

Proof - Let us consider W the family of all coverings

-~

G, ™ Ofx © with o € \?/ and o E UJ Take one of these and consider
B =l 58 o AEG, A6 g

Let us define @E (Aw) as follows;
w

A€ - BN f;(£)= g put

- () =0
O, W
Otherwise put
t
,@o (Aw) = the smallest open interval in R, symmetric relative

w
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to 0 and containing

mla 0 £5m) . 5, [£; ()

So every Aw € o, will define either a point or an open

interval in R hence to ow it is associated a collection of sub-

sets of R belonging to U% which we define as

t
¢ (o
ﬂr( m)
and this gives a function 5 '

Y
¢w,:'ﬂl —y VR

together with a function

RO o
o w > 0p = Gloy)
as defined above. Therefore we have a n-~function.

ot : . (x xr, W

N

This n-function is continuous because if T, > Gw we have

for'Bx B AR A BRB —E Tw and A x A E Um -

"o ®xB c ¢ & xn
T ag
1] e w »
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‘in all possible cases, due to the continuity of h and f and  the

fact that for any two measurable sets E and F
ECF ===> mn(E) < mn(F)

Therefore ¢t is a variable n-field and it is generated by f as
follows immediately from the definition of ¢t, this completes the

proof.

The variable n~field generated by £ in this theorem may have
the peculiarity of being zero for a fixed germ p of (X,Uﬁ outside

a certain interval Ip of length Tp'of R and we shall call such ot

a radiation.

t

We call T  the period of ¢~ at p and v, = l/Tp its frequen

P
cy at p, all these concepts being relative to the germ p in ques-

tion. If for sawe particular case Tp does not depend on p we say

that the particle f generates a radiation of frequency v = % 3

Let us discuss in more detail the radiation generated by

a particle £. If we £ix o B W and Aw = A x AEBEOoX0oc=0

w w

and leﬁ A be fixed and A changing.

Let us look to the interval I in R of length Tp discussed
o

above namely, p is a germ containing A and for all A E § - with

ANI=g we have

and
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. Intuitively when time is running the particle £ is moving
and touches A for all times in I and does not touch A for times
not in I. Therefore the period 'I‘p will depend on the velocity of £,
i.e., Df and we might ack how T

P
of Df . To be in accordance with Einstein's relation,E.= hB,in the

can be expressed as a function

case of a particle moving under the influence of any n-fiecld we

must assume
= M 2
E - (D)

where p is the mass of £ and by are;xevimx;definitﬂmlof Yip B LS

a n—function

E; (x, V15) —> [r, U]

.

So Einstein's equation will give

u 2= =
5 (DE)E = hvp = h/Tp

In the same way we can define the wave length of @t by
De Broglies's equation p = h/X, which gives,
u Df = h/k
P
or

A =nh + DE
p / n. D

and again Ap is a n-function
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At X0 Vi) —> [r, U] .

As we sce we have a muchmore general situation than in the
case of usual considerations in physics where period and fregquency
are constant. Here the concept of particle and wave are much more
rich and flexible and we believe that this approach has much more
chances to explain larger number of phenomena then the usual one. In

forthcoming papers we shall deal with these questions in more detail.

To finish this paragraph we analyse briefly the converse

of theorem 1, i.e., when a n~field generates a particle.

Let @t be a variable n-field
8% ar W s RSV ]

with respect to' (R,{).

We say that @t is reqﬁlated if there is a function
Oz ﬁL-—~>th
such that
s,tel, o<1 — .9(;} < 0(1)

Theorem 2: If @t is a regulated radiation then ot gener-

ates a particle.

Proof: We have to build a particle

£, W <5 oW
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satisfying Definition VI. As ¢t is a radiation, by definition, to

every germ p in (X, Uﬁ it is associated on interval Ip such that

oS o
for every o, E \i; 0, =0 x0o and A E 0, AE p we have
% (A xA) =0
w

if A [\ Ip = g, where A E o. Take any o € L. and 1look to 0(o)= oxou E W

¢

and define

by

fu,(;) =g AY.

Now let A € o arbitrary and consider all germs p in (X,Cﬁ

such that A [ I, # #. Each of these germs has an. open set in

g = fv(c) and call A the union of all these sets and define

B T e
o o

by
£, (A) =2

Hence we have defined a n-function

Es (Rr'LU ST (X;m

We have to show that £ is continuous. Take o, T € u, with

0 < 1. By the definition of @
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~ ~

0(;) BE0 Eeonnady TLRNLT 0(T)

H]

what inplies that:o < 1, or

£,(0) < £(0),

-~ ~

Next let B.& 7 and A B @ , B A .« By the definition of

germ we have
_£U(B) L fU(A)

and this proves that f is continuous completing the proof of the

theorem.

Here again Einstein's eguations can be used to define the
attributes of £. For instance, £ will carry energy equal to hv where

v is the frequency of ¢t as discussed before, etc.

4, Our a2im now is to generalize the equation of motion
and study an application to the problem of absorption and emission

of radiation.

First we remark that according to our considerations we
have a unified view of the concept of particle and field and there
fore tﬁe same model is good for the study of interaction of particle
x field, particle x particle, field x field, because all reduces to
n~functions. The same wile apply to emission and absorption of radia
tion, because we can look to radiation as a particle or as a vari-
able n—field according to our convenience, as everything reduces to

n-function all this will be made clear as we proceed.
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In the second place, when we say that in (X,lﬁﬁ there is a
stationary n-field &, that is more a mathematical statement than a
physicel one, because what is observable is not ¢ itself but rather
its interaction with particles. We do not see any other way how to
verify the existence, for example, of an electric field at a point
P,.but observing its action on a particle at P. In the summary we claim

that only particlesor variable fields are cbservables .

Therefore an apparatus is an object.which by the action of
particles or variable fields will produce a signfm collection of
signs which can be detected by an observer and only then we can
say that such particle or variable field does exist. So if there are
in the Universe stationary fields which so far never interacted
with particles, according to our point of view, they do not exist.
It is very 1mportaﬁt torfix from the begining what we mean by exis
tence in physics. It is a siﬁplé convention to maké a statements to
have a physical meaning. We-do not deny that the concept of exis -
tenice can also be studied and discussed from other points of view,

phylosophical, theological, etc, but for our needs at this moment

they are useless.

In [6] we introduced the equation of motion of a particle £

under the action of a stationary n-field ¢ as
WDg = ¢ o £ (1)

To generalize this equation to cover the case of variable
n-fields the first thing we have to be concerned with is the questim

of sign because a variable n-field can have also negative values. We
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take care of this by looking to y as a n-function

ur RM — (8. V)

as we did before. This been settled let us consider a variable n-

-field
ot xRl W =) [B) L7
in (x,V) with respect to (R, . If
£: (R, —> o, W
is a particle in _(x, US we define a n~function

| 74

£: (R > (X x R, &

as follows;define

fu;': u_,—>'w}

by

Eu'(o) - f%(é) 5 o

for any o € u, In general this dces not need to be in ﬂrénd SO we
need the following definition: the variable n~field ¢t interacts
with £ if all coverings of the type

£ to) % o

28

belong to ﬁyfor all o € {{. Assuming this, fu‘is well defined.
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~ J el :
Next take any o E ﬂ,and any A € o. Define

R e ﬂém
by
fU () = £, (A) x A
Hence f is defined and it is continuous.
Now we define the equation of motion of f under the action
of ¢t by ) .
(wof) D2 = o% o £ (1)

The case (I) ‘is contained in (II) by introduction the n-

r

~function
a: xx rR W — x. W)
defined by

a,: W— V

is given by

qw(U X o) =0

-~

» i : ;
for all G ™ G LN E WV and if Aw= A Xx A E % is glven’we define
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by

ch(hm) = A E 0 E L?I

Then if ¢ is a stationary n-field, to apply (II) we write

¢t = ¢ 0o g

7

-

and since g o £ = £, equation (II) reduces to equation (I).

We this in mind we can write expressions like

b + oF

vhere ¢ rcally means ¢ o g and ¢t will be regarded as a pertubation

of the n-field &. Also sometimes we write

¢ & % oF Jo £

il

2
H Df
to mean

t

(p o f) DE (do0g+ & ) of

Clearly these simplifications'will be only permitted when
no possible confusion might arise.

Now we are going to see how eguation (II) might explain
particle interactionauﬁ,abgmition and emission of radiation by an
atom.

Let (X,173 be a Gauss space and a n-field.

or (x, N — R,V

Suppose we have two particles in (X,\}G
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f!‘J:(Rru) e (X:W} R

Call @t a variable n-field generated by the particle g,
depending on the attributesof ‘g. We can regard ¢t as a pertubation

-~

of ¢& and sone original path of £, defined by

-
He Df =0 0o £ .,

where Hg is t+he mass of £,

will be now modified as to satisfy

Ug D% = {& + @t} o £ {13’
what express the interaction of £ and g from the point of view of f£.
We could also analyse the question of the action of £ over g and soO
if ¢t is a n—-field generated by £ we have for g

u

F - T
= +
g (_rb ) o9

For instance, if (X,\Tﬁ is an atom with ¢ representing the
electric field created by the nﬁbleus (o7 (x,\f&, then we can regard'
g as a particle hitting * the atom and interacting with some elec-
tron £ of (X,Aoi. A modification in the path of £ will result in a
*Jump" of £ from one orbit to another and ¢ after a certain peried
of timerhere jts action over f is sensible)will "disapear" in the
sense that all 1its attributes will reduce to n-functions contantly
zero .This can be interpreted, from the physical point of view,by as
suming that all kinetic energy represented by an attribute of g is

whole "transmitted" to £, namely it is incorporated in some attrib
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ute of £ which is changed accordingly. So in the end of the process
we have £ in another orbit with some - of its attributes changed
through the action of g which‘does not.exist anymore, because a
particle whose attributes are zero is physicalily non existent be
caﬁse it cannot interact with anything. This phendmenon is usually
called absorption of radiation by the atom and really, in most

cases, g is already from the beginning a radiating n-field @t, oF

in popular language, a "monocromatic wave of frequency v". of
course, we can include in this discussion the gquestion of probabil
ity .of Mg to. hit £" , namely the probability of the seqond member
of (1) be non-zero. However, we do not discuss this question' now
leaving it for some ofher time or for those readers “"probabilistic-

-maniacs".
- :
The same model applies also for the case of one particle

g hitting another in free space, namely, suppose f is a free elec
tron, i.e., under ‘the action of mo n~field what is desgribed by

putting ¢ = 0 in the eguation

what gives

Suppose further that g is a photon generating a variable

n-field o%, hitting f, described by
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As attribute for g we might consider its energy hv, if ot nas fre-
qgquency v. It is good to call attention that when a particle £ does
not have mass we still can use equation (II) if ¢t acts as f. In
this case we substitute p by some other attribute of f. For dn-
stance, in the case of a photon we can take as attribute its ené£
gy E = hv if it is connected with a monochromatic wave of frequen

cy v. Hence we can write equation (II) as

-

hy 526 o ot o ¢

where ¢t is some variable n-field acting on the photon. : Naturally,
we are assuming that the photon is travéliing Qith the speed of
1ight.

| | Now let us consider the case of emission of radiation by
an atom (x, V). This isrpossible when an electron jumps from  one
orbit to another. Let us assume that the n—fieid created by the nu-
cleus of (x,\f} is ¢ and so aé far as the electron f is in a orbit
of stability ¢ = 0. Suppose that f jump from an crbit S, to anoth-
er one Sp, n > p and we do not discuss now how this occur and ac-
cept as a fact that it happens spantaneously. Due to this jump for
the equation

H D2f = ¢ o £

to held there must appear a pertubation ¢t‘for otherwise ¢ could
not pass from zero to a value different from zero. This pertuba -
tion is a variable n-field which is detected by on apparatus as a
radiation and we say that the atom emitted a radiation of a cer-

tain frequency.
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Let us explain this question of eminion of radiation in
more detail. To simplify matters we do not mention explicitty the
coverings o , 1, etc to which an open set belongs and say, for in-
stance; "theropen gset A in X is taken by ¢ in an open set A' of R"
and use the notation &(A) = A'. With this convention in mind sup-
pose that an electron f is in theorbit sn of the atom (X,T)S. When

t

it jumps to the orbit Sp, P € n, there is a perturbation ¢~ of the

field ¢ and so if ¢ was zero for an open set A, AN Sn o B & e

comes now % (A x E) # 0 for the interval of time R and all A B p.
Suppose that B is an open set in X with B\ A # p . We

claim that also in ﬁ, é# is not zero. Indeed, suppose that for a

convenient 1 refining the one containing B and A we select an open

get B E T, "BC'B NAs Now.-as ¢t is continuous we see that as
5 :

-~ ~

Qt(E x B) # 0 for aninterval of time B C'A)we cannot have

o*(B xB) =0 because by the continuity of ot

ot xm C ot® x B)

In conclusion if ¢t # 0 for a germ p of (X,1f3 it is also

non~-zero for any other germ p' with p A p' # § .

In this sense the pertubation ¢t'$qu@mte§' in (x,173.
Of course it will decrease as it propagates because even being ait-
ferent from zero might approach zefo as the process goes on, but
in general, at least theoretical, ¢t would propagate to a whole

component (connected subset)of X.

So the propagation of variable n-fields is a consequence

of their continuity. In general it will propagate, as said above,
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to a whole component of X and the separation between two components
can be iﬁterpreted physically as the existence of an insulator for
ot. For example, if there is another Universe whose union with ours

is not connected, we could not detect its existence as no variable

n-field would propagate from one to another.

5. Let us now study the possibility of introducing the con

s
cept of energy in our space (x,1)). For that consider in the real
line R the measure m induced by the canonical Gauss structure. As

seen before it coincides with the Lebesgue's measure.

T

Definition VII - Let ¢:(X,tr)

> [R,'UTR1 be stationary
n-field and let f:(R,W) —> (x,\f3 be a particle in (X.1r3. Then
if I is an interval in R, the work done by ¢,0r the enexrgy spent by

& to move the particle in the interval I is

E = | (£.Df) ao

T
where integration is to be considered in the sense developed in
§I1I1I, namely
(£.Df) do = Df.(% o f) dm
T I

The reason for this definition is given by the anhalogy
with the classical case of mechanics. Indeed, using equation I , 4

we have

E = J‘Df.(¢ o f)dm = {ﬁp ) Djf dm
i . b
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and the last integral is similar to the one in the classical case,

ice.,

-
dav e
j‘ua'E-th

I

where v is the velocity of the particle at instant t.

Let us now consider the case of a variable n-field
P 1 1%
o (x x R, W) —> [r, V']
with respect to (R, u).

First we ask what would be the energy spent by ¢t to move

v
a particle £ in (x,\)).

r

Definition VIII - The energy spent by a variable n-field

¢t to move a particle f in (x,\y; during on ‘interval of time I is
given by
Y Al
E = g BE. (9 o ) m
13 I
or shortly
E = j(Df.f) ast

o

Using equation (II) this gives as before

E=SuD2f.Dfdm
1 .
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A second case to be considered is the question of the
amount of'energy contained in a variable n-field by analogy with
the case of electromagnetic field studied by Maxwell. However ,
this would be tco long to consider here and_we rrefer %o treat

this question in detail in fegthcoming papers.

Of course many other problems can be considered in the
same line as, for'instance,rthe question of potential enerqy,
principle of conservation of energy, etc. All this can be the
start point of future developments and we have plans to study these

gquestions in due time.

6. We close this paper with a few genérai comments. From
the elements introduced before we saw that the general problem of
non-deterministic mechanics is the study of the eqgquation of motion
of particles under the éction of n-fields defined in a Gauss space

(x,j )« To simplify our exposition let us consider the case of

one particle

£: R —s x,V)

'and a n—field

d: (X,U’) > [R, U/R]

or eventually a variable n-field
of: (x x R, W — [r, V']

So as seen before the equations of motion are
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2

Ci6 £ 'nE e ot o £ ; for variable n-fields

(1)
(pof) Df? = o £, for stationary n-fields .

But an equation in itself is not sufficient to define
precisely a physical situation: one needs what is usually called
initial or boundary conditions. This questions has been consid-
ered in [6] an here we recall those ideas under a slight differ-

ent approach based on the motion of germ.

3 ‘V —
Let p = {Ao}cev'be a germ in (x,1) and pR-—{A0 } 5
R UREQh

a germ in‘[R,ij/R],Then we consider the following non-determinis
tic Cauchy's problem: To find a solution £ for (I) above such

that:

o]

(1) £ (A = A &P

(11) DE; (A7) = A, € pp

r

In general we might have many different solutions as
discussed in [6] and we can also relax condition (i), (ii) by
using = intead of = (see §I, ) but these details are not ocur con-

cern now.

In general these are hard problems to solve and we ob
tain mmmdlynmnysohﬁjom;. satisfying (I) and given initial con-
conditiOns(see [6]), wvhich is a main_differenca from the clas-
sical Cauchy's problem. From the physical point of view we - can
give interpretations to this multitude of solutions and in the

future we intend to deeper gur analysis in this direction.
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Another point to call attention is the case when we know
the solution of equation (I) and we do not know the fields 1ne
volved. Then we might try to £ind them and most often this occurs
in practipe. For instance, one might know the spectrum of frcqqeg
cy of radiations when an atom or a nucleus is excited and then
one could be interested in finding the n-fields acting on them by
using cqgation (I). Of course, we still miss a more complete
theory, strictly mathematical for handling such problems and this

might be an interesting line of research.

Finally we want to say that when in (X,:}} we have some
linear structure évailable, classical theory of.derivativesfmuld
be used’and to adjust our equétion (I) we must study each com-
ponent of the particles and n-fields involved, when X has a fin
ite basis. In this way ‘we do not loose the lipear structures pre

sent. In the future we shall study this question in detail.

[ SES.
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